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INTER-RELATIONS AMONG THE FOUR PRINCIPAL 
TYPES OF ORDER* 


BY 
EDWARD V. HUNTINGTON 


The four types of order whose inter-relations are considered in this paper 
may be called, for brevity, (1) serial order; (2) betweenness; (3) cyclic order; 
and (4) separation. 

We first recapitulate the known sets of postulates which define each of 
these types as an abstract system, and recall the usual geometric interpreta- 
tion of each type; we then develop the way in which each of these four types 
may be defined in terms of each of the other three. (For convenience of 
reference, the numbering of the postulates in earlier publications has been 
retained.) 

1. Serial order. A system (K, R), where K is a class of elements A, B, 
C,---,and R(AB), or simply AB, is a dyadic relation, is called a “system of 
serial order” when and only when the following four postulates are satisfied. 

In each of these postulates it is understood that distinct letters represent 
distinct elements of K. |The notation “=0” means “is false” ; the “horseshoe”, 
>, means “If ... then”; the “wedge,” v, means “or” (in the sense of “at 
least one”); and the “dot,” . , means “and.” Dots, singly or in groups, serve 
also as punctuation marks. | 


PostuLaTE D. AA (“Irreflexiveness.” ) 
PostutatE I. ABvBA. (“Connexity.”) 
PostutaTE II. AB.BA: =0. (“Asymmetry.”) 
PostuLate IV. AB. >.XBvAX. (“Inclusiveness.”) 


From properties II and IV, the following property is deducible as a theo- 
rem: 


PostutaTE III. AB.BC.>.AC. (“Transitivity for distinct elements.”) 


(Proof. By IV, AB. > .CBv AC. But CB conflicts with BC, by II. Hence 
AC.) 

Also, IV is a consequence of III and I. 

(Proof. By I, XBv BX. But if BX, then by III, AB.BX.> .AX. Hence 
XBv AX.) 

Hence the following alternative sets of postulates are equivalent, and 


* Presented to the Society, April 20, 1935; received by the editors September 27, 1934. 
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either of them may be taken as a set of independent postulates for serial 
order*: 


(1) D,1, 10; (2) D,I, IL, IV. 


Geometrically speaking, this “abstract” system (K, R) of serial order 
may be represented by a “concrete” system in which K is the class of points 
on a directed straight line (that is, a straight line having a definite “sense” 
indicated by an arrow), and R(AB) means “the point A precedes the point 
B” when the line is traversed in the direction of the arrow. Or briefly: serial 
order is the order of points on a directed straight line. 

2. Betweenness. A system (K, R), where K is a class of elements A, B, 
C,---,and R(ABC), or simply ABC, is a triadic relation, is called a system 
of “betweenness” when and only when the following five postulates are satis- 
fied. (In each of these postulates, beyond D, it is understood that distinct 
letters represent distinct elements of K.) 


PostuLaTE D. If ABC is true, then A, B, C are distinct. 
PosTuLATE B. BAC VCABv ABC vCBA vACBv BCA. 
PostuLaATE A. ABC.>.CBA. 

PostuLaTE C. ABC.ACB: =0. 

PosTuLATE 9. ABC. 3 .ABX vXBC. 


From these five properties, the following eight properties are deducible 
as theorems: 


PostTuLATE 1. XAB.ABY.3.XAY. 
PostuLATE 2. XAB.AYB.3.XAY. 
PostuLaTE 3. XAB.AYVB.> .XYB. 


PostuLaATE 4. 
PostuLaTE 5. AXB.AYB.>.(AXY vYXB).(AVX vXYB). 


PostuLaATE 6. XAB.YAB.3.XYBvYXB. 
PosTuLATE 7. XAB.VYAB.3.XYAVYXA. 
PostuLatEe 8. 


* Sets of postulates for serial order date back at least as far as the early work of G. Peano and 
B. Russell. [Partial references will be found in E. V. Huntington’s A complete set of postulates for the 
theory of absolute continuous magnitude, these Transactions, vol. 3 (1902), pp. 264-279; or, Complete 
existential theory of the postulates for serial order, Bulletin of the American Mathematical Society, 
vol. 23 (1917), pp. 276-280; or The Continuum and Other Types of Serial Order, second edition, 
Harvard University Press, 1917.] In Set 1, if Postulate III (the law of transitivity for distinct ele- 
ments) is replaced by a law of transitivity for all elements, then Postulate II becomes redundant, 
being a consequence of this extended law of transitivity and Postulate D. In the present paper, Postu- 
late IV is introduced for the sake of its analogy with Postulates 9 and 10, below. 
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The following twelve sets of postulates are equivalent, and any one of 
them may be taken as a set of independent postulates for betweenness*: 


(1) A,B,C,D,1,2. (5) A,B,C,D,1,8. (9) A, B,C, D, 3,4, 6. 
(2) A,B,C,D,1,5. (6) A,B,C,D,2,4. (10) A, B,C, D, 3, 4, 7. 
(3) A,B,C,D,1,6. (7) A,B,C,D,2,5. (11) A, B,C,D,3,4,8. 
(4) A,B,C,D,1,7. (8) A,B,C,D,3,5. (12) A, B,C,D,9. 


The most familiar concrete example of this abstract system of between- 
ness is the system (K, R) in which K is the class of points on an undirected 
straight line, and R(ABC) means “B is between A and C” in the geometric 
sense. (This is the concrete example from which the abstract system takes 
its name.) In brief, “betweenness” is the order of points on an undirected 
straight line. 

3. Cyclic order. A system (K, S), where K is a class of elements A, B, 
C,---,and S(ABC), or simply ABC, is a triadic relation, is called a system 
of “cyclic order” when and only when the following five postulates are satis- 
fied. (In each of these postulates, beyond D, it is understood that distinct 
letters represent distinct elements of K.) 


PostuLaTE D. If ABC is true, then A, B, C are distinct. 

PosTuLATE B’. The system contains at least one true triad, say XYZ. 
PosTuLATE E. ABC. >.BCA. 

PostuLaTE C. ABC.ACB: =0. 

PosTuLaTE 9. ABC.3>.ABX vXBC. 


From these five properties, the following three properties are deducible 
as theorems: 


PostTuLaTE B. ABC v BCA vCABvCBA v BAC VACB. 
POSTULATE 2. XAB.AYB. > .XAY. 
PostutaTE 3. XAB.AVB.> .XYB. 


The following four sets of postulates are equivalent, and any one of them 


* Sets 1-11 were given by E. V. Huntington and J. R. Kline, Sets of independent postulates for 
betweenness, these Transactions, vol. 18 (1917), pp. 301-325. Set 12 was given by E. V. Huntington, 
A new set of postulates for betweenness with proof of complete independence, ibid., vol. 26 (1924), pp. 
257-282. (This latter paper includes a discussion of certain peculiarities of Postulates 5 and 8, and 
an analysis of the significance of E. H. Moore’s concept of complete independence.) W. E. Van de 
Walle, On the complete independence of the postulates for betweenness, ibid., vol. 26 (1924), pp. 249-256, 
shows that each of the Sets 1-10 is completely independent, and that Set 11 is not. 
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may be taken as a set of independent postulates for cyclic order:* 

(1) B, C, D, E, 2. (3) B, C, D, E, 9. 

(2) B, C, D, E, 3. (4) B’, C, D, E, 9. 

Cyclic order is represented geometrically by a class K of points on a 
directed closed line, with S(A BC) meaning “the arc running from A through 
B to C, in the direction of the arrow, is less than one complete circuit.” In 
brief, cyclic order is the order of points on a directed closed line. 

When necessary to distinguish between the two triadic relations, R(A BC) 
for betweenness, and S(ABC) for cyclic order, the prefixes R and S will be 
retained. 

4. Separation. A system (K, R), where K is a class of elements A, B, 
C,---, and R(ABCD), or simply ABCD, is a tetradic relation, is called a 
system of “separation of pairs,” or simply a system of “separation,” when 
and only when the following six postulates are satisfied. (In each of these 
postulates, beyond D, it is understood that distinct letters represent distinct 
elements of K.) 


PostuLaTE D. If ABCD is true, then A, B, C, D are distinct elements 
of K. 

PostuLaTE F’. The system contains at least one true tetrad, say XYZW. 

Postutate G. ABCD.>.BCDA. 

PostuLaTE H. ABCD.ABDC: =0. 

PostutaTE R’. At least one true tetrad is reversible; that is, if there is 
any true tetrad, then there is at least one true tetrad ABCD such that DCBA 


is also true. 
PostuLaTE 10. ABCD. > .AXCDvVABCX. 


* See E. V. Huntington, Sets of completely independent postulates for cyclic order, Proceedings of 
the National Academy of Sciences [Washington], vol. 10 (1924), pp. 74-78. Another definition of 
cyclic order (in terms of a tetradic relation) is referred to in the next footnote. 

Set (4) is new, and requires a proof of B from B’, E, C, 9, which proceeds as follows: 

By B’, there is one true triad, say UVW. By 9, UVW. > .AVW VUVA. 

If UV A, then by E, VAU, whence by 9, VAU. > .WAU V VAW, whence by E, UWA V AWV. 
Therefore AVW VUWAV AWV. 

But if UWA, then by 9, UWA. > .VWA V UWV, where UWV conflicts with UVW by C, and 
VWA.3.AVW by E. Therefore AVW V AWV, whence by E, VWA V WV A. We have thus proved 
(a) UVW.3> .VWAVWVA, 
where UV W represents any true triad. 

Case 1. If VWA, then by (a), VWA. > .WABV AWB, whence by E,WABV WBA. But if 
WAB, then by (a), WAB. 3 .ABC V BAC, and if WBA, then by (a), WBA. 3 .BACV ABC. 

Case 2. If WV A, then by (a), WVA. > .VAB V AVB, whence by E, VAB V VBA. But if VAB, 
then by (a), VAB. > .ABC V BAC, and if VBA, then by (a), VBA. > .BACV ABC. 

Hence in any case, ABC V BAC. Hence by E, ABC.BCA.CAB: V :BAC.ACB.CBA, from 
which B follows at once. 
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From these six properties the following eleven properties are deducible 


as theorems: 


POSTULATE F. 


POSTULATE R. 


POSTULATE 11. 
POSTULATE 12. 
POSTULATE 13. 


POSTULATE 14. 
PosTULATE 15. 
POSTULATE 16. 


POSTULATE 17. 
POSTULATE 18. 
POSTULATE 19. 


If A, B, C, D are distinct elements of K, then at least 


one of the twenty-four tetrads ABCD, ABDC, - - -, DCBA is true. 


Every true tetrad is reversible ;that is, ABCD. > .DCBA. 


ABXC.ABCY. 
ABXC.ABCY. 
ABXC.ABCY. 


ABCX.ABCY. 
ABCX.ABCY. 
ABCX.ABCY. 


ABCX.ABCY. 
ABCX.ABCY. 
ABCX.ABCY. 


> 


=) 
= 
> 
=) 
> 


-ABXY. 
.BXCY. 
-AXCY. 


.ABXY vABYX. 
-ACXY vACYX. 
.BCXY v BCYX. 


(ABXY vACYX).(ABYXvVACXY). 
.(ABXY vBCYX).(ABYXvBCXY). 
.(ACXY vBCYX).(ACYX vBCXY). 


The following ten sets of postulates are equivalent, and any one of these 
may be taken as a set of independent postulates for separation*: 


(1) D, F, G, H, R, 10. (6) D, F, G, H, R, 11, 16. 
(2) D, F, G, H, R, 12. (7) D, F, G, H, R, 11, 17. 
(3) D, F, G, H, R, 13. (8) D, F, G, H, R, 11, 18. 
(4) D, F, G, H, R, 11, 14. (9) D, F, G, H, R, 11, 19. 
(5) D, F, G, H, R, 11, 15. (10) D, F’, G, H, R’, 10. 


A geometrical example of a system of “separation” is the system (K, R) 
in which K is a class of points on an undirected closed line, and R(ABCD) 
means “the pair of points A, C is separated by the pair B, D.” In brief, 
“separation” treats of the order of points on an undirected closed line. 

In the language of modern geometry, “separation” is the theory of order 
on the “projective line” (the so-called “straight line” of projective geometry). 
It may be suggested, in passing, that the concept of the “fourth harmonic 
point” determined by three given points on such a projective line is a concept 
which it would be interesting to define by the postulational method. 

* See E. V. Huntington and K. E. Rosinger, Postulates for separation of point-pairs (reversible 
order on a closed line), Proceedings of the American Academy of Arts and Sciences [Boston ], vol. 67 
(1932), pp. 61-145. On p. 70 of this paper the following corollary is established: In every system which 
satisfies Postulates D, F’, G, H, 10, we have either (R) Every true tetrad is reversible; or else (S) Every 
true tetrad is non-reversible; and on p. 63 it is noted that if we introduce 

PostutaTE S’. At least one true tetrad is non-reversible, 
then Postulates D, F’, G, H, 10, S’ will define the theory of non-reversible order on a closed line (just as 
Postulates D, F’, G, H, 10, R’ define the theory of reversible order on a closed line). This theory of 


non-reversible order on a closed line is essentially the same as the theory of cyclic order, expressed in 
terms of a tetradic instead of a triadic relation. 
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The inter-relations among these four types of order may be classified under 
four headings. 
§§1.1-1.5 


Under the first heading, we show that each of the other three types may 
be defined directly in terms of serial order; and also that separation may be 
defined directly in terms of each of the other three types. The details of the 
proofs require nothing more than a checking up of all the possible cases for 
each of the postulates involved, and will be left to the reader. 

1.1. Betweenness defined in terms of serial order. In a given system of 
serial order, three elements A, B, C will stand in the “betweenness” relation 
ABC when AB and BC are true, and also when CB and BA are true, but not 
otherwise. That is, in the system of serial order we may define the relation 
of betweenness as follows: 


AB.BC: v:CB.BA. 


The triadic relation thus defined is readily shown to satisfy all the postulates 
A, B, C, D, 9 for betweenness. 

1.2. Cyclic order defined in terms of serial order. Similarly, in a given 
system of serial order the relation of cyclic order may be defined as follows: 


The triadic relation thus defined satisfies all the postulates B, C, D, E, 9 for 
cyclic order. 

1.3. Separation defined in terms of serial order. Again, in a given system 
of serial order, four elements A, B, C, D will stand in the “separation” rela- 
tion, ABCD, under conditions expressed by the following definition: 


AB.BC.CD: v:BC.CD.DA:v:CD.DA.AB:v 
>DA.AB.BC: v:DC.CB.BA:v:AD.DC.CB: v 
>:BA.AD.DC: v:CB.BA.AD. 


The tetradic relation thus defined satisfies all the postulates D, F’, G, H, R’, 
10 for separation. 

1.4. Separation defined in terms of betweenness. Suppose now we have a 
given system of betweenness. The relation of separation may be defined in 
this system as follows: 


ABC.BCD: v:BCD.CDA:v:CDA.DAB:v:DAB.ABC. 


1.5. Separation defined in terms of cyclic order. Again, if we have a 
given system of cyclic order, the relation of separation may be defined in 
that system as follows: 


ABC.CDA.v.ADC.CBA. 


6 
ABC::=:: 
ABC: =::AB.BC: v:BC.CA:v:CA.AB. 
ABCD: : = 
ABCD:: =: 
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§§2.1-2.3 


Under the second heading we consider definitions which are not absolute, 
but involve a reference to an arbitrarily selected element of the given system, 
say Z. 

2.1. Serial order defined in terms of cyclic order, with respect to Z. In a 
given system of cyclic order, if we exclude any arbitrarily chosen element Z, 
the remaining elements may be arranged in serial order (with respect to Z) 
by the following definition: 

AB: =:ZAB. 
The element Z itself may then be brought into the series, if desired, by de- 
fining AZ as true and ZA as false. 

2.2. Betweenness, R(A BC), defined in terms of cyclic order, with respect 
to Z. In a given system of cyclic order, if we exclude any arbitrarily chosen 
element Z, we may define the betweenness relation R(A BC) among the re- 
maining elements as follows: 


The element Z itself may then be brought into the betweenness system, if 
desired, by defining R(A BZ) and R(ZBC) as true and R(AZC) as false. 

2.3. Betweenness defined in terms of separation, with respect to Z. 
Suppose now the given system is a system of separation. Then if we exclude 


an arbitrary element Z, we may define the betweenness relation among the 
remaining elements as follows: 


ABC: =:ZABC. 


The element Z itself may then be brought into the betweenness system, if 
desired, by defining ABZ and ZBC as true and AZC as false. 


§§3.1-3.2 


Under the third heading, the definitions are also not absolute, but involve 
a reference to an arbitrarily chosen pair of elements, say U and V, in the 
given system. 

3.1. Serial order defined in terms of betweenness, with respect to U, V. 
In a given betweenness system, let U, V be any two selected elements. Then 
all the elements may be arranged in serial order (with respect to U, V) by 
the following definitions (where, as usual, distinct letters denote distinct 
elements): 

UV true; and VU false. 

AU: =:AUV. AV:=:AUVVUAVP. UA:=:UAVVUVA. 

VA:=:UVA. 


7 
R(ABC):: =::ZAB.BCZ: v:ZCB.BAZ. 
| 
AB::=::AUV.ABV: v:AUV.AVB:v:UAV.UAB:v:UVA.UAB. 
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3.2. Cyclic order, S(A BC), defined in terms of betweenness, with respect 
to U, V. Ina given betweenness system, let U, V again be any two arbitrarily 
chosen elements. Then we may define the relation of cyclic order among the 
elements of this system (with respect to U, V) as follows*: 


S(ABU).S(BUA).S(UAB):: 
S(AUB).S(UBA).S(BAU):: 
=::AUV.AUB: v:UBV.UBA:v:UVB.UBA:v:UAB.AUV. 
S(ABV).S(BVA).S(VAB):: 
=::AUV.ABV:v:UAB.ABV: v:AVB.AVU: v:UVA.UAB. 
S(AVB).S(VBA).S(BAV):: 
S(ABC).S(BCA).S(CAB):: 
=::BCA.BCU.BUV: v:BCA.BUC.BUV: v:UCA.UBC.UBV: 
v:UCA.UAB.UCV: v:UAB.UBC.UAV:v:AUB.ABC.AUV: 
v:ABU.AUV.ABC: v:CUA.CAB.CUV: v:CAU.CUV.CAB: 
v:UVB.VBC.BCA:v:UVA.VAB.ABC: v:UVC.VCA.CAB. 


§§4.1-4.2 


Under the fourth heading, the definitions involve reference to three 
arbitrary elements of the given system. In §4.1, one of the three reference 
elements, say Z, is distinguished from the other two, say U, V. In §4.2, the 
three reference elements, say U, V, W, are coordinate. 

4.1. Serial order defined in terms of separation, with respect to Z and 
U, V. Given a separation system, in which two elements U and V are arbi- 
trarily selected as reference elements. Then if a third arbitrary element Z is 
excluded from the system, all the remaining elements may be arranged in 
serial order (with respect to U, V) by the following definitions: 


UV true; and VU false. 
>=:ZAUV. UA: =:ZUAVVZUVA. 
:ZAUVvVZUAV. VA:=:ZUVA. 


v:ZUVA.ZUAB. 
The element Z itself may then be brought into the series, if desired, by de- 
fining UZ, VZ, AZ as true and ZU, ZV, ZA as false. 


* For assistance in formulating and verifying the definitions under §§3.2 and 4.2, I am indebted 
to Mr. B. Notcutt. 


8 
S(AUV).S(UVA).S(VAU)::=::AUVVUVA. 
S(AVU).S(VUA).S(UAV)::=::UAV. 
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4.2. Cyclic order defined in terms of separation, with respect to U, V, W. 
Given a separation system, in which three elements, U, V, W, are arbitrarily 
selected as reference elements (“anchorage points”). The relation of cyclic 
order (with respect to U, V, W) may be thus defined in this system: 


UVW.VWU.WUV true; and WVU.UWV.VUW false. 


AUV.UVA.VAU:=:AUVWvAWUV. 
AVW.VWA.WAV:=:AVWUVAUVW. 
AWU.WUA.UAW:=:AWUVVAVWU. 


AVU.VUA.UAV:=:AVWU. 
AWV.WVA.VAW: =:AWUV. 
AUW.UWA.WAU:=:AUVW. 


UAB.ABU.BUA:=:AVWU.ABVU: v:AVWU.AVBU: 
v:AWUV.ABUV: v:AUVW.ABUV. 

VAB.ABV.BVA:=:AWUV.ABWV:v:AWUV.AWBV: 
v:AUVW.ABVW: v:AVWU.ABVW. 

WAB.ABW.BWA:=:AUVW.ABUW: v:AUVW.AUBW: 
v:AVWU.ABWU:v:AWUV.ABWU. 


ABC::=::AUVW.ABVW.ABCW: v:BUVW.BCVW.BCAW: 
v:CUVW.CAVW.CABW: v:AUVW.ABVW.ABWC: 
v:BUVW.BCVW.BCWA: v:CUVW.CAVW.CAWB. 

Summary. These results may be summarized in the following table, in 

which Z, U, V, W denote arbitrarily selected elements of the given system. 


The relation of may be defined within a given system of 


Betweenness serial order. 
Cyclic order serial order. 
Separation serial order. 
Separation betweenness. 
Separation cyclic order. 


. 


Serial order cyclic order, with respect to Z. 
Betweenness cyclic order, with respect to Z. 
Betweenness separation, with respect to Z. 


Serial order betweenness, with respect to U, V. 
Cyclic order betweenness, with respect to U, V. 


Ne 


Serial order separation, with respect to Z and U, V. 
Cyclic order separation, with respect to U, V, W. 


> ww NN 
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CONTRIBUTION A L’ETUDE DU SAUT D’UNE FONC- 
TION DONNEE PAR SON DEVELOPPEMENT EN 
SERIE D’HERMITE OU DE LAGUERRE* 


PAR 
ERVAND KOGBETLIANTZ 


INTRODUCTION 
Dans l’intervalle infini (-%, +) on peut développer une fonction 
donnée f(x) en série d’Hermite, 
Bis 
(1) f(x)~ 


+00 
—u? 
ou le niéme polynome d’Hermite 77,,(x) est défini par 


2 
e~* H, (x) = 
(x) 


De méme, dans l’intervalle (0, ©) on a pour a> —1f la série de Laguerre: 


r 1 a —ua 
(2) f(x) ~ LS (x) (u)f(u)du, 


le polynome de Laguerre L,“)(x) étant défini par 


a d” n 
xe (x) = — ]. 
dx” 


La série d’Hermite (1) dérivée terme 4 terme par rapport 4 x donne une 
série procédant également suivant les polynomes d’Hermite car 


Hi (x) = — 2nH,-1(x). 


Cette nouvelle série 


(3) -2 (u) f(u)du 

n=0 
n’est autre chose que le développement formel en série d’Hermite de la 
dérivée f’(x), si f(x) en posséde une. En effet, dans l’hypothése que f(x) et 
f(x), sommables (L) dans tout intervalle fini, vérifient 4 l’infini, pour | x| >, 


* Presented to the Society, April 26, 1935; received by the editors September 8, 1933. 
t Pour aS —1 les polynomes de Laguerre ne forment plus un systéme orthogonal dans (0, ~) . 
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la condition d’étre O(e*) avec g<1, on peut faire tendre A vers l’infini dans 
la relation 


A A 


—A 


donc 


ce qui prouve notre assertion. 
La série (3) diverge en tout point x =x, 0d f(x) posséde une discontinuité 
caractérisée par un saut fini 


D(x0) = f(%o + 0) — f(%o — 0), 


les nombres f(xo+0) existant par hypothése. La divergence de la série (3) 
pour x=» est essentielle, c’est 4 dire sa somme partielle f,(x0) tend vers 
co avec m. Dans ces conditions la série (3) n’est sommable pour x=» par 
aucun procédé de sommation régulier a coefficients positifs. 

Néanmoins, f,(xo) peut servir pour déterminer 4 partir de la série di- 
vergente (3) le saut D(xo) de f(x). Ainsi M. Jacob* a prouvé que l’on a 


fn(%o) 
(4) D(x) = 
sous des conditions trés restrictives imposées 4 f(x); M. Jacob suppose que 
f(x) est 4 variation bornée dans (—#, +) et qu’elle vérifie en outre la 
condition d’existence des deux intégrales suivantes: 


d + d 
(5) f enw af(u) <Get f | | <G. 
u 


Au §2 nous démontrons que le résultat (4) subsiste sous des conditions 
beaucoup plus larges, 4 savoir: 

(I) f(x) est sommable (Z) dans tout intervalle fini, 

(II) le produit |2-'f(x)|e-*/? est intégrable a l’infini, c’est 4 dire les 
intégrales 


—a 


existent, et 


* Giornale dell’Istituto Italiano degli Attuari, vol. 2 (1931), pp. 100-106, 356-368. 
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(III) l’intégrale définie 
dt 
(6) J | <6, 
ol € est aussi petit qu’on veut, mais fixe, existe. 

La condition (6) relative 4 l’allure de f(x) au voisinage immédiat du point 
x=» peut étre omise si au lieu des sommes partielles f,(%0) de la série (3) 
on considére leurs moyennes arithmétiques f,{*)(x) d’ordre positif 5, définies 
pour tout 6>—1 ainsi: 


n(n —1)---(n—m-+1) 


(3) 


) Sm(%o). 


On a en effet, le théoréme suivant: 

Tutoréme I. Si |f(x)| et sont intégrables dans les in- 
tervalles |x| <a; et a2<|u| respectivement, les nombres positifs a1, as 
étant aussi grands qu’on veut mais fixes, on a pour tout 6>0. 


(3) 


fn 
(2 yer +3) 
2 


et ce résultat subsiste aussi pour 6=0 pourvu que f(x) vérifie au voisinage du 
point x =x» la condition (6), c’est dire pourvu que l’expression | f(xo+) 
—f(xo+o sgn u)}| soit intégrable dans l’intervalle (—e, €), € étant aussi petit 
qu’on veut, mais fixe. 

On constate ainsi que, quant 4 l’allure de f(x) 4 l’infini, la condition qui 
assure la possibilité de déduire la valeur D(xo) de son saut au point de dis- 
continuité «=x» 4 partir de sa série d’Hermite dérivée terme 4 terme est 
exactement la méme que celle qui concerne la sommabilité (C, 5) de la série 
d’Hermite (1) de f(x).* Cette condition 


D(x) 


(7) 


x |—(28+1) | f(x) | dx <G, 
(8) 


+20 
f | f(x) | dx <G 


devient pour 6=0 


* E. Kogbetliantz, Annales de l’Ecole Normale Supérieure, (3), vol. 49 (1932), p. 141. 
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dx 4 dx 


En la comparant 4 la condition correspondante (5) de M. Jacob on con- 
state que la classe de fonctions f(x) auxquelles est applicable le résultat (4) 
est élargie considérablement. 

La condition (6) est vérifiée si f(x) par exemple est 4 variation bornée 
dans l’intervalle |x—xo| Se. Elle ne concerne que le voisinage immédiat 
du point x=» et est vérifiée en particulier, si l’on a pour u—0 


f(xo + u) — f(%o + 0 sgn u) =O 


quelque petit que soit le nombre positif fixe 7. On peut la remplacer (voir §2) 
par une autre. Posons 4 cet effet pour |¢| <e 


v(t) = tL f(xo + — f(xo + sgn 


t 
wo = f 
0 
Le résultat (4) subsiste si l'on remplace la condition (8) par la suivante: 
h 
(9) f | x(t) | dt = O(h) pour h— 0. 
0 


Considérons maintenant la série de Laguerre (2). Dérivée terme 4 terme 
elle devient 


car dL,‘ «)(x) = —L°*” (x)dx. D’autre part on a 


—u (a+1) 


(u)du = d\e Ln-1 (u)}, 


ce qui permet d’écrire, en supposant l’existence de la dérivée f’(x), 


A 
Dans les hypothéses f(u) =O(e™), f’(u) =O(e™) pour uo avec g<i1 et 
=0(1) pour on en déduit 
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ce qui prouve que (10) n’est autre chose que le développement formel de 
f’(x) suivant les polynomes de Laguerre L“*”(x). 

Ceci dit, soit f,(*)(29) la moyenne arithmétique de sommes partielles de 
la série (10) considérée au point x=» ot f(x) admet un saut fini D(xo). On 
a pour xo>0 le résultat analogue 4 celui obtenu pour la série d’Hermite: 


II. Si f(x) |, | f(x) | et e~ f(x)| sont in- 
tégrables dans les intervalles (0, ), (€, a) et (a, ©) respectivement, les nombres 
positifs € et a~' étant aussi petits qu’on veut mais fixes, on a pour tout 6>0 

(8) 


In (%0) + 1) D(xo) 
(3 + =) 


et ce résultat subsiste aussi pour 6=0, pourvu qu’au voisinage du point x=xXo, 
f(x) vérifie les conditions (6) ou (9). 


En étudiant pour r—1 l’allure des intégrales 


(12) Pu(r, 2) = — f 


n=0 


(11) 


13) Px(r, --f { w hau, 
(13) Px(r, x) u f(u) (x) Ln41() 
obtenues en appliquant aux séries (3) et (10) la méthode de sommation 
d’Abel-Poisson et en intervertissant les signes f{ et >’, on constate que le 
saut D(xo) est lié aux limites des produits 


Pua(r, et x)(1 — 
par les relations suivantes: 
(14) D(xo) = lim { Pu(r, x)(1 — r)"?}, 
r=1 


(15) = 2(wxo)"/? lim { Pr(r, x)(1 — r)*/*}. 
r=1 


Ces formules si simples sont valables sous l’unique hypothése de l’intégra- 
bilité du produit e-’| f(u)| dans (— ©, +) pour (14) et de celui e~“|f(u) | 
dans (0, ©) pour la formule (15), cette derniére exigeant aussi l’intégrabilité 
du produit u|f(u)| dans (0, €). On constate ainsi qu’au point de vue de 
l’allure a l’infini la classe des fonctions auxquelles sont applicables les ré- 
sultats (14) et (15) est beaucoup plus vaste que celle des fonctions dont 
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Vallure 4 l’infini assure la validité des formules (7) et (11). Néanmoins au 
point de vue de la détermination effective du nombre D(x) la simplicité des 
formules (14) et (15) n’est qu’apparente. En réalité, étant donné un dé- 
veloppement d’Hermite (1) ou un développement de Laguerre (2) dont on 
se propose d’extraire, en le dérivant d’abord terme 4 terme, la valeur du 
saut D(a) de la fonction développée en un point déterminé x=2, on ne 
peut tenir compte dans les calculs 4 réaliser avec r<1 que d’un nombre fini 
de termes des séries (12) et (13) supposées convergentes et dont les sommes 
sont désignées par Px(r, xo) et xo). Ce nombre de termes que doit 
calculer pour connaitre une valeur approchée de Pg ou de P, avec une 
précision donnée d’avance en fonction de r croit extrémement vite quand r 
tend vers l’unité. Or, D(x) n’est représenté (aux facteurs numériques prés) 
que par la imite du produit P(r, xo) (1—r)? pour r—1. C’est a dire en réalité 
on a représenté dans (14) et (15) le nombre D(x») par deux passages 4 la 
limite superposés 


lim a lim S,(, 


ot S,(r, xo) désigne la miéme somme partielle de la série (12) ou (13). Ceci 
explique les énormes difficultés de calcul que l’on rencontre dés que l’on 
essaye de calculer la valeur numérique du saut D(x) 4 l’aide des formules 
élégantes (14) et (15), difficultés que l’on peut qualifier sans exagération 


d’insurmontables. 

En outre, la liberté beaucoup plus grande que laissent les conditions suf- 
fisantes de (14) et (15) 4 l’allure de la fonction développée 4 l’infini s’explique 
par le fait que les résultats (14) et (15) concernent les imtégrales de Poisson 
formées dans les systémes orthogonaux d’Hermite et de Laguerre et dérivées 
par rapport 4 x. Si l’on veut parler de la sommation d’Abel-Poisson des 
séries (3) et (10) elles-mémes on doit tenir compte des résultats obtenus par 
E. Hille* d’aprés lesquels les séries obtenues en intervertissant les signes { et 
>> dans les seconds membres de (12) et (13) ne convergent que si |’allure de 
f(x) 4 Vinfini assure l’intégrabilité 4 l’infini des produits e***|f(u)| et 
e*| f(u)| respectivement pour toute valeur de & supérieure 4 un demi, k >. 

Notre méthode nous a permis en outre de donner au §1 la démonstration 
d’un résultat énoncé sans démonstration par E. Hille et qui concerne la 
sommabilité du développement de Laguerre (2) en un point x>0 par le 
procédé d’Abel-Poisson. 

* E. Hille, Proceedings of the National Academy of Sciences, vol. 12 (1926), pp. 261-269, 


Annals of Mathematics, (2), vol. 27 (1926), pp. 427-464, et Mathematische Zeitschrift, vol. 32 (1930), 
pp. 422-425. 
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Ce résultat s’énonce ainsi: en tout point x, ot existent les deux nombres 
f(x+0),lintégrale de Poisson relative a la série (2) tend pour r—1 vers l’expres- 
sion [f(x+0)+/(x—0) ], pourvu que les produits u*| f(u)| et f(u)| soient 
intégrables dans les intervalles (0, €) et (€, ©). 

Tous ces résultats (7), (11), (14), et (15) ont été publiés dans une Note* 
insérée aux Comptes Rendus de |’Académie des Sciences de Paris. 


1. METHODE DE PoIsson 


En dérivant par rapport 4 x les fonctions génératrices des séries noyaux 
des développements (1) et (2) 


H,(x)H,(u) 


0 
1) (a) (a) 

[, La 
T(n+a-+1) (2) 


—a/2 
os a exp [— (x + u)r/(1 — nit 


= — exp [— — 2xur + u*r*)/(1 — 


(u)r” 


1-r 


on trouve celles des séries-noyaux de (12) et de (13), 4 savoir: 


_ exp = 


(16) 


od l’on a posé (x—u)?=2d? et (x+u)?=2s?, ainsi que 


+ a + 2) 
exp [— (x + «)r/(1 — r) { T.(r)(xr)*!2} 


xr) (e+1)/2(4 om r)? 


(17) 


en posant r=2(uxr)/?/(1—r). La fonction de Bessel J,(r) désigne comme 
toujours celle 


4-*J (ir) = I,(r). 


Grace aux relations (16) et (17) on trouve les expressions suivantes: 


* E. Kogbetliantz, Comptes Rendus, vol. 196 (1933), pp. 464-466. 
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((1 + 


— 2uxr + x?r? u— xr 
x f exp| - u? — f(u) du, 
1 — r? 


(1 — r)"?Pa(r, x) = 
(18) 


(1 — x) = — )-3/2 


1 
(19) x f exp [— u — (u + x)r/(1 — r)]f(u) { — du. 
0 


Posons pour étudier la limite du second membre de (18) quand r tend 
vers l’unité 
2 u— xr 
¢-(u) = exp [— — 2xur + x*r?)/(1 — r?)]. 
En dérivant par rapport 4 u, on trouve 
(1 — r?)? exp [(u?r? — 2xur + x?r?)/(1 — 1?) (u)(e(1 + 
= — 2{2r2u? — 2rx(1 + r2)u + 2(2x? + 1) — 1}. 


Les deux racines de l’équation ¢,/’ (u) =0 sont évidemment 


a(1 + 2) (1 — + — 1/2 
(uy < U2) = 


et a 0<m<2r<m, car 


(1 — r2)1/2 
r 

On constate que ¢/(u) est négative dans les intervalles (—©, ;) et 
(the, +). 

Les extrema de ¢,(u) tendent vers l’infini quand r tend vers l’unité. Plus 
précisément on a pour r—1 

exp [x? — 1/2] 


$r(t1,2) = + 2 — nie + O(1) 


tandis que pour ¢ fixe et positif, on peut écrire 


exp [— /(1 — + (ar + _ [— — 


1—?r 1 — 


o(arte) = te 


Par conséquent, vu que ¢; (u) <0 pour u<m et u>m et que ¢,(u)20 
suivant que uz xr, on trouve 
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exp [— e/(1 — a 


1—?r? 


uniformément en pourvu que l’on ait 2e. 

On peut maintenant conclure. Supposons que l’allure 4 l’infini de la 
fonction f(x), intégrable (L) dans tout intervalle fini, vérifie la condition 
d’intégrabilité du produit e-**|f(x)| dans l’intervalle +). Soit, 
par conséquent, 


(20) f f(x) | dx 


En décomposant l’intervalle d’intégration (— ©, +) en trois: u<xr—e, 
|u—axr| Se et w2xr+e, on trouve 


(1 x) = = i, + ig + 


ou, pour r—1, 


{or [—e/(1 — | in} 


1 — 


et de méme 7;=0(1). 
Quant 4 l’intégrale 


transformons la par les substitutions u=axr+#/2(1—r?)/? qui donnent 
e~ ‘dt 


1 0 
+ 


_1+ 01) 
(Qe) 


= 


e'[f(ar + r?) 1/2) f(xr t1/2(4 r?)1/2) 


Or, pour r—1 et €<€(n), on a quelque petite que soit la quantité fixe 7 
donnée d’avance, 
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| far + — — — — — D(x) | < 
ov l’on a posé comme toujours 
D(x) = f(x + 0) — f(x — 0), 
l’existence des deux nombres f(x+0) au point x étant assurée par hypothése. 
On a donc pour r—1 
D(x) 


12 


ce qui achéve la preuve de la formule 

lim [(24(1 — r))"/*Pu(r, x)] = D(x) 

r=1 
valable sous l’unique hypothése (20) de l’intégrabilité du produit e-**| f(x) | 
dans l’intervalle infini (— «©, +), 


Le méme raisonnement s’applique au second membre de (19). On peut 
Vécrire ainsi: 


(1 — x) = 
0 


en posant pour abréger 
V,(u) = (1 — 


¥,(u) = exp [- (x + u)r/(A — — — | 


comme toujours =2(xur)'/2/(1—1). 
Etudions la fonction y,(u) pour x fixe et positif et u21—r. Grace au fait 
que 


d 
dx 


on trouve facilement que la dérivée y/ (u) est le produit d’une fonction, qui 
reste positive et ne s’annule pas pour u21-—r et rX1, par l’expression sui- 
vante: 


En annulant y,’(u), on trouve l’équation 3,(u) =0, dont les racines se 
laissent exprimer par des formules approchées étant donné que pour u21—r 


et 
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et r—1 la variable + tend vers l’infini et que l’on peut, par conséquent, 
utiliser les expressions approchées bien connues 


T(a+k+4) (2r)-* 
(21) = 9 
Calculs faits, on constate que dans l’intervalle (1—7, ©) l’équation 
¥; (wu) =0 n’a que deux racines réelles ~ et wu situées de part et d’autre du 
nombre positif x: 1—r<u,<x<w. Plus précisément, on a 


+ 


ce qui permet d’écrire 
= x[1 (2(1 — r))"? — 


Dans l’intervalle u,.<u<w, la dérivée ¥;(u) est positive et elle reste 
négative quand wu varie dans les intervalles (1—7, u) et (uz, ©). 
Vu que l’expression approchée de y,(u) est égale 4 
(4rux)*/2x1/4 exp + — (yt? — — r)| 


gilt — gil? 
x +O[(u(1 — 


¥-(u) = 


(1 — r)1/2 
on calcule aisément les extrema V(m) et Y(u2) de la fonction V(u) dans 
Vintervalle (€, ©): 


Vie = V(u1,2) = — + O(1) (r— 1). 


On constate que ces extrema tendent vers — © et +0 quand ¢ tend vers 
Vunité. En outre, il est facile de vérifier 4 l’aide de (21) que ¥,(u) <0 pour 
1—r<u<wm. Par conséquent, étant donné que l’expression approchée de 
W(u) a savoir 

ut!2-1/4 exp — (ull? — — r)| 


{ — 
— 7) 


+ O[(1 — r)ut/2]} 


entraine pour w/?=(1+6)x"/?, ot 6 est positive, fixe et aussi petite qu’on 
veut, celle: 


(22) ¥,(u) = 


a+1/2 2 
v[x(1 + = + a(1 + rah {1 + O(1 r)} 
Qwil2 


on voit que les résultats acquis permettent d’écrire 
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(23) V,(u) = Ofexp[— 262/(1— r)]/(1 — r)} (w 21 — Sx1/2) 


et cela uniformément en wu dans les intervalles e<u<2(1—6)? et x(1+4)? 
<u<, ot € et 6 sont deux quantités positives aussi petites qu’on veut, 
choisies d’avance. 

Nous pouvons conclure ainsi: 


(1 — x) = 
0 


z(1—8)? z(1+8)? 4 
+ 
0 z(1—8)2 z(1+8)2 k=1 


ou d’aprés (23) on a, quelque petit que soit e, 


lim j, = lim j, = 0 

r=1 r=1 
pourvu que l’allure de f(x) 4 l’infini assure l’existence de l’intégrale définie 
suivante: 


(24) f “e*| f(u) | du. 


Considérons maintenant l’intégrale étendue 4 l’intervalle (0, e). Nous 
allons prouver que l’on a de méme lim,.: 7: =0, si l’on suppose que le produit 
u*|f(u)| est intégrable a l’origine. Soit, en effet, 


(25) | du <G. 


Il est facile de prouver que la fonction Y,(u) tend vers zéro (quand r—1) 
plus vite qu’une puissance quelconque de 1—r. On a montré ailleurs* que 
l’on a, quelque soit u>0, 

a7 désignant la miéme sigma-somme d’ordre y de la série-noyau du 
développement (10): 


— m+ (y+ 1) T(m+a+ 2) Lm (x) Lm4i(). 


Supposons que I|’on limite les valeurs de u par l’inégalité nu =1. Dans ces 
conditions on aura pour a< —} 


* Voir E. Kogbetliantz, Journal of Mathematics and Physics, sous presse, §5, (BL). 
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on” = O(n) Suse) 
tandis que pour a= —3, 


Posons 


i+yvy yte “| 


max 


On a par conséquent, pour mu 21, 


et cela quelque soit a>—1. 
Pour nu <1 nous allons utiliser la relation* 


(2m+a+7+3) (2m+a+7+2) 


T(m + a + 2) + a + 1) 


m=0 m! 
ainsi que l’inégalitét 
(x) =O ] 
Par conséquent, on a |’évaluation suivante, le second terme entre les 


parenthéses étant en valeur absolue supérieur au premier terme grace 4 
Vhypothése nu <1: 


{ n—1 (xu)™ (n m) ™+ /2+3/4 


(x + u) mt (aty)/2+5/40 +at+ 1) 


x m 
nm 1 (- -) 

=O 
(x + mIT(m + a+ st 


= /2+38/4) 


car x+u2x>0. Par conséquent, quelque soient a>—1 et uw20 ona 
n'T(u + 1) 


d’ou, en désignant le terme général de la série-noyau du développement (10) 
par w, et vu que 


(y) 


= O(n") of 


= O[A, 


* Voir E. Kogbetliantz, Journal of Mathematics and Physics, loc. cit., §5, (F). 
t E. Kogbetliantz, Annales de l’Ecole Normale Supérieure, (3), vol. 49 (1932), p. 149, (27). 
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(7) 1 
= O(n") (1 > 
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n=> wr = (i- 7 as: 
0 


0 


| &(x, u;r)| =O {a =o[(1— 
Or, 


y-1 
— »=min —-—|>WN 
oe | 2 2 4 


car quelque grand que soit le nombre JN, on peut toujours choisir y supérieur 
au plus grand des deux nombres 2N +1 et 2N+a+3/2. 
Etant donné que l’on a 


Pi(r, x) = f x; r)f(u)du, 
0 
on trouve immédiatement le résultat cherché relatif 4 l’intégrale j;: 


<(i- @(u, x; 7) | | f(u) | du 
0 


= of = f | dub = 01) 


sous l’hypothése de l’existence de l’intégrale (25). 
Il ne nous reste qu’a prouver que la limite de 7; existe et donne le saut 
D(x) =f(x+0) —f(x—0) de la fonction f(x). Il est évident que la différence 


o(u) = f(u) — f(x + o sgn (u — x) 


tend vers zéro quand u—«. Ensuite l’orthogonalité des polynomes de Laguerre 
entraine la relation 


—u a bes + 2)r” yet 


et l’on a par conséquent 
=(1-— (u, x;r)du = 0, 
0 0 
ce qui permet de poser 
0 


-(i- nin f x; r)du. 
0 
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Il nous faut maintenant calculer la fonction \,(x). On a 


—z a+l1_ (a+1) 
n 


(n + (u)du =nle L (x) 
0 
car a>—1. Par conséquent: 
ry f L, Le d 
(x) ( r) u Tin tat 2) (x)Ln4i(u)r pdu 
n\r” 


—z atl 1/2 (a+1) 2 
ex (1-—r) (x)} 


= — 


La formule (21) donne 4 ce résultat la forme définitive suivante: 


= gi/2 / 


lim A,(x) = . 
r=1 


Ceci posé, nous avons 


z(1+5)? 
js — Ar(x)D(x) f (u) f(u)du 


(1—8)2 


— f(x + 0) — f(x — 0) f 
z 0 


z(1+8)? 
f e~“p(u)V,(u)du — f(x + 0) (u)du 


{1—6)? z(1+6)2 


z(1-6)? 3 
— f(x f = > ike 
0 k=l 


Vu que la fonction f(u)=1 vérifie les conditions (24) et (25), nous avons 
immédiatement 
lim 12 = lim 13 = 0 
r=1 r=1 


donc 


r=1 


D(x) \ 


im — = tim {js 


[July 
d’ot 
ou 
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z(1+8)? 
i, = f 


(1—8)2 


avec $(u) =f(u) —f[x+osgn(u—x) pour Par conséquent,en choisis- 
sant 6 suffisamment petit on peut rendre la borne supérieure de | ¢(u)| dans 
l’intervalle [x(1—4)*, x(1+6)?] aussi petite qu’on veut et cela prouve que 
Vintégrale 7, est aussi petite qu’on veut en valeur absolue si l’on a 


z(1+5)? 
f | W,(u) | du = O(1). 
z(1—8)2 


Or, la formule approchée (22) prouve que pour x fixe et w compris dans 
l’intervalle [x(1—6)?, x(1+6)?], ona 


1/2 yl/2 
V,(u) = fexp [— — — 4 | = 


ce qui permet de conclure ainsi: posons ¢=4!/?— "2; alors 
z(1+8)? t 
f | au =f f exp [— #/(1 = ow). 
z(1—8)2 0 l-—r 
On a démontré ainsi que 


lim i; = 0, 
r=1 


et par conséquent 
D(x) 


lim } (1 — r)!/2Pz(u, x;r)} = lim 7; = ————- 


Il est intéressant d’observer que la méme méthode nous fournit une 
preuve facile du résultat énoncé par Einar Hille,* relatif 4 la sommabilité 


* E. Hille, Proceedings of the National Academy of Sciences, vol. 12 (1926), pp. 261, 265, 348. 
S. Wigert, Arkiv for Matematik, vol. 15 (1921), No. 25, a donnée une démonstration pour le casa=0 
en supposant que f(x) soit continue et satisfasse 4 une condition semblable 4 (24) avec e~ remplacée 
par e~ pour tout a>}. Hille remarque que le procédé de Wigert s’étend au cas général et il donne 
les formules nécessaires pour cette extension. Le noyau F,(u, x) se trouve aussi dans une note de 
G. H. Hardy, Journal of the London Mathematical Society, vol. 7 (1932), pp. 138, 192. 

Il faut encore remarquer qu’il s’agit d’une généralisation du procédé d’Abel-Poisson dans (26). 
En effet, l’hypothése (24) n’assure l’analyticité de l’intégrale de Poisson que dans le cercle | r—}| <i. 
Il s’ensuit que la série d’Abel-Laguerre, obtenue en appliquant a la série (2) la méthode de sommation 
d’Abel-Poisson, ne peut étre convergente pour aucune valeur de r~0. Quand on remplace dans (24) 
e™ par e~, l’analyticité est assurée dans | r— 1+1/(2a)| <1/(2a), et, sia<1, la somme de la série est 
donnée par l’intégrale de Poisson pour |r| <min (1, 1/a—1). C’est donc seulement pour aS} qu’on 
peut parler de la sommabilité Abel-Poisson au sens ordinaire. Pour la situation correspondante dans 
la théorie de la série d’Hermite voir les travaux de Hille dans Annals of Mathematics, (2), vol. 27 
(1926), p. 427, et Mathematische Zeitschrift, vol. 32 (1930), p. 422. 
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du développement de Laguerre (2) en un point x>0 par le procédé d’Abel- 
Poisson et dont la démonstration, semble-t-il, n’a pas été publiée par l’auteur. 
Il s’agit de prouver que l’ona 


(26) lim | e“F,(u, x)f(u)du = 3[f(x + 0) + f(x — 0)] 


r=1 0 


ou 


u*/2exp [— (x + u)r/(1 — 


(1 — r)(xr)*/? 
(- =) exp [— (x + u)r/(1 — 1r)] 


1-—r 


2ar 1-r 


Or, on trouve pour la dérivée de F,(u, x) par rapport 4 u l’expression 
suivante: 


F,(u, x) 


1/2 
=) 


—F,(u, x) = 
) 


pour la conclusion suivante: dans l’intervalle infini (e, ©) la fonc- 
tion F,(u, x) est positive et ne posséde qu’un seul maximum, dont l’abscisse 
est u =u 
Ce maximum F,(uo, x) tend vers + quand ¢ tend vers l’unité, mais on a 
exp [— xr6?/(1 — 
(x(1 — 


F,[x(1 + 6)?, x] = of 


d’ot immédiatement 


z(1-—6 3 
lim e“F,(u, x) f(u)du = lim e“F,(u, x)f(u)du = 0 


r=1 r=1 z(1+8)2 


sous l’unique hypothése (24). De méme l’hypothése (25) assure 


lim e“F,(u, x)f(u)du = 0, 

r=1 0 
car pour 0Su<e on a u-*F,(u, x)e~*=O[(1—1r)"], le nombre fixe N étant 
aussi grand qu’on veut. Enfin, quant a l’intégrale 


2z(1+6) 


(1—6)2 


la formule approchée 


(1 — 7))1/2 


1 
exp [—- — x1/2)2/(1 — r)] f “ 
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prouve que l’intégrale du produit e-*| F,(u, x)| est bornée: 


2(1+8)? 
f F,(u, x) | du 


(1—8)2 


z(1+8)? 
= 1+ f exp [— (u!/? — x1/2)2/(1 — 


J 
2(1 + 8(2/(1—r) 
= = O(1) (r 1) 
0 


ce qui achéve la preuve de (26). 


2. SommaTIon (C, 5) DE LA SERIE (3) 


Pour démontrer la relation 


(8) 


fn (%0) T(6 + 1) 
nil2 (2 +=) 
2 


ot f,{*)(x9) désigne la migme moyenne arithmétique d’ordre 6 de la série di- 
vergente 


(7) D(x»), 


H,(x) 

n=0 

observons que l’on a 


(27) (x9) = f (u, x0)f(u)du, 


S,{°)(u, x) désignant la moyenne arithmétique d’ordre 6 de la série-noyau de 
(3), c’est a dire de la série 


(28) 


Cette moyenne S,{*)(u, x) vérifie* les deux inégalités suivantes: 


Hn+1(u) 


0 x). 


(1-8) /2 
(8) é n 
(29) S, (u, x) =O (0<u<0;520; |x| <a), 


ev? 
(30) 2) = (|u| = 0, |x| Sa), 


| 


* Voir E. Kogbetliantz, Annales de l’Ecole Normale Supérieure, (3), vol. 49 (1932), p. 172, (62), 
p. 173, (65). 
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ainsi que celle: 


(31) SO (u, x) = 
valable quels que soient u et x et dont la preuve qui suit est basée sur I’in- 
égalité 
H,(x) = 
En effet, en posant 
nid, T(6+1) =T(n +6 + 1) 


A® 
n 


0 


Ceci posé, soit d’abord 6>0, le cas 6=0 étant écarté pour le moment. 
On peut écrire d’aprés (27) 


f(z) -1 7° 1 


nil2 
(32) 


5 
la fonction sous les signes somme étant 
—u2 (8) 
e (u, x)f(u)du. 
Les inégalités (29) et (30) entrainent: 


1 —enl/2 1 —A 
= —f + — (u, x)f(u)du 


1/2 J _ 


-o| 12 | f(u) | | <* 


quelque petite que soit la quantité positive » choisie d’avance, pourvu que 


[July 
ona 

(3) 
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le produit f(«)| | soit intégrable 4 l’infini, le nombre fixe A 
étant suffisamment grand: A2Ao=Ao(n). On trouve également |J;| <n, 
ces deux résultats relatifs 4 J; et Js étant rendus possibles par l’hypothése 
de l’existence des deux — définies que voici: 


Ensuite l’inégalité (29) nous donne 


s x) | | | 


ni? 


la fonction f(u) étant par hypothése sommable (Z) dans tout intervalle fini. 
De méme pour J; et par conséquent on a, si 6>0, 


lim J; = lim Jy = 


On constate ainsi que pour 6>0 la différence 
(u, x)f(u)du 


peut étre rendue aussi petite qu’on veut en valeur absolue en choisissant 
d’abord A ensuite m suffisamment grands, ce qui veut dire que l’on a pour 
tout 6>0 


(8) 
1 ate 
lim 2 =limJ;=lim— ¢ )f(u)du. 


n=@ mil? z—e 
Posons, pour “=x, ¢(u) =0, et pour 
o(u) = f(u) — f(x + o sgn (u — x)) 


et soit 6(€) la borne supérieure de |¢(u)| dans l’intervalle (x—e, x+e). Ona 


évidemment 
lim @(e) = 0. 


e=0 
On peut écrire 


Js S, (u, x)o(u)du + Sy (u, x)du 


wre f(% + fs —u? (8) 
nil2 nil? 
(34) 


| 
H 
| 
<G. | 
+1 

| 
| 
| 
0. 
| 
n n ze 
| 
| 
| 
| 
| 
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nil2 


L’inégalité (29) nous donne pour 6>0 
du 


(u — 


du 


Je =O 


+ eu /2 


c’est 4 dire J, =O(n-*/?), ce qui prouve que l’on a 


lim Je = 0. 


Ensuite 


ate 6 
o(uye Se, x)du| x)| du. 


nil? 


SO (u, x) | du 


1 z—n-1/2 1 zt+n-1/2 1 zt+e 


+— + — = int 


On peut appliquer aux intégrales 7, et 7,3 l’inégalité (29) tandis que ine exige 
application de l’inégalité (31): 


z+n-1/2 
ing = o| me f au| = O(1), 


et de méme 7,;=O(1), i,3=O(1), car par exemple 


1 os ds 
inl = —O f = O(1). 
nil2 etl 


Par conséquent, on a établi que 7, =O(1), d’oa 
1 zt+e (8) 
e o(u)S, (u, x)du = O[i,6(e)] = <n 
pourvu que soit assez petit: eS €o=€0(7). 
Observons encore que grace a l’orthogonalité des polynomes d’Hermite 
on obtient 


30 [July 
ou 
1 

Soit - 

= — 

nil2 
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(2) Hnii(u)du = 0, 


2" 


ce qui permet de poser pour 620 


jo (2) = f «)du = — (u, x)du. 


Les remarques faites conduisent 4 la conclusion suivante: 
(3) 
Jn 


1/2 


lim I; = [f(x + 0) — f(x — 0)] lim 
Pour calculer la limite figurant au second membre il suffit?d’utiliser la 
définition méme du polynome d’Hermite: 


| d me-u? 


dx™ 
et par conséquent 


—z (8) 


Hp (x) Gn (x, x) 


ot o,{°)(u, x) désigne la niéme sigma-somme d’ordre 6 de la série-noyau de 
développement (1). Or, on a 
Am(%)H m(u) exp[— — 2uxz + — 2?)] 

= 


exp [2x%z/(1 + z)] 

~ — 4 2)1/2 

Vu que l’allure du second. membre pour z—1 est celle deffla fonction 
(2r)—/2(1 —z)-*-8/2e=* tandis que pour z——1 cette allure est celle de la 
fonction +-z)-1/2 exp [2x?z/(1+2)] on peut obtenir l’expression 
approchée de a,“)(«, x) en développant suivant les puissances de’s la fonction 
auxiliaire: 


oy (x, 


{o(1) — (1 — + 


1— 


exp [2x?z/(1 + z)] 
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ou l’on a posé 
exp [2x%z/(1 + 2) | 


ss 
1 
= 


On trouve ainsi la formule approchée, valable pour 6>—1: 


(3) (6) (8+1/2) 


An jn =e ay (x, = ¢(1) — 


¢'(1) 
n _(—1/2) 


(22 W— 1) +--- }. 


L’erreur étant inférieure en valeur absolue au premier terme rejeté, on 
en déduit pour 620 et grace a l’inégalité vérifiée par le polynome de Laguerre 


n —3/4 
jn (2) 7 o(=) + O(n 


d’ot enfin 


in (2) +1) 


nil2 3 
+ 


(620), 


et cela achéve la preuve de la relation (7) pour 6>0. 
Pour donner un exemple considérons la série d’Hermite de la fonction 
f(x) =4 sgn (x—a)* qui fait le saut D(a) =1, étant égale A +1 suivant que 
>? 


— sgn (x — a) = o*du —— 
2 qil2 0 qil2 0 2°+1(n 1)! 


Dérivée terme 4 terme par rapport a x elle nous donne la série-noyau du 
développement (1) et en désignant la somme partielle de cette série-noyau 
par (u, x), on obtient pour x =a |’expression 


2 
(a) = (a, a) 


La formule approchée pour e~*,{*)(x, x), que nous venons d’écrire, 
devient pour 6=0, x=a, 


* E. Kogbetliantz, Annales de l’Ecole Normale Supérieure, vol. 49 (1932), p. 197, (81). 
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(1/2) (—1/2) (—1/2) 


d’oa, vu que (2x)? =1, 
(1/2) 


+06") 


et par conséquent 


f(a) 1 A (1/2) 1/2 


im = im 
n=o nl2 (23) 1/2 n=o 


(35) 


Appliquons la relation (7) avec 6=0. On trouve: 


fa 


3 


et l’on voit en comparant la relation particuliére (35) 4 celle générale (36), 
qu’on a déterminé bien exactement D(a) =1 dans le cas 5=0 pour la fonc- 
tion 


(36) 


f(x) = sgn (x — a). 


Nous allons maintenant étudier le cas général, od 6=0. On a, en décom- 
posant f,(%(x) d’aprés (32) en cinq intégrales Z,, k=1, 2, 3, 4, 5, le méme 
résultat que pour 6>0 en ce qui concerne les intégrales J; et J; pourvu que 
le produit |«|—%e-*/2| f(u)| soit intégrable dans les intervalles a<|u| <0. 
De méme on va voir que J; et J, tendent vers zéro quand m—© aussi pour 
5=0, si f(x) est sommable (LZ) dans tout intervalle fini. Seulement dans ce 
cas, 6=0, nous devons utiliser la formule approchée: 

(0) 


(37) = — 00s [(u — x)(2m)%/2] + o(—)} 


(u — nil? 
valable pour toutes les valeurs finies de u et de x. 
Cette formule est facile 4 déduire de l’expression approchée: 
e(z*+u*) /2 no—3/4 
qr il2 
3/4 


[4-8 cos (2dn1/? — (a — + O(n-/2) 


B) 


[4- cos (2sn'/2 — (6 — + 


démontrée ailleurs* pour le coefficient g,=gn(a, 8) du développement 
* E. Kogbetliantz, Journal of Mathematics and Physics, loc. cit., §3, (G). 
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(a) 


(2) = 2) “(1 + 2)” exp [— —z)+ + 2z)] 
0 


En effet, on a, en comparant la fonction génératrice de la suite S,{(u, x) 
2(u — xz) exp [— d’z/(1 — z) + s*z/(1+2)] 
(1 — 2)8/2(1 + 


od =|u—x|, =u+«, a la fonction on trouve 


(u, x) = 
0 


2) = (u (2) + (w+ (2) 
0 


d’ot la formule (37), car 


2) = 2) + w+ 
n \U,X%) = X)8n u 


On a, en effet, grace 4 (37) et pour 6=0, 


(u, 2) f(u)du 
n 


f cos [(u — x)(2n)*/?] 


z+e u— 


d 


| au], 


lim I, = 0, 


vu que f(u) est sommable (ZL) dans tout intervalle fini. On trouve de méme 


lim Jz = 0 


n= 
et il ne nous reste qu’a étudier J3, car 


(0) 

1 ate 
tin I; = lim — Su, «)f(u)du. 
n=o n=o n=o nil2 


En décomposant J; d’aprés (34), occupons nous d’abord du premier 
terme de cette décomposition, 4 savoir 


(u, x)du 


ov dans l’intervalle |u~—x| <e on a pour e—0 


- 
x 
me 
n 
d’ot 
1 ate 
f 
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| | =| f(u) — f(x +0 sgn (u — x))| S$ 0%) 


L’inégalité (29) qui pour 6=0 s’écrit 
(u?+27) 
sO 2) = 


|u— 


prouve que l’on a pour ¢ suffisamment petit 


si le produit |(w—zx)-'¢(u)| est intégrable au voisinage du point u=z. 
Cette condition que l’on peut noter, 


+e du 


et qui est suffisante pour le moment, est vérifiée, par exemple, si l’on a pour 


h 1 
f(x + h) +077) = o| | 


le nombre fixe p étant aussi petit qu’on veut, mais positif. 
Etudions ensuite le dernier terme J, dans (34). Pour 5=0 ce terme 
s’écrit 
x+0) f(x 0 oe 
nil2 ote nil2 
Les inégalités (29) et (30) éliminent immédiatement les parties infinies 
(—«, —A) et (A, ©) tandis que pour |u| <A, |uw—z| 2 on peut utiliser 
la formule approchée (37). On démontre ainsi que l’on a 
lim I 6 = 0. 


On a ainsi 


(0) 


= [f(x+0) - — f(# 0)] lim 


ce résultat étant acquis dans les hypothéses suivantes: 
(I) f(x) est sommable (ZL) dans tout intervalle fini; 
(II) f(x) vérifie la condition (33) avec 6=0; 
(III) f(x) vérifie la condition (38). 
La condition (38) peut d’ailleurs étre remplacée par une autre, si l’allure 
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de f(x) au voisinage immédiat du point x est telle qu’en posant pour u=2x+4, 
<<, 
t 
to(x + t) = = f(x +2 — f(x + osgnd)] = f x(u)du 
0 
on puisse définir une fonction x(¢) vérifiant la condition 


(39) f ‘| x(u)| du < At 
0 


ou A est une constante positive aussi grande qu’on veut mais fixe. Supposant 
remplie la condition (39), donnons nous un nombre fixe 6 aussi petit qu’on 
veut et positif et soit NV assez grand pour avoir 3A -2"/?< N89. 

La formule approchée (37) et l’inégalité 


(0) Hm(x)H m+1(u)| 


/2 
(40) | Sa (u, x) | = 2mm \q 1/2 Olne ) 


permettent d’écrire en décomposant 7; en trois termes: 


z—N/nii2 z+N/n/2 
{ f + + x)du 


z—N/nl/2 
= 7’ + + 


Grace a (40) on a immédiatement 


1 2N 
max | 6(u)| O(n) — = of 


donc 
lim 7” = 0, 


car JN est fixe. Ensuite la substitution «=x — nous donne 


dt log 
cos (t(2m)1/2) — + of 
J t nil2 


€ d 
cos + o(1) + 0(¢) 


N/n¥2 


et il suffit de prouver que le premier terme peut étre rendu aussi petit qu’on 
veut en valeur absolue si x(#) vérifie la condition (39). Intégrons le par parties: 


2 


en posant 
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d,(t) = for cos (u(2n)1/2)du. 


Mais, il est évident que la fonction #,,(#) vérifie l’inégalité | 
car 


Par conséquent, tenant compte du fait que ¥(N-/?) tend vers zéro quand 
n— © , on trouve que la partie intégrée est 0(1) pour n> : 


N N N Nn21/2 1 
nil2 nil2 nil2N2y1/2 N 


Quant 4 l’intégrale, on peut écrire 


€ 2 1/2 € 
f < (=) f xO | 


2\12 1 t € 
(<=) { zi | x(w)| N/ni/2 


€ at t 
BJ 


< O(n-) + A (=) (—) A f = 


1/2 


3A2 
=o0(1) + < o(1) +6 < 26, 


pour  suffisamment grand. 


3. SOMMATION (C, 5) DE LA SERIE (10) 


Considérons la série-noyau de (10), 


+ 2) (a+1) (a) 

41 L, Le ~0 x), 
(41) (x) (u # x) 
et désignons par S,*)(u, x) ses moyennes arithmétiques d’ordre 6. Celles 
de la série 
(a+1) 


T(n+2)L, (%) (° @, 
J 


(10) 


1935] eC 37 
| 


38 ERVAND KOGBETLIANTZ 


s’expriment 4 l’aide des S,{*)(u, x): 


(8) 


(42) f(x) = f x) f(u)du. 
0 


Les moyennes S,{*)(u, x) vérifient* les inégalités 


(tu) /2y (1-8) /2 
(43) Sn (u, x) =O { 
(ux)a/2+1/4 | — 1/2 


2a), 


e(utz) /2y1/2 


(u en,5 20,05 2520), 


(44) (u, x) = o( 


ainsi que celle 
(8) e(utz)/2y 
(45) S, (u, x) = ——————_ (620), 


/2+1/4 1/2 


dont voici la preuve pour u et x quelconques et 6=0: 


2) | (a+1), (a) 
T(m + a+ 2) 


0 


0 


(ztu)/2, \—a/2-3/4 1/2, (841) 
1/2 


Décomposons dans (42) l’intervalle d’intégration (0, ©) ainsi: 
(8) 
+ [n, x(1 — + [x(1 — x(1 + + [x(1 + 62, A] 
+ [A, en] + [e*n, 


et supposons que f(x), sommable (LZ) dans tout intervalle fini, vérifie en 
outre deux-conditions suivantes: 


(46) 


(47) f | f(u) | du <G, 


(48) 1009 | aw <G, 


* Voir E. Kogbetliantz, Journal of Mathematics and Physics, loc. cit., §5, (BL) et (F), dont on 
déduit facilement (44). 
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ot le nombre 8 est égal au plus petit des deux nombres a et (a+6)/2—}, 


donc 
a+é 


1 1 
—— pourds 
2 a? 


1 
a pos 


On a vu déja au §1 que la sigma-somme d’ordre 4, o,{*)(u, x), de la série- 
noyau (41) vérifie pour <1/n l’inégalité 


1 
on x)= O(n‘ (0 sus—;i2 0). 
n 


On en déduit pour S,{®(u, x) l’inégalité correspondante: 


(8) 
(8) on (a—8)/2+3/4 
2) = = O(n ), 


ce qui permet de conclure pour 6 a+} ainsi: 


1 1/n 
0 


nil2 


In 
= of (nu) | duh 
0 


= of gon | aut 


Au contraire, pour 6>a+} on trouve: 


| au\ = of | an 


Dans l’intervalle (1/n, 7) nous avons d’aprés (43): 


n(i-8)/2 1 
S, (u, x) = of \ Su 
1241/4 /2 n 
d’ou, x étant fixe et positif: 
J,= of f | au} 


nil2 


In /n 
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Par conséquent, quelque soit 6=0 on trouve que 


IitJs = 0f 


et l’hypothése (48) entraine la possibilité d’obtenir l’inégalité 
(49) So 


quelque petit que soit w>0, en choisissant 7 suffisamment petit: 7<1 


= no(w). 
Pour évaluer les intégrales J; et Js nous allons distinguer deux cas: 6>0 
et 5=0. Dans le premier cas |’inégalité (43) donne immédiatement 
1 (1—e)?z 
J;= f(x) | = O(n-*/2) 


nil2 


et de méme pour J;; donc pour 6>0 on a 
(50) lim J; = lim J; = 0 (6 2 0). 


Dans le second cas, 6=0, on est obligé d’employer la formule approchée* 


(ztu) /2_1/2 — x1/2)y1/2) + O(n-1/2 
(51) su, n'!2[cos (2(u + O(n 


Il suffit de considérer J; et grace 4 cette formule on a, aprés la substitu- 
tion u/? =(1—Z)x!/?: 
1 1—(9/2)¥2 
J;= f W(x, t) cos + O(n-"/2), 


ou 


est sommable dans l’intervalle [e, 1—(n/x)"/?]. 
On justifie, par conséquent, le résultat (50) aussi pour 6=0. 
Dans l’intervalle (A, e?), on obtient a l’aide de l’inégalité (43) 


J,= f 12-314 | | an 
A 


tandis que l’inégalité (44) entraine 


* Voir E. Kogbetliantz, Journal of Mathematics and Physics, loc. cit., §6, (21), od Sf” est 
désigné par aL,‘ /ax. 
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{ f | f(14) | au 
én 


L’hypothése (47) permet ainsi d’obtenir l’inégalité 
of f | | au Zw 
A 


quelque petit que soit w>0, en choisissant le nombre fixe A suffisamment 
grand: A=>Ao=Ao(w). 
Ce dernier résultat joint 4 (49) et (50) permet de conclure 


(8) 2 

x 1 z(1+e) 
lim = lim J, = lim — SO (u, x)f(u)du. 
n=o nil2 n=o z(1—e)2 


Soit 
o(u) = f(u) — f(x + 0sgn (u — x)). 
Pour évaluer la limite de l’intégrale J, nous la présentons ainsi: 


7, 


—u a 0 —ua 
4 u SO (u, x)du + u SO x)du 
nil2 nil2 0 


z(1+e)? 
o(uje uS, (u, x)du — Js, 


z(1—e)2 


x—0 
f e u SO (u, x)du, 
n 0 


z(1+e)2 


Observons qu’en vertu de l’orthogonalité des polynomes de Laguerre on a 


f Cu, x)du 
0 
(8) 


2) (a+1) —u a_ (a) 
= Le d 0, 


ce qui permet de définir ainsi: 


1 —u a 1 a 
(x) = —— u SO x)du = —f u SO (u, x)du. 
nil2 0 nil2 


La preuve du résultat cherché, 4 savoir: 
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 T@+1) D(x) 
im = . 
n=o nil? 3 
ryé+ 


exige la détermination de la limite 


(11) 


1 = lim 


et l’étude des deux intégrales J; et Js, la derniére étant définie par 
1 z(1+e)? 


Jy = — (u, x)p(u)du. 
nil2 z(1—e)2 


Vu que la borne supérieure @(e) de la valeur absolue de ¢(m) dans l’intervalle | 
[a(1—e)?, x(1+¢)?] tend vers zéro avec e, on a dans le cas 5>0 et grace aux 
inégalités (43) et (45) le résultat 
(52) Jo = O[0(€)] < 
si est suffisamment petit: € =€0(w). 

En effet, décomposons |’intervalle d’intégration en trois intervalles: 


z(1+e)? 


= [x(1 — 6%, x(1 + 6)?] = Ee — | 
+ 


z(1l—e)2 


L’inégalité (45) nous donne, étant donné que | ¢(u)| < 6(¢), 


O(c) 


O(n)du = 
nil2 


| i2| 
z(1—n-W/2)2 


tandis que celle (43) appliquée aux intégrales i, et i; conduit 4 écrire, en 
employant la substitution u/*=(1+-4)x'/?, 


itis = 6(€) = O[6(e) (6 > 0), 


-1/2 


ce qui achéve la preuve de (52) pour 6>0. 
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Js = —f 
J 
3 
= 
1 
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De méme le terme J; est facile 4 évaluer, si 5>0. L’inégalité (43) donne 
en effet pour 6>0 


Js = of | O(n-#/2) 
0 


donc on a démontré le résultat cherché, 
(53) lim Jz = 0 (6 = 0) 


pour 5>0. C’est le cas 5=0 qui exige une analyse plus approfondie basée 
sur la formule approchée (51). Soit donc 6=0 et supposons qu’au voisinage 
immédiat |~—x| <y du point u=z la fonction f(u) vérifie la condition (38), 
c’est a dire l’intégrale définie 


d 
(38) Tel <° 


existe. Dans cette hypothése (38) et grace 4 l’inégalité (43) on obtient im- 


médiatement 
z(1+e)? du 
J, = {f Jou) | 
z(1—e)?2 | u| 


quelque petit que soit w >0 pourvu que ¢ soit assez petit: ¢<€)=€o(w). Quant 
au terme Js on trouve grace a (51), en posant (u!/?—x/*)£(u)e“!? = ya/2-1/4; 


A 
z(1+e)2 


z(1—e)? 


+ f(x cos [2(u!/? — + O(n-"/2) 
0 


+ ofa f eu |S. (u, x)| 
A 


Vu que £(u) est sommable (Z) dans les intervalles [0, x(1—«)?] et 
[x(1+€)?, A] on constate que les termes entre les parenthéses tendent vers 
zéro quand 

Quant au dernier terme, les inégalités (43) et (44) permettent de l’écrire 
ainsi: 


f | so (u, x) | au\ of f 
A A 


pourvu que le nombre fixe A soit assez grand: A = Ao(w). 
On parvient ainsi dans le cas 6 =0 sous l’unique condition (38) au résultat: 
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(8) 
n \& 
(54) lim f me = [f(x + 0) — f(x — 0)] lim x0 (x) (6 = 0) 
démontré déja pour 6>0. 
Observons que la condition (38) peut étre remplacée par celle (39). Sup- 
posons que l’allure de f(u) au voisinage du point x permet de définir une 


fonction x(#) vérifiant la condition 
t 
(39) f | x(u) | du < At 
0 


et telle que 


io(x + t) = +0 = 


Décomposons l’intervalle d’intégration dans 


1 (8) 
Jy = — e uS, (u, x)o(u)du 


m2 J 
en trois intervalles partiels ainsi: 
Jy = [x(1 — + 


+{=(1 +=), + 


le nombre NW étant suffisamment grand pour avoir 4A <rxwJ, od w est une 
quantité positive choisie d’avance et aussi petite qu’on veut. L’intégrale 7, 
est facile 4 évaluer 4 l’aide de l’inégalité (45). On obtient ainsi, tenant compte 
du fait que la borne supérieure 6(€) de |@(u)| dans l’intervalle [x(1—¢)?2, 
a(1+¢)*] tend vers zéro avec e, 


N 2z(1+Nn-1/2)2 N 
nil2 nil2 


c’est a dire 

lim = 0. 
Il suffit de considérer ensuite 73, car le méme raisonnement s’applique 4 /:. 
A laide de la formule approchée (51) et de la substitution #/? =(1+é)x!/? 
on donne 4 j; la forme suivante: 
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1 e 
TX Nn-¥2 n 


1 


weil? 


log 
f ¢[x(1 + cos (2x(n2 — *) + O[e6(e)]. 
Nn-2 


zt(2+t) 


xt(2 + t)o(x% + 2xt + xt?) = f x(u)du 


0 
entraine grace a la condition (39) que nous supposons remplie 


xzt(2+t) 


1 
+ 4] = fo + 00 


par conséquent 


1 o[x(1 + t)?] cos 


: cos (2¢(mx)*/2) + O(e). 


J 


= — feos (27(mx)*/2) 


et intégrons par parties. On trouve ainsi 


=0 O dd,,(x, d 


zt(2+#) 


2x f 3, (x, t)x[xt(2 + + 
Or, pour ‘0 on a 
zt(2+t) 
f x(u)du = 2xtp[x(1 + + = o(xt) 
0 


donc pour 00 


8,(x,t) N N 
0 (mx) 1/2 nil2 
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D’ailleurs 


ce qui entraine pour n— © 


+ o(1) + of N n ) 


(mx)"/2 N2(nx)¥/2 


| x[xu(2 + u)]| du 
N 


u?(nx)*/2 


1+e. 
= Oe) + 
TXN 


Une nouvelle intégration par parties transforme l’intégrale 7, en 


t € dt t 
i= | du) | x + u)] |du. 


On a, en vertu de (39) et en posant xu(2+u) =7, 
dr 


t zt(2+t) 
| x[xu(2 + u)]| du = 


Axt(2 +t 
< Au2+4 < (1 + 6)At. 
2x . 
Par conséquent: 
A 1 dt 3A(1 + 


ce qui entraine 
3A(1 


| js| S + o(1) + 


quelque petit que soit w >0, pourvu que e soit assez petit et assez grand. 
Ce raisonnement prouve qu’au cas, ot 6=0, la condition (39) est suf- 
fisante pour assurer le résultat (54). 
Pour achever la démonstration de (11) il suffit de calculer la limite de 
quand n>. L’identité 


—u a_ (a) a™ 


mie u Ly (u) = — (eu 
du™ 


entraine évidemment 


—z a+l 


—T(m+ » f (u)du =mile x (x), 


July 
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et cette relation permet d’écrire 


(a+1) 


de = 


(a+1) (8) 


T(m + 1)[Ln Mn 
T'(m + a + 2) 


(=) 


T'(m + 1) 
0 l(m+a+t2) (xz!/2)e+1(1 — 2) 


entraine cette autre relation: 


~ 


= 
A, 


Or, la relation 


Mn 2. M,(z) = 


1—z 
L’allure du second membre pour.z—1 est facile 4 préciser 4 l’aide de la for- 
mule approchée (21) et l’on obtient ainsi: 
exp [— #(1 — 21)/(1 + 14+0(|1—2]) 


2(rx) 1/2 (1 — 


M;(z) = 


Pout trouver une formule approchée du coefficient y,‘* de la fonction 
M,;,(z) il suffit de développer la fonction auxiliaire 


1 


0 


enfin 


(8) (8+1/2) 
Kn 1 n 


A® 


[1 + 0(1)] 
et par conséquent, vu que '(6+1) =n*[1+0(1) 
T'(6 + 1) 
3 
(rx) (s + 5) 


ce qui achéve la démonstration de (11). 
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DISTRIBUTION FUNCTIONS AND THE RIEMANN 
ZETA FUNCTION* 


BY 
BORGE JESSEN anp AUREL WINTNER 


1. INTRODUCTION 


The present paper starts with a systematic study of distribution func- 
tions in k-dimensional space and in particular of their infinite convolutions 
representing, in the language of the calculus of probability, the distributions 
arising by addition of an infinite number of independent random variables. 
The results are applied to almost periodic functions and in particular to the 
Riemann zeta function. 

The proper method in dealing with distribution functions and their con- 
volutions (“Faltungen”) is the method of Fourier transforms, first applied 
systematically by Lévy in his book on the calculus of probability [40].t The 
theorems concerning Fourier transforms which we need are collected at the 
beginning; for proofs we refer to papers of Bochner [2] and Haviland [28, 
29]. These authors use Riemann-Radon integrals; we prefer for several 
reasons to work with Lebesgue-Radon integrals for which the proofs are 
simpler. Using these results on Fourier transforms we develop a general 
theory of infinite convolutions and in particular their convergence theory. 
This theory is completed at the end of the paper, where it is shown, by means 
of integrals in infinitely many dimensions, that the convergence problem of 
infinite convolutions is identical with the convergence problem of infinite 
series the terms of which are independent random variables, as considered 
by Khintchine and Kolmogoroff [37], Kolmogoroff [38], and Lévy [41]; 
incidentally we obtain a new treatment of the latter problem. 

The dominating feature of the convolution process is its smoothing effect, 
although it is hardly possible to formulate a single theorem covering the 
whole situation. In the cases in which we are interested an appraisal of the 
Fourier transforms is the natural approach to the treatment of the question. 
This method has recently been applied in the case of circular equidistribu- 
tions by Wintner [55]; in the present paper it will be applied to the more 
general case of distributions on convex curves, fundamental for the treat- 
ment of the zeta function. The results thus obtained are essentially finer than 
those obtained through geometrical considerations by Bohr and Jessen [19]. 

These results are then applied to the almost periodic functions of Bohr 


* Presented to the Society, Apri! 20, 1935; received by the editors July 9, 1934. 
t Numbers in brackets refer to the Bibliography at the end of this paper. 
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and their generalizations. Distribution problems for almost periodic func- 
tions have been considered from various points of view by several authors. 
Historically, we first mention the investigations of Bohr [4-14], Bohr and 
Courant [18], Bohr and Jessen [19, 20] and Jessen [31, 32] concerning 
Dirichlet series and in particular the Riemann zeta function, which are based 
on the theory of diophantine approximations (more particularly on the 
Kronecker-Weyl theorem). These investigations are methodically indepen- 
dent of the general theory of almost periodic functions which is, in the main, 
of a later date. Distribution functions for arbitrary real functions x=<x(é), 
almost periodic in the Bohr sense, were treated by Wintner [50-54] by trans- 
forming t-averages into x-averages and then applying the moment method 
of the calculus of probability. It was shown by Haviland [27] that the same 
method is valid also if x(#) is complex-valued. In the special case of linearly 
independent exponents as considered by Wintner [53-55] it was essential to 
work not only with moments but also with Fourier transforms. It was shown 
by Bochner and Jessen [3] that the whole problem may be treated without 
applying the moment theory and considering only Fourier transforms, a 
method which holds in the case of generalized almost periodic functions also. 
Applying this method in the present paper to the Riemann zeta function 
¢(s) ={(¢+it) we obtain with regard to the functions log {(s) and ¢(s) results 
which are in their kind essentially more precise than those obtained so far. 
The distribution function of x(#) =log ¢(¢+7#) for a fixed o>} is obtained 
in the form of an infinite convolution. This expression for the distribution 
function of log {(¢+i#) occurs in a geometrical form in the papers of Bohr and 
Jessen [19, 20], who have proved by elementary considerations that it 
possesses a continuous density. In the present paper it will be shown without 
recourse to this result that there exists a density possessing continuous partial 
derivatives of arbitrarily high order. In the case }<o<1 it will even be 
shown that the density is a regular analytic function of the coordinates 
(whichcannot be the case fora >1). The distribution function of x(t) ={(o +7) 
itself is obtained from that of x(#) =log [(¢+i#) by an exponential mapping. 
The method would enable us to discuss the dependence of the densities upon 
o also. In this direction we prove that the density of the distribution func- 
tion of x(#)=log tends uniformly to zero as and we also prove 
an analogous result with regard to the density of the distribution function of 
x(t) ={(o+7t). It may be mentioned that the presentation is independent 
of the theory of diophantine approximations, which is replaced by a direct 
argument (using, of course, the same ideas as those in the proof of the Kro- 
necker-Weyl theorem [48]). 
In order to make the present paper independent of the papers mentioned 


€ 
i 


50 BORGE JESSEN AND AUREL WINTNER [July 


above we have included, often with simplified proofs, some of the results of 
these papers. There is one aspect of the distribution problem regarding almost 
periodic functions and the zeta function not considered in the present paper, 
namely the problem of the a-points, studied by Bohr, Bohr and Jessen, 
Favard, and Jessen. We mention only that the methods of the present paper 
admit of applications to this problem also. The Bibliography at the end of 
the paper is intended to be complete as far as distribution problems for 
almost periodic functions are concerned. 


2. DISTRIBUTION FUNCTIONS 


Let Rz be a k-dimensional euclidean space with x= (é:, - - - , &) as vari- 
able point. A completely additive, non-negative set function ¢(£) defined 
for all Borel sets Z in R, and having the value 1 for E=R, will be called a 
distribution function in R,. The notation for an integral with respect to ¢ 
will be 


ff 


All integrals are understood in the Lebesgue-Radon sense (Radon [45], pp. 
1324-1329). Our notation for ordinary Lebesgue integrals will be 


f S(x)m(dR.). 
E 


A set E is called a continuity set of o if ¢(E’)=¢(E”) where E’ denotes 
the set formed by all interior points of EZ and E” is the closure of E. There 
exists an at most enumerable set of real numbers such that at least those inter- 
vals a; <&;<8; (j=1,---, &) for which the numbers a;, 8; do not belong 
to this set are continuity sets of ¢. 

A sequence of distribution functions ¢, is said to be convergent if there 
exists a distribution function ¢ such that ¢,(£)—¢(£) for all continuity sets 
E of the limit function ¢, which is then unique. The symbol ¢,—¢ will be 
used only in this sense. 

We have ¢,—¢ if and only if the relation 


holds for all bounded continuous functions f(x) in R,. Furthermore, if ¢,—¢ 
then 


holds for every non-negative, continuous function f(x) in R.. 
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If $1, ¢2 is a pair of distribution functions, a new distribution function ¢ 
is defined by 


$(E) = — 


Here E—«x denotes the set obtained from E by the translation —x; the func- 
tion ¢,(E—x) is a bounded Baire function so that the integral exists.* We 
call ¢ the convolution (Faltung) of ¢; and ¢, and denote it by ¢ =¢1 « dz. It may 
be proved directly that $1 +¢2=q2 and (be = (Gi rela- 
tions which also follow from the connection with the Fourier transforms dis- 
cussed in §3. For later application we notice that if Ya=¢1+* --- *@, where 
, are distribution functions in R., and if h(x) is a non-negative 
Baire function in R, thent 


By the spectrumt S=S(@) of a distribution function ¢ we understand the 
set of those points x of R, for which ¢(£) >0 holds for any set E containing 
x as an interior point. S is always a closed set containing at least one point. 
The point spectrum P = P(¢) is defined as the set of those points x for which 
(x) >0, where x is to be understood as the Borel set consisting of the point 
x alone. P is at most enumerable and may be empty. 

The vectorial sum A +B of two point sets A and B in R, is defined as the 
set of those points in R, which may be represented in at least one way as a 
vector sum a+6 where a and bj are points of A and B respectively. We agree 
to let A+B denote the empty set if at least one of the sets A and B is empty. 
If A and B are both closed and bounded then so is A+B. We have A+B 
=B+A and A+(B+C) =(A+B)+C. 


* That g(x)=¢:(E—x) is.a Baire function for any Borel set E follows thus: The system of sets E 
for which g(x) is a Baire function is a Borel field; hence it is sufficient to consider the case where E is 
an interval (j=1,---, k). Let now A(x), a(x), be a sequence of continuous functions 
such that 4,(x) =O when x does not belong to E and An(x)—1 when x belongs to E, finally OS 4,(x) $1. 
Then 


g(x) = J. + > o(E — 2) = (2) 


for all x. Since every g,(x) is continuous it follows that g(x) is a Baire function. 

T It is sufficient to verify (2.2) for n=2. In this case (2.2) is trivial if h(x) is =1 in a Borel set E 
and =0 elsewhere. Hence (2.2) holds for any h(x) taking on but an enumerable number of values 
which implies that (2.2) holds for any Baire function h(x) 20. The relation (2.2) is understood in the 
sense that the finiteness of either side implies that of the other. 

t The above terminology, proposed by Wintner [57], is in accordance with that of Wirtinger 
and Hilbert and is therefore not identical with that of Wiener. 
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Using this notation, we have for the spectrum and the point spectrum 
of a convolution the addition rules +2) =S(o1) +S(¢2) and P(¢: ¢2) 
= +P(¢2). 

By the limit lim B, of a sequence of point sets B, in R, we understand 
the set of those points in R, which may be represented in at least one way 
as the limit of a sequence of points x,, where x, belongs to B,. This limit 
(which may be empty) always exists and is a closed set. By the vectorial 
sum A,+A:2+ - - - of an infinite sequence of sets Ai, Ag, - - - (in this order) 
we mean the set lim (Ai+ --- +4A,). 

If ¢.—@ the spectrum S(¢) is contained in lim S(¢,) but the two sets 
need not coincide. Between P(¢) and lim P(¢,) there is no connection. 

A distribution function @ will be called continuous or discontinuous ac- 
cording as P(¢) is or is not empty.f We shall say that ¢ is purely discontinuous 
if ¢(P(¢)) =1. A distribution function ¢ will be called singular if it is con- 
tinuous and there exists a Borel set E of measure zero for which ¢(£) =1. 
Finally, a distribution function ¢ is called absolutely continuous if ¢(E) =0 
for every Borel set E of measure zero; this is the case if and only if there 
exists in R, a Lebesgue integrable point function D(x) such that 


for any Borel set E; we call D(x) the density of ¢. 

Any distribution function ¢ may be written (Radon [45], pp. 1321-1322) 
in the form $(E) =a:¢;(E) +a262(E)+as¢3(Z) where a1, a2, a3 are non- 
negative numbers having the sum 1 and qi, ¢2, $3 are distribution functions 
such that ¢; is purely discontinuous, ¢2 is singular, and ¢; is absolutely con- 
tinuous; the three components arg, axe, axp3 are uniquely determined by ¢. 


3. FOURIER TRANSFORMS 


Let R, be the k-dimensional space with y=(m, - - - , 7%) as variable point 
and let xy denote the scalar product of the vectors x=(&,--- , &) and 
y=(m,---, m). If ¢ is a distribution function in R, then the integral 


A(y; ¢) = 


defines in R, a function A(y; ¢) which is uniformly continuous and bounded, 
the maximum of its absolute value being A(0; ¢)=1. We call A(y; ) the 
Fourier transform of If A(y;¢) =A(y; then ¢=y, that is, the correspond- 


t We notice that there exist continuovs distribution functions ¢ such that not every interval 
aj<t;<8; (j=1,---+, &) is a continuity set of ¢ in the sense defined above. 
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ence between the class of all distribution functions and the class of their 
Fourier transforms is a one-one correspondence. 

If ¢.—@ then A(y; ¢,)—A(y; ¢) holds uniformly in every sphere | y| <a; 
conversely, if a sequence of Fourier transforms A(y; ¢,) is uniformly conver- 
gent in every sphere | y| <a then the limit function also is the Fourier trans- 
form A(y; ¢) of a distribution function ¢ and ¢,—¢. We may formulate this 
fact by saying that the one-one correspondence between the class of all distri- 
bution functions and their Fourier transforms is a continuous correspondence. 

Finally we have for the Fourier transform of a convolution the multipli- 
cation rule A(y; 1 * $2) =A(y; o:1)A(y; $2). This, together with the uniqueness 
of the correspondence, implies immediately the relations ¢; + ¢2=@2 and 
* (2 * hs) = mentioned in §2. 

Let x. denote the distribution function whose spectrum consists of the 
single point c in R, so that x.(Z) =1 or 0 according as ¢ is or is not contained 
in E; we have A(y; x.) =e” and in particular A(y; xo) =1. If y is the distribu- 
tion function ¥(Z)=¢(E-—c) then in particular, xo for 
every ¢. For later application we notice that if ¢,-¢ and ¢, + ~,—>@ thent 
Yn—Xo- 

If the integral 


| |?! ACy; 4) | m(aRy) 


is finite for an integer p20 then ¢ is absolutely continuous and its density 
D(x) = D(&:, - - - , &&), determined by the inversion formula 


D(x) = (2m)-* 


is continuous, approaches zero when |x|, and possesses in the case p>0 
continuous partial derivatives of order <p which may be obtained by dif- 
ferentiation under the integral sign and approach zero when |x|. This 
is in particular the case if for some e>0 


(3.1) A(y; $) = O(| as | y| 


T This is proved in the following way: We know that A(y; ¢n)—A(y; ¢) and A(y; @n)A(y; Yn) 
—A(y; ¢) hold uniformly in every sphere | y| Sa and wish to prove that A(y; yn) —A(y; xo) =1 holds 
uniformly in every sphere | y| Sa. This is obvious if A(y; ¢) 0 for all y. Otherwise, since A(0; ¢) =1, 
we know at least that A(y; ¥n)—>1 holds uniformly in a sufficiently small sphere | y| Sa. Now it is 
clear from the definition of the Fourier transform that if for an arbitrary distribution function y 
and for some y the value A(y; ¥) is near to 1 then the value A(24; y) is also near to 1; for that A(y; y) 
is near to 1 means that e**¥ is near to 1 in a set EZ in R, for which y¥(E£) is near to 1 and in this set 
éisv is then also near to 1. Since A(y; ¥n)—1 holds uniformly in | y| <a it follows that it holds uni- 
formly in | y| <2a and by repetition that it holds uniformly in any sphere | y| 32a which proves the 
theorem. 
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A necessary condition for the absolute continuity of ¢ is that A(y; ¢)->0 as 
|y|—+00 (Riemann-Lebesgue lemma). 
If the estimate 


(3.2) A(y; ¢) = O(e4!¥!) as 


holds for some A >0, it follows from the inversion formula by calculating the 
partial derivatives of D(x)=D(é:,---, &) at an arbitrary point 
x°=(&9,---,£°) of R. that D(x) may be developed according to the powers 
of £:—£?, - - -,&—& into a power series convergent if | —t|<A/kY?, 
|€,—-&9| <A/k? so that D(x) is regular analytic in the whole real space R:. 
If in particular (3.2) holds for arbitrarily large A then D(x) is an entire 
function of the k variables &, - - - , &. Cf. Wintner [59]. 
If ¢ is such that for an integer p>0 the integral 


= 


is finite, then A(y; ¢) =A(m, -- + , 7%; @) possesses in R, continuous partial 
derivatives of order <p which may be obtained from the formula defining 
A(y; ¢) by differentiation under the integral sign. These derivatives become 
at y=0 the moments 


of @ of order g=qi+ - - - +g, multiplied by the factor i*. For g=1 and 
q =2 we shall use the shorter notations 


and Mn i) = Sp 


The existence of M,(@) for one value of implies of course its existence for 
all smaller values of p. If M,(¢:) and M,(¢z) are finite and ¢=¢1*¢2, then 
M,(¢) also is finite for the inequality | x:-+a2| ?<2?(| «:|?+|22|”) implies by 
(2.2) 


< 2°(M,(¢:) + 


If M,(¢) is finite we denote by c =c(¢) the point in R, having the moments 
of the first order u:(¢),--- , ux(@) as its coordinates so that c(@) is the 
center of gravity of the mass distribution determined by ¢. We denote by ¢ 
the distribution function ¢(EZ) =¢(E+c(¢)) so that c($¢)=0 and A(y; ¢) 
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= ei) (y; 6); the spectrum of $ is S(¢) = S(¢) —c(¢). If and Mi(¢») 
are finite and then c(¢) =c(¢:) and * de. 

If M2(¢) is finite we have M2(¢) + --- and M2(¢) 
= M,.(¢) ¢(¢)|*, hence M,(¢) <M,(¢). If Ms(¢:) are finite and 
$=$1+*¢2 then = M2(¢1) +M2(¢). 

A point set, a set function, or a point function in R, or R, is said to be of 
radial symmetry if it is invariant under all rotations about the origin. A 
distribution function ¢ is of radial symmetry if and only if A(y; ¢) is of radial 
symmetry. Furthermore, if R; denotes a line through x=0 and w the dis- 
tribution function in R; defined by w(F) =¢(£), where E consists of those x 
of R, the projection of which on R; belongs to the given Borel set F in R,, 
then w is of radial symmetry and A(y; ¢) =A(n, w) where »=+|¥]|. If the 
distribution function ¢ of radial symmetry is absolutely continuous then its 
density D(x) also is of radial symmetry so that D(x) =6(r) where r=|z]. 
Furthermore, 


A(y; = f y| dr 
0 


(Cauchy-Poisson). As to the explicit connection between ¢ and w in the case 
k=2, cf. Wintner [55]. 


4. CONVERGENCE CRITERIA FOR INFINITE CONVOLUTIONS 


If di, 2, - - - is a sequence of distribution functions we say that the infinite 
convolution $1 +*¢2+ is convergent if on placing ¥,=¢:+ --- there 
exists a distribution function y such that y,--y as n—©; we write then 
Y=¢1+¢2+ --- . Necessary and sufficient for the existence of the infinite 
convolution is that the infinite product A(y; ¢:)A(¥y; ¢2) - - - convergesf uni- 
formly in every sphere | y| <a; we have then A(y; ¢1+*¢2+* --- )=A(y; oy) 
-A(y; 2) - - -. Using the distribution function xo defined in §3 we have 


THEOREM 1. A necessary and sufficient condition for the convergence of 
the infinite convolution is that as where 
*hnyp and p depends on n in an arbitrary way. 


On placing ¥,=¢1+ --- we have Waip=Wn *Pn,p- Consequently if 
we have also * hence pn, »—xo by a result of §3. Conversely, 
if pn,p—xo then A(y; pa,p) =A(¥; Gnas) uniformly in every 
sphere |y| <a, hence A(y; ¢:)A(y; ¢2) --- converges uniformly in every 
sphere | y| <a. 


¢ Throughout the paper convergence of an infinite product is meant in the sense that the product 
of the » first factors approaches a limit so that the vanishing of the limit is not excluded. 
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THEOREM 2. If * - is convergent, then Sots 
for every n and as 

The convergence Of n41*¢n42* --- follows from Theorem 1. Also, 
Yn*pr=y and y,—y, hence pr—xo. 

These theorems enable us to prove that the addition rule for spectra 
holds for infinite convolutions also: 


THEOREM 3. If is convergent then S(p~)=S(¢:) 
+S(g2)+---. 

The theorem states that S(W)=lim S(y,) where --- *«¢,. We 
know from §2 that S() is contained in lim S(y,) and shall prove that 
lim S(y,) is contained in S(W). Let xo be a point of lim S(y,) and let C, de- 
note the sphere |x| <e where e>0 is arbitrary; then ¥,(%0+C.) >0 for n 
sufficiently large. Now pn, hence 


¥(xo + Cx) f Vn(Xo + Cx — x)pn(dR z) = Vn(Xo + Cy — x)pn(dRz) 


= Vn(Xo + pr(dRz) = Vn(Xo + C.)pn(C.) 


Since pr—xo we have p,(C.)—1 as n— for any fixed e. Hence +C2,) >0 
for any e which means that x belongs to S(y). 

The above proof is a generalization of a proof in Bohr and Jessen [19]. 

On imposing conditions on the distribution functions we obtain conver- 
gence criteria which will be used later on. 

THEOREM 4. If M2(¢,) is finite for every n then the convergence of the two 
series 


c(d1) + and + + --- 
implies the convergence of --- . Furthermore, M2(W) is finite; 
finally, 
= + +--+ and Mo(¥) = + +---. 
Since M2(¢,) <M2(¢,) is finite, A(y; $n) possesses continuous partial 


derivatives of order <2 and those of the first order vanish at y=0 in virtue 
of c(¢,) =0. Hence 


k 


h=1 j=l 


where the subscripts denote partial differentiations and 0 <0’ <1, 0<6” <1. 
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Since every partial derivative of second order of A(y; $n) has an absolute 
value we have 


(4.1) | A(y; — 1| 242M2(G,)| y|? 


which proves the convergence of w=¢; + dee - - -. The relation + - - - 
=M,(¢:)+ --- +M2(¢,) implies by (2.1) that M2(w) is finite, namely 
< M;(¢:) +M2(¢:) + - - - . Now it follows from (4.1) that the derivatives of 
the first and second order of A(y; w) at y=0 are the limits of the corresponding 
derivatives of A(y; --- *$,) as n>, so that c(w) =0, i.e., and 
M2(w) = M2(¢:) + Finally, the relationA(y; =e» ¥A(y; bn) 
and the convergence of c(¢:)+c(¢2)+--- implies the convergence of 
Y=¢1+¢2* - - - and also gives c(W) =c(¢:1) +c(g2) + - - - and 

Examples show that the converse of Theorem 4 is false. We have, how- 
ever, the following theorem: 


Tueoreo 5. If all spectra S(bn) are contained in a fixed sphere |x| <K then 
the convergence of the two series 


c(p1) + + --- and + Ma($2) + --- 


is necessary and sufficient for the convergence of Y=¢1+*¢2+* --- 


The sufficiency is implied by Theorem 4. In order to prove the necessity 
we first show that the convergence of Y=¢1 +¢2 + - - - implies the convergence 
of . For suppose that M2(¢1) + -++ is di- 
vergent; then it follows from M2(¢,) + --- that for 
some value of j the series ;,;(¢:) ++u;,;(¢2) + --- is divergent. We choose 
y=(0,---, 0, ;,0,---, 0) so that 


A(y; bn) = f eitinig,, (dRz). 
R, 


Instead of integrating over R, it is sufficient to integrate over the sphere 
|x| <2K which contains S(¢,) =S(¢,) —c(¢,). Choose now an e>0 so small 
that for |¢| <2Ke 


0 < cost 1 — and sin t = + A(t) where | S 22/8. 
Then |£,m;| <2Ke in |x| <2K if | n,| <e, hence 
S RA(y; bn) S 1 — and | SA(y; bn) | S 27 
so that 
| A(y; bn) | =| bn) | S 1 — 


; 
4 
i 
| 
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Hence the divergence of y;,;(¢:)+u;,(¢2)+--- implies that A(y; yp) 
=A(y; ¢1)A(y; $2) - - - =0 for points y arbitrarily near to y=0 and thus leads 
to a contradiction. Consequently M2($:) + is convergent. In 
order to prove that c(¢:)+c(¢2)+ --- also converges we observe that by 
the proof of Theorem 4 the convergence of M2(¢:) +M2(¢2)+ - - - implies the 
where c,=c(¢:1)+ - - - +c(¢,), we conclude that tends in a sufficiently 
small sphere |y| <a to a limit as n>. This is only possible if c(¢:) 
+c(¢2) + - - converges. 

The infinite convolution ~=¢;+¢2+ --- will be called absolutely con- 
vergent if it is convergent in any order of the terms; the connection with the 
Fourier transforms shows that y is then also independent of the order of the 
terms. From Theorems 4 and 5 follows immediately 


THEOREM 6. If M2(¢,) is finite for every n, then the convergence of the two 
series 
| | +| +--+ amd + + 
implies the absolute convergence of --- . If all spectra S($,) are con- 
tained in a fixed sphere |x| <K then the converse is also true. 


We notice that, sirice =M2($x) +| |?, the convergence of the 
two series is equivalent to the convergence of the series 


| c(¢1) | + c($2) | and M2(¢:) + Mo(¢2) 


Further theorems on infinite convolutions will be given in §16. 


5. CONVOLUTIONS OF SPHERICAL EQUIDISTRIBUTIONS 


Let the dimension number k be >1 and let S denote the sphere |x| =r 
where r>0. As equidistribution on S we denote the distribution function ¢(£) 
which for a given Borel set E is the (k—1)-dimensional measure of ES, di- 
vided by that of S itself. We have S(¢)=S, c(@)=0 and M2(¢) =r”. Let 
Si, +++ denote the spheres |x|=n, |x|=r2,---, and gi, the 
corresponding equidistributions. If ¢:+¢2* --- is convergent then ¢,—xo 
in virtue of Theorem 1, hence r,—0. From Theorems 5 and 6 follows therefore 


THEOREM 7. The convergence of the series r? +r? is necessary and 
sufficient both for the convergence and for the absolute convergence of the infinite 
convolution 

The Fourier transform A(y; ¢) of the spherical equidistribution ¢ is the 


mean value of e**¥ on S. If y is fixed and x varies on S we may write 
xy=rl|y| cos 6, 0S0<7; then ¢(dS) =A; sin*-? 6 d0, where dS is the portion 
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of S corresponding to the interval 0+d6) and 
Hence 


A(y; ¢) = As eft sin dp = | y| 


0 
where B, Since J,(u) =O(u-/?) as we have 
(5.1) A(y; $) = O(| as | y| 0. 


Let now ¢1, $2, - - - be the spherical equidistributions considered above. 
It follows from (5.1) that A(y; di* --+ *@,) satisfies (3.1) if m>2(k+ ) 
/(&—1) and that in the case of convergence A(y; $1 +¢2* -- - ) satisfies (3.1) 
for every p in virtue of | A(y; ¢,) |S1. Hence we have 


THEOREM 8. The convolution ~,=¢1+ +--+ +n of n spherical equidistribu- 
tions is absolutely continuous with a continuous density D,(x) whenever 
n>2k/(k—1), and D,(x) =D,(é, - - - , &%) possesses continuous partial deriva- 
tives of order <p whenever n>2(k+ p)/(k—1). If P=di+de* is com- 
vergent, it is absolutely continuous and its density D(x) = D(&, - - - , &%) is con- 
tinuous and possesses continuous partial derivatives of all orders. 


The above argument is that applied by Wintner [55] in the case k=2. 


Remark. In view of the fact that the functions A(y; ¢i+ --- *@,) are 
estimated by (3.1) uniformly for all n>2(k+ )/(k—1), it follows from the 
uniform convergence of A(y; --- *@n) to A(y; di*de* in any 
sphere |y | <a in the case where ¢: +¢2* - - - converges that 


This implies that D,(x) and its partial derivatives converge uniformly to D(x) 
and its partial derivatives when n—@ . In the case where the series r? +77 + --- 
is divergent it may easily be shown that A(y;¢: + --- +¢,)—0 uniformly for 
| y | 2e where e>0 is arbitrarily small. This implies that 


so that in this case D,(x) and its partial derivatives tend uniformly to zero 
when —>. This is a more precise statement than merely saying that the 
infinite convolution ¢: +¢2+* - - - does not converge. 

Since all ¢, are of radial symmetry, the same property holds for their con- 
volutions and hence for the densities D,(x) and D(x). For the spectra 
+ * hn) =Sit +S, and * bo * )=S,+S2+ one 
easily finds (cf. Bohr [6]) 


j 
i 
} 
} 
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THEOREM 9. - *@,) is the set an<|x| <b, where 
and a,=0 unless one of the r’s in n+ +--+ +fn, say rn, is larger than the sum of 
the other r’s, in which case + If rit+re+ - is convergent 
then is the set aS|x|<b where - - - and a=0 un- 
less one of the r’s, say r;, is larger than the sum of all other r’s, in which case 
a=r—(retrst+ ---). If nt+ret+ --- is divergent (but r?+r?+ --- is con- 
vergent) then S(oi+¢2* is the whole Rz. 


Remark. It is not difficult to determine the points x for which D,(x) or 
D(x) is positive. We prove in this direction only that in the case where 
n+r+ ---is divergent D(x) is positive for all x (from S(¢i+¢2* ---)=Rz 
follows only that D(x) is not identically zero in any sphere). On denoting by 
D'(x) and D’’(x) the densities of - - - and «- - we have 


D(x) = D'(x — u)D'"(u)m(dR,). 


At least one of the two functions D’(x) and D’’(x) is not identically zero in 
any sphere; since the other function is positive in some sphere, we have 
D(x)>0 for every x. 

For later reference we collect the main results for the case k =2 as a par- 
ticular theorem. 


TueorEeM 10. Jf ¢, is the circular equidistribution on |x|=r, then 
Yn=di+ is absolutely continuous with a continuous density D,(x) if 
n>4 and D,(x) =D,(é:, &) possesses continuous partial derivatives of order <p 
if n>4+2p. The convergence of r? +r? + --- is necessary and sufficient both 
for the convergence and for the absolute convergence of the infinite convolution 
o1 -- + and - - is then absolutely continuous and its density 
D(x) =D(é:, &) is continuous and possesses continuous partial derivatives of 
arbitrarily high order. Finally, D(x) >0 for all x if r1:+-1r2+ - - - diverges. 


Finer results regarding D(x) are contained in Theorems 15 and 16. 
The results of this section could also be stated in terms of the so-called 
random walk problem; cf. Lord Rayleigh [46], Liineburg [42]. 


6. INFINITE CONVOLUTIONS OF SYMMETRIC BERNOULLI DISTRIBUTIONS 


Let the dimension number k be = 1. Let S denote the set consisting of the 
two points x = +r where r>0 and let ¢(£) be the distribution function which 
is 0, 3 or 1 according as E contains neither, one or both of these points so that 
A(y; ¢) =3(e-*”+e*”) =cos ry and S(¢)=P(¢) =S. This ¢ is the analogue 
for k=1 of the spherical equidistribution. We have c(¢) =0 and M.(¢) =r’. 
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Hence if S:, Se, - - - denote the sets x= +7;, x= +70, --- and qu, do, -- the 
corresponding distribution functions, Theorem 7 holds again. On placing 
--- we have y,(EZ)=h/2" if E contains of the 2* points 
+n+-+- +r, which form the spectrum --- It 
follows therefore from Theorem 3 that if r? +r? + - - - is convergent, so that 
Y=¢1+¢2+ --- exists, then S(y) is either a bounded set or the whole R, 
according as 71+72+ --- is convergent or divergent. Furthermore, P(y) is 
always empty. For suppose that there exists a point x so that ¥(x) >0. Let 
us write ~=on+*¢, where 3; then 
=3(¢,(x—1r,) +on(x+r,)) and similarly —2r,) ton(x—1n)), 
We choose a positive integer » such that ¥(x) >1/p and determine then p 
numbers m, --- , m, such that 7,,> --- >r,, which is possible in virtue of 
r,—0. Then the numbers ++7,,,--- , *+7,, are all distinct and the sum of 
the corresponding values ¥(%—2r,,) +W(x+2rn,), ng) 
is = py(x) >1 which is impossible. This proves that P(y) is empty, i.e., that 
y is continuous. From Theorem 35, to be proved later, we conclude therefore 
that y is either singular or absolutely continuous. On collecting our results 
we have 


THEOREM 11. The infinite convolution +¢2.+ , where ¢,(E) =0, 3, or 
1 according as E contains neither, one, or both of the points x= +1,, is convergent, 


and then also absolutely convergent, if and only if the series r? +r? + - - - is con- 
vergent. The Fourier transform of - - - is then A(y; =cos (ny) 
> cos (rey) --- . The spectrum S(p) is a bounded set or the whole R, according as 
the series r:+-1r2+ - - - converges or diverges; the point spectrum P(p) is empty 
and wy is either singular or absolutely continuous. 


A necessary condition for the absolute continuity of y is A(y; y)—0 as 
| y |. It is clear that y is always of radial symmetry. We illustrate Theo- 
rem 11 by the following examples: 

Example 1. r, =3-*. Here S(y) is the Cantor null-set in | «| <4 obtained 
in the usual way by successive trisections and y is the singular function dis- 
cussed by Lebesgue. We have A(y; ¥)=cos (y/3) cos (y/3*)--- , hence 
A(2r3"; =cos (27/3) cos (27/3*) - - - #0 for all m. This is, perhaps, the 
simplest example of a continuous y for which A(y; y) does not approach 
zero. With regard to this example cf. Carleman [22], pp. 223-226, Hille and 
Tamarkin [30]. 

Example 2. f2,-1=fen=3-". Here y is the convolution of the previous 
infinite convolution with itself. This implies that A(y; y) does not approach 
zero, hence y is singular. The spectrum S(y) is the interval | x|<1. This is, 


H 
i 
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perhaps, the simplest example of a singular y having an interval as spectrum. 

Example 3. r,=2-*. Here S(y) is the interval | x|<1 and y is absolutely 
continuous, its density D(x) being =} for | «|<1 and =0 for | x|>1 so that 
D(x) is not continuous. Placing s(y) =(sin y)/y we have 


A(y; ¥) = cos (y/2) cos (y/2?)--- = s(y). 


Example 4. fon_1=?2n =2~*. Here y is the convolution of the previous in- 
finite colvolution with itself. Hence S(y) is the interval | x | <2 and y is abso- 
lutely continuous, its density D(x) being =}—}| | for |«|<2 and =0 for 

| «| >2 so that D(x) is continuous. 

Example 5. 7, 72, - - - is a rearrangement of the double sequence 2-“+™ 
where J, m=1, 2,--- . Here S(y) is the interval |x|<1 and A(y; y) 
= 5(y/2)s(y/2?) - - - by Example 3. Hence A(y; y) satisfies (3.1) for every p 
so that y is absolutely continuous with a continuous density D(x) possessing 
continuous derivatives of arbitrarily high order. 

Example 6. 1:, 72, - - - consists of the numbers 2-™ where m=1, 2,---, 
and contains 2-™! exactly 2™ times. Here r?+r?+ --- is convergent and 
ri+r+ ---is divergent so that y exists and S(y) =R-. It is easy to see from 


A(2x2™!; y) = TT (cos 
a>m 
that A(y; ¥) does not approach zero; hence y is singular. 

Example 7.7, =1/n. This is a rearrangement of the double sequence 
2-'/(2m+1) where m=0,1, 2, --- . Hence A(y; =s(y)s(y/3) - - - by Ex- 
ample 3 (cf. Lévy [41],p.154). Thus we have the same situation as in Example 
5 except that S(y) is now the whole R,. Furthermore, the density D(x) is 
regular analytic in R, (which cannot be the case in Example 5); in fact, 
| s(y) |Smin (1, | y|-!), hence on writing | y| we have 


| A(y; < [] min (1, (2m — 1) | min (1, 2m| = 


so that A(y; ¥) =O(#/%e-*), by Stirling’s formula. It follows therefore from 
t=4}|y| that A(y; y) satisfies (3.2) with every A <}. 

Example 8. r, =2-*/n—2-("+»)/(n+1). Here S() is the null-set obtained 
from the interval | x |<} by a construction identical with that leading to the 
Cantor null-set except that in the mth step the length of each of the omitted 
intervals is 1/(m+1) times the length of each of the 2*— intervals obtained 
in the (n—1)th step. The interest of this example is due to the fact that 
A(y; ¥) approaches zero although y is singular. Cf. Menchoff [43]. 

For further results cf. Wintner [60]. 


t 
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The results of this section could also be stated in terms of the Rade- 
macher functions. 


7. FOURIER TRANSFORMS OF DISTRIBUTIONS ON CONVEX CURVES 


Let the dimension number k be 2 and let S be a closed curve in R, given 
by a parametric representation x=x(6) = (£:(6), &(0@)) such that x(@) has the 
primitive period 1. This parametric representation of S determines in R, a 
distribution function ¢ where ¢(£) for a given Borel set E is the 6-measure of 
ES; we have S(¢) =S. We call ¢ the distribution function determined by the 
parametric representation x=x(0) of S. If S isthe circle | x|=r given in the 
parametric representation x = x(0) = (r cos 276, r sin 278) then ¢ is the circular 
equidistribution on S. In this case we know from §5 that A(y; ¢) =O( |y |-?/2) 
as |y |. We shall now prove that this appraisal holds for a general class 
of convex curves. In the case of a circular equidistribution, A(y; ¢) is a func- 
tion of |y| only; in the present case we have 


(7.1) A(y; ¢) = ff 
8 


where y=(|y| cos 7, | y| sin r) and g,(@) =£:(0) cos r-+£2(0) sin r. 


THEOREM 12. Let x =x(6) = (&:(0), &2(0)) be a parametric representation of a 
convex curve S, such that 

(i) £:(0) and possess continuous second derivatives (0) and (8); 

(ii) the second derivative g,''(0) with respect to 0 of the function g,(6) 
=£,(0) cos r-+£(0) sin 7 has for every fixed value of r exactly two zeros 0 on S. 

Then for the Fourier transform of the distribution function determined by 
the parametric representation x =x(6) of S we have, uniformly in 7, 


A(y; = O(| as | 


The geometrical meaning of g,(@) implies that g/ (6) has for every fixed 
value of 7 at least two zeros on S; since between any two zeros of g/ (6) we 
find at least one zero of g/’ (6) it follows that g/ (@) also has exactly two zeros 
which separate those of g/’ (6) for every fixed r. 

The zeros of g/ (0) and g/’(6) depend continuously on +. For if 7,7, 
every limit point of zeros of g,,’(@) or g,,’’(0) will, by the continuity of g/ (@) 
and g,’’(@) as functions of @ and 7 together, be a zeroof g,’(@) or g,’’(). Further- 
more, the two zeros of g,,’(@) cannot tend to the same point on S as n—©, for 
then this point would also be a limit point of zeros of g,,’’(0), hence g/ (8) and 
g:' (0) would have a common zero, which is, as we saw, impossible. The same 
argument shows that the two zeros of g,,’’(@) cannot tend to the same point 
on 


a 

i 
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We now consider, for every fixed 7, the mid-points of the four arcs on S 
determined by the zeros of g/ (6) and g/’ (6); these mid-points also depend 
continuously on 7 and divide S into four arcs A,, B,, C,, D, such that A, and 
C, each contain one of the zeros of g/ (0) and B, and D, each contain one of the 
zeros of g/’ (@). Since the end points of A,, B,, C,, D, depend continuously on 
7 there exists a constant a>0 such that 


(7.2) | g/’(0)| = @ on A, and C, and | g/ (@)| => @ on B, and D,. 


Now if {(0), y S04, is a real-valued function possessing a continuous 
monotone derivative f’(@) which is nowhere zero, then 


6 
(7.3) f | < 4/min | f’(6)|. 


Furthermore, if (0), y <4 4, is a real-valued function possessing a continu- 
ous second derivative f’’(6) which is nowhere zero, then 


(7.4) f cv | < 8/min | f’’(6) |*/2. 


The inequality (7.3) follows from the identity 


3 (gif 
=| f° 


in virtue of the second mean-value theorem and (7.4) is, according to van der 
Corput and Landau, a consequence of (7.3); cf. Landau [39], p. 60. 

On applying (7.3) and (7.4) to the four integration domains A,, B,, C,, D, 
and to the function f(@) =g,(6)| y|, it follows from (7.1) and (7.2) that 


| A(y; ¢) | < 16a-1/2| y |-1/2 + 16a-* | y |-1, 


which proves Theorem 12. Since y|~!<a-"/?| y|-1/? when al y| 21, and 
| A(y; ¢)| <1, we find also 


(7.5) | A(y; $32a-¥2| 


Let F(z) =a:2-+4a,2?+ - - - be a power series convergent in a circle |z| <p 
(<@) and such that a:+0. Let S denote the curve «=x(@) =£(0) 
=F(r e***®) where 0<r<p and let ¢ be the distribution function in R, de- 
termined by this parametric representation of S. Then c(¢) =0, ie., d=, 
and M,(¢) =| a: |*r?+| a2 |2r*+ - - - . It is known that S is a convex curve if 
r is sufficiently small; condition (i) of Theorem 12 is satisfied for all r; finally 
if a,=| a, |e***= we have 
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(7.6) g,(8) =| a:| rcos + — r) +| cos 24(28 + y2 — + 


showing that if r is sufficiently small then condition (ii) of Theorem 12 also 
is satisfied. Hence there exists a positive po( <p) such that all conditions of 
Theorem 12 are satisfied for 0<r<po. Finally, there exists for any given 
pi<po a constant ¢>0 such that the number a >0 defined by (7.2) and occur- 
ring in (7.5) may be chosen >cr if 0<rp,. This is clear from (7.6) if p: is 
sufficiently small; on the other hand if p:<o and e>0 are arbitrary then the 
same argument which was applied in the proof of Theorem 12 shows that the 
zeros of g/ (@) and g/’(@) depend continuously on 7 and r together if e<r <p. 
On collecting the results we have 


THEOREM 13. Let F(z) =a,2-+a22"+ --- , where a,~0, be convergent for 
|z|<p (S~@). Let S denote the curve x=x(0)=F(re?*®) where 0<r<p, and 
let @ be the distribution function in R, determined by this parametric representa- 
tion of S. Then there exists a positive po (Sp) such that S is convex and A(y; ¢) 
=0(| y |-1/2/ if 0<r<po. Furthermore, if 0<pi<po, there exists a constant B 
such that 


A(y; 6) | Br-¥2| y|-12 


if O<r P1- 
8. A TYPE OF INFINITE CONVOLUTION 
As an application of previous results we prove 


THEOREM 14. Let F(z) =a\2+a.2?+ --- , where a,~0, be convergent for 
|z|<p Let r<p be given and let be a sequence of positive 
numbers such that r,<r for all n. Let S, denote the curve x=x,(0) =F (r,e?***) 
and ¢,, the distribution function in R, determined by this parametric representa- 
tion of S,. Then the convergence of r? +1? + - - - is necessary and sufficient for 
both the convergence and the absolute convergence of $: +¢2+ ---. The spectrum 
S(v) of Y=d1+¢2* - - - is then either a bounded set or the whole R, according as 
ritret+ --- is convergent or divergent. The distribution function y is always 
absolutely continuous with a continuous density D(x) = D(é:, £2) possessing con- 
tinuous partial derivatives of arbitrarily high order. Finally D(x) >0 for all x if 
ritret+ - diverges. 

Since r,Sr<p, all S(,) are contained in a sufficiently large circle 
|x | <.K. Furthermore, c(¢,) =0 so that Theorems 5 and 6 give as a necessary 
and sufficient condition for both the convergence and the absolute con- 
vergence of ¢1+¢2+ - - - the convergence of the series 


n=1 m=1 
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This proves the first part of the theorem. Since r<p, there exists a constant 
C such that |F(z)|<C|z| and |F(z)—az|<C|z|? for |z|<r. Hence if 
n+re+ -- - converges, S(y) is a bounded set. Suppose now that r:+72+ - - - 
diverges and let xo be any point of R,. For a given e>0, let p be so large that 
+ < €/C. Let bean arbitrary point of the form F(rie?**) 
+ ; then if is large enough we have| a: |(rpyi+ - +12) 
> |xo—a1 | and none of the numbers 741, - - - , 7, is larger than the sum of the 
n—p—1 others. As in Theorem 9 we may therefore choose 6541, - - - , 8, such 
that --- =x implying that |F(r,e?*) 
+ +++ —29|<e. Hence the circle |x—2xo|<e contains for suf- 
ficiently large points of S,:+ --- + S,, which means by Theorem 3 that 
S(y) contains the arbitrary point x. Since r,—0 it follows from Theorem 13 
that A(y; ¥) satisfies (3.1) for all ». For the proof of the last statement of 
Theorem 14, cf. the Remark following Theorem 9. 

Remark. An analogous reasoning shows that if r,—0 then ~,=qi+* --- 
«¢, is absolutely continuous with a continuous density D,(x) if n>mo and 
D, (x) =D,(&, &) possesses continuous partial derivatives of order <p if 
n>n,. If r?+r?+ - - - converges then D,(x) and its partial derivatives con- 
verge uniformly to D(x) and its partial derivatives, whereas they tend uni- 
formly to zero as n+ if r?+r?+ - - - diverges; for a proof cf. the Remark 
following Theorem 8. 

If rit+r2+ -- - is convergent then the density D(x) = D(é, &) cannot be 
regular analytic in every point of the real plane R, since D(x) =0 outside of 
the bounded set S(y). We have, however, the following theorem: 


THEOREM 15. If r71=O(n), then the density D(x) =D(é:, &) defined in 
Theorem 14 is regular analytic in every point of the real plane R,z. If r='=0(n), 
then D(x) is an entire function of the two variables &, &. 


Let p1<po be fixed and let 8 denote the corresponding constant defined 
in Theorem 13. Suppose first that all r,<p:. We have then |A(y; ¢,)| 
for every n. Since for some a>0 and |A(y; 
¢n) | <1, it follows that 


| A(y; ¢n)| min (1, | |-1/2) 


Thus on placing t=6-*a-'|y| we have 
| A(y; @n)| S min (1, 


It follows therefore from 
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| acy; | = IT] AG; | IT] 


that 
| A(ys¥)| S min (1, = TT 
nSt nSt 

for every ¢. Hence A(y; y) =O(#*e-“/?), by Stirling’s formula. We see there- 
fore from ¢=6-*a-'|y| that A(y; ) satisfies (3.2) with every A <}6-*a-. 
Let us now drop the assumption 7, <p; and let b=lim sup,..r71/n. Then if 
a>b there exists an m such that r, Sp, and Sa(n—np») for all >mo. Hence 
A(y; ) satisfies again (3.2) with every A <}6-*a-', which proves the first 
part of the theorem. If b=0 we may take a arbitrarily small; hence A(y; y) 
satisfies (3.2) for arbitrarily large A which proves the second part ofthe 
theorem. 

Returning to the case of general r,, we shall now give an appraisal for the 
density D(x) occurring in Theorem 14. 

THEOREM 16. For any \>0 the density D(x) defined in Theorem 14 is 
as and each of its partial derivatives also is =O(e!*"") 
as 

The proof is based upon an argument of Paley and Zygmund [44]. Let A 
be fixed, let g be a fixed positive integer so large that 


d=1 — + + +++) 
is positive, and let ” be a variable integer >g. Placing 
and 
tn(Ooxty 5 On) = Matt + ion 
we have 
| sn(O1,- On) — SA 


where A is a constant independent of m in virtue of the convergence of 
r?+r2?+---. Hence from |tn |? 


Cn cn 


where c, denotes the circle of length 1 on which 0, is the variable point. Now 
it is known (cf., for a detailed proof, Jessen [35], pp. 290-291) that the in- 
tegral on the right is 
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1 


f f "do, < K 


where K =e”4"d-. Placing h(x) =e!’ in (2.2) and using the relation 


f on(dRz,) f edlart ++ i(dR;,) = f f (61, "dQ, , 
Ry, on 


which is clear from the definition of ¢,, one obtains 
K. 
R, 


It follows therefore from (2.1) by letting n> that 


f (dR,) < K. 
R, 


Consequently if E is a bounded Borel set in R, then ¥(x—E) =O(e™!="") as 
|x|—+00; in fact, if E lies in the circle of radius r about the origin then 
SK if |x|>r. Similarly, if is arbitrary and 
then p,(x—E) =O(e!=!’) as |x for any bounded Borel set 
E. Now y, is by the Remark following the proof of Theorem 14 absolutely 
continuous with a continuous density D,(x) if m>mo; hence from y=y, * pn 


(8.1) D(x) = D,(x u)pn(dR.), 
Ru 

so that D(x) <M, p,(x—S(W,)) where M, is the maximum of D,(x). Since 
is a bounded set it follows that D(x) =O(e!=!*) as Also, if 
p>0 is given, D,(x) has continuous partial derivatives of order <p for 
n>n, and the corresponding partial derivatives of D(x) may be obtained 
from (8.1) by differentiation under the integral sign. This implies that each 
partial derivative of D(x) is =O(e™!*"*) as |x|0. 

Remark. Theorem 16 implies that M,(y) is finite for every p so that all 
moments py,¢,(¥) of y exist; furthermore, these moments belong to a de- 
termined moment problem (cf. Haviland [29]). This remark applies in par- 
ticular to the infinite convolution y, occurring in Theorem 19. 


9. VECTORIAL ADDITION OF CONVEX CURVES 


In order to determine the spectrum S(y) of the distribution function 
Y=¢1+¢2* , occurring in Theorem 14, in the case where 1+72+ - - - 
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converges and all S, are convex, we first prove a theorem concerning the 
vectorial sum of m convex curves. If C is a convex curve we shall denote by 
I(C) and E(C) the two open domains into which C divides R,, such that J(C) 
is the interior and E(C) the exterior domain, and we shall denote by J(C) 
and E(C) the closures of J(C) and E(C). 


THEOREM 17. If S:,---, S, are nm convex curves, then their vectorial sum 
T,=Sit+ --- +S, is either the closed convex domain I(B,) determined by a 
convex curve B,, or it is a ring-shaped domain, namely a closed convex domain 
I(B,) minus an open convex domain I(A,). 


For n=1 the theorem is true with B, = A, =5S;. Suppose.that it is true for 
n and let us prove it for +1. The complementary set T, of T,, consists either 
of a single domain E(B,) or of two domains E(B,) and I(A,). Now in order 
that a point x shall belong to the complementary set 7,41’ of 7,4: it is neces- 
sary and sufficient that the curve x—S,4; belongs to T,’. This may happen 
in three different ways: 

(i) it may belong to J(A,); 

(ii) it may belong to E(B,) and contain B, in its interior; 

(iii) it may belong to E(B,) without containing B, in its interior. 

(i) occurs only when A, exists; it means that J(x—S,4:) is contained in 
I(A,); (ii) means that E(x—S,4:) is contained in E(B,) and (iii) means that 
I(x—Sn41) is contained in E(B,). There are always points x for which (iii) 
occurs whereas (i) and (ii) need not occur and are mutually exclusive. Hence 
it is sufficient to prove that the set of points x for which (iii) occurs is of the 
type E(B,4:) where B,4; is a convex curve and that the set of points x for 
which (i) or (ii) occurs (if such points exist) is of the type J(Ans1) where A n41 
is a convex curve. This is trivial as far as (i) and (ii) are concerned; in fact if 
(i) is true for both x=2, and x=, it is obviously true for any x on the seg- 
ment 2:%2 and the same holds for (ii). We therefore only need to consider the 
case (iii). The complementary set H to the set of points x for which (iii) occurs 
is the set of points for which 7(x—S,4:) and J(B,) have at least one point in 
common. Now I(*—Sn41) =x—I(S,4:). Hence H is simply the vectorial sum 
of the two closed convex domains /(B,,) and J(S,4:) which is known to be a 
closed convex domain /(B,41). This completes the proof of Theorem 17. 


THEOREM 18. If Si, S2,-- + are convex curves surrounding the origin such 
that the diameter d,, of S, tends to zero as n—+© then the vectorial sum T=S, 
+5S2+ --- ts a bounded set if and only if the series di+-d2+ - - - is convergent 
and T is then either a closed convex domain I(B) or a ring-shaped domain, 
namely a closed convex domain I(B) minus an open convex domain I(A). 
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With the previous notation it is clear from the proof of Theorem 17 that 
the curves B,, Bz, - - - all surround the origin and that B,,; surrounds B,,. 
Hence, if is sufficiently large B, surrounds S,4: so that the possibility (ii) 
is excluded. This implies that from a certain m on the existence of A, is 
necessary for the existence of A,4: which is then surrounded by A,. Since the 
diameters of the curves B, remain bounded if and only if the series 
d,+d,+ - - - is convergent, Theorem 18 follows from 7 =lim 7,,. 

Remark. The supporting function (Stiitzfunktion) of B is the sum of the 
supporting functions of S,, S2,---. There is no corresponding rule for the 
supporting function of A and there is not even a simple rule enabling us to 
decide whether A exists. If, however, one of the given curves, say S;, sur- 
rounds all the others we have the rule that A exists if and only if there exist 
points x such that x—(S2+53+ - - -) belongs to 7(S;) and these x form then 
the domain J(A). 

Theorem 18 applies in particular to the spectrum S(y) of the infinite con- 
volution Y=¢i+¢2* --- , occurring in Theorem 14, in the case where 
n+re+ --- is convergent and every S(¢,) is convex. 

The problem considered in this section has been studied in greater detail 
by Bohr [7]; cf. also Bohr and Jessen [19] and Haviland [26]. 


10. DisTRIBUTION FUNCTIONS OCCURRING IN THE THEORY 
OF THE ZETA FUNCTION 


For later application we consider the case F(z)=z+}2?+--- 
= —log (1—z) where |z|<1. The curve S defined by the parametric repre- 
sentation «=2(0) =£(@) +7&(0) = —log (1—re?*#), where 0<r<1, is convex 
since the angle between the tangent of S at the point 6 and a horizontal line 
through this point is, in virtue of the conformity, equal to the angle between 
the tangent of the circle z=1—ve?** at the point @ and the line joining the 
origin with this point. Furthermore, if 7 is arbitrary, the function g/’ (@) has 
exactly two zeros @ on S since g/’ (0) is a trigonometrical polynomial in 270 
of the first order multiplied by a non-vanishing factor. Thus the number pp 
defined in Theorem 13 is =1. It may be mentioned that S surrounds the 
origin and that its diameter d tends to zero as r-0. Also, the distribution 
function determined by the parametric representation of S is symmetrical 
with respect to the line & =0. Applying the results of §8 and §9 we prove the 
following theorem: 


THEOREM 19. Let pi, po, - - - denote the prime numbers 2, 3,-- + , and let 
a>0 be fixed. Let denote the curve x=%n,.= —log (1—p,~%e?***) and dn, 
the distribulion function determined by this parametric representation of Sn,c- 
Then the infinite convolution * is convergent and also absolutely 
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convergent if and only if o>}, and *$2,0* is then symmetric with 
respect to the line &=0. If }<oS1, the spectrum S(p.) is =R.; if o>1, it is 
either a closed convex domain I(B,) or a ring-shaped domain, namely a closed 
convex domain I(B,) minus an open convex domain I(A.). The distribution 
function W, is always absolutely continuous and its density D,(x) =D,(é:, &2) is 
continuous and possesses continuous partial derivatives of all orders. If } <o <1, 
then D,(x) >0 for all x. For any fixed \>0 we have D,(x) =O(e>!="") as |x |—+00 
and every partial derivative of D,(x) also is =O(e*!'*) as |x |—+0. Finally, if 
3 <o <1, then D,(x) is an entire function of the two variables £1, &. 


The first part of the theorem follows from Theorem 14 since o>} is 
necessary and sufficient for the convergence of p:-”+p7**+ ---. The sym- 
metry of y. with respect to the line &=0 is obvious. Since the condition 
o>1 is necessary and sufficient for the convergence of pr°+pr7+ ---, it 
follows from Theorem 14 that S(y.) is =R. if o<1 and is a bounded set if 
a >1; the description of S(y,) for ¢>1 follows from Theorem 18. The absolute 
continuity of y, and the properties of D,(x) including the appraisals follow 
from Theorems 14 and 16. Finally, the last part of the theorem follows from 
Theorem 15 since p,’=0(m) for every «<1 (this is an elementary property of 
the prime numbers). 

It is clear that D,(x) is not regular analytic in every point of R, if ¢>1; 
we do not know what is the situation if ¢ =1. 

Remark. By means of the Remark following the proof of Theorem 18 it 
is easy to obtain a more detailed description of S(y.) for ¢>1. The set 7(B,) 
always contains the origin; it decreases when o increases and the limits of 
I(B.) for and are R,and the point x =0 respectively. Furthermore, 
A, does not exist if o is sufficiently near to 1, say oa, while A, exists if o 
is sufficiently large, say o >o2. It is not known whether or not 0; =o. Finally, 
S(y.) is symmetric not only with respect to the line &=0 but also with re- 
spect to the line = —} log (1—pr**) —} log (1—pr**) — - - -=} log 
this line is not a symmetry axis of y.. 

The explicit expression for the density D,(x) as given by the inversion 
formula enables us to discuss D,(x) as a function of ¢. We give only one re- 
sult in this direction: 


THEOREM 20. The function D,(x) and each of its partial derivatives tend 
uniformly to zero as o>}. 


The Fourier transforms A(y; ¥.) satisfy (3.1) uniformly for }<a<a» 
where go> 4 is arbitrary but fixed. It is therefore sufficient to prove that 
A(y; ¥.)—20 as uniformly for |y| «where e>0 is arbitrary and this isa 
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simple consequence of the divergence of pr'+pr'+ --- . Cf. the Remark 
following Theorem 8. 

Remark. It may be mentioned that since p)=1, the distribution function 
Wn,o=1,0* ****On,¢ is for every ¢ >0 absolutely continuous with a continu- 
ous density D,,.(x) whenever n>4, and D,,,,(x) &) possesses con- 
tinuous partial derivatives of order <p whenever n>4+2p. If o>} then 
D,,.(x) and its partial derivatives tend uniformly to D,(x) and its partial 
derivatives, whereas they tend uniformly to zero as n> if 0<o0 <3. 

Let x=£,+7t and let R, be mapped on itself by the transformation e*; 
every point «0 is then the image of the enumerable set of points log x. If EZ 
is an arbitrary set in R, we denote by e” the set of all points e* where x belongs 
to E and by log E the set of all points x such that e* belongs to E; we 
notice that log (e*) is not necessarily EZ. If E is a Borel set, then so are the sets 
e® and log E. If ¢ is a distribution function in R,, a new distribution func- 
tion @ is defined by the relation ¢(£) =¢(log E); the spectrum S(¢) is the 
closure of eS, The set log E being a null-set if and only if Z is a null-set, the 
absolute continuity of one of the distribution functions ¢ and ¢ implies that 
of the other. If D(x) and D(x) denote the densities of ¢ and ¢ and if we write 


A(x) = D(x + 


we have D(x) = |x|-*A(log x); it does not matter that in this expression x =0 
is excluded, D(x) and D(x) being determined only up to null-functions. We 
have now the following theorem: 


THEOREM 21. Let y, be the distribution function defined by {,(E) =y.(log E), 
where o>} and , denotes the distribution function defined in Theorem 19. Then 
Wy. is symmetric with respect to the line &=0. If }<oS1 the spectrum S(.) 
is =R,; if o>1 then S(.) =e) which is a closed bounded set not containing 
x=0. The distribution function y, is always absolutely continuous and its 
density D,(x) is continuous and possesses continuous partial derivatives of any 
order. For }<a<1 we have D.(x)>0 for all x40, while D.(0) =0. Further- 
more, if is arbitrary then D,(x) as |x|—0 or |x|-0, 
and every partial derivative of D.(x) also is =O(e#I21*) as |x| or 
| x |0. Finally, if } <o <1 then D,(e*) is an entire function of the two variabies 
£1, &. 

The statements concerning S(y,) and the absolute continuity of y, are 
obvious consequences of Theorem 19. For the density D,(x) we find D,(x) 
= |x |-*A,(log x) where 


A,(x) = > D(x + 2rip). 


1935] DISTRIBUTION FUNCTIONS 73 


From Theorem 19 we conclude that A,(x) is a continuous function of x pos- 
sessing continuous partial derivatives of arbitrarily high order. Also, if \>0 
then A,(x) =O(e*") as |§:|—+0 and every partial derivative of A,(x) also 
is =O(e>*") as |t,|+0. This proves the continuity of D,(x) and the exis- 
tence and continuity of its partial derivatives for x0. Furthermore, 


D,(x) x |—¢-A (log! 


as |x| or |x|-0, while every partial derivative of D,(x) of order p is 
=O(| as | or |x|—0. Since \>0 is arbitrary the 
factors | x |-* and |x |-*-? may be omitted. These appraisals imply the con- 
tinuity of D,(x) and its partial derivatives at «=0 also, at which point all 
these functions vanish. That D,(x) >0 for «<0 if } <a <1 is clear from Theo- 
rem 19. 

=A(y; )A(y; Ye’), hence 


One Ona 

the existence and continuity of the partial derivatives being implied by the 
finiteness of Mi(y.), Mi(W/), Mi(W/’), which is assured by Theorem 16. The 
finiteness of these numbers also implies the boundedness of the partial deriva- 
tives. Hence 


a 
— = O(| 
One 


for every q. Since by the inversion formula we have for every n 


R, sin 


where y= m+7m, it is clear that 


(10.1) A.(x) = f + iv; 
From this representation of A,(x) as a combined Fourier series and Fourier 
integral follows, in particular, by an argument exactly like the one applied 
in §3, that A,(x) is an entire function of the two variables £,, & if 4}<o<1. 
This completes the proof of Theorem 21. 

The last statement of Theorem 21 implies that if }<o<1, then D,(z) is 
regular analytic at every point x0 of the real plane R,; the point x=0 is 


| 
J 

4 

| 
4 
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actually an exception since at this point D,(x) and all its partial derivatives 
vanish. 

By means of (10.1) it is easy to discuss D,(x) as a function of ¢. We give 
only one result in this direction, which corresponds to Theorem 20: 


THEOREM 22. The function D.(x) multiplied by | x |? and each of its partial 
derivatives of order p multiplied by | x |+ tend uniformly to zero as o>}. 

The theorem is equivalent to the statement that A,(x) and each of its 
partial derivatives tend uniformly to zero as s—}3, which follows from (10.1) 
by the argument used in the proof of Theorem 20. 

We do not know whether Theorem 22 holds if the factors | x |? and | x |?+? 
are omitted; we do not even know whether y,(E)—0 as o—3 for any bounded 
set E. 

11. ASYMPTOTIC DISTRIBUTION FUNCTIONS 

Let G be an abstract space with ¢ as variable point and in G let there be 
defined a measure m such that the system of sets A for which m(A) is defined 
is a Borel field and m is non-negative and completely additive; we suppose 
that G belongs to the system and that m(G) = ©. The sets A for which m(A) 
is defined are called measurable sets. Lebesgue integrals with respect to m 
will be denoted by 


f f()m(dG). 
A 


We suppose that certain sequences A, Az, - - - consisting of measurable 
sets of positive finite measure such that m(A,)—© have been selected and 
call these sequences admissible sequences. A real or complex function f(é) 
which is measurable in G is said to have the mean value M(f) = M(f(2)) if 


1 
n) 


for each admissible sequence. A measurable set A in G is said to have the 
relative measure p(A) if 


m(A An) 
p(A) = lim 
n— m(A,) 
for each admissible sequence. If f(#)2=0 is measurable in G its upper mean 
value M(f) = M(f(t)) is the least upper bound of 


1 
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for all admissible sequences. Similarly, if A is a measurable set in G its upper 
relative measure p(A) is the least upper bound of 


for all admissible sequences. These notions depend, of course, on the definition 
of admissible sequences, which is supposed to be fixed once for all. It is clear 
when for a class of functions or sets the mean values or relative measures 
shall be said to exist uniformly for all functions or sets of the class, 

Let x(¢) be a measurable vector function with k components defined in G. 
Then if E is a Borel set in R., the set Ag of those points ¢ in G for which x(é) 
belongs to E is measurable. We say that x(#) has an asymptotic distribution 
function if there exists in R, a distribution function ¢ such that for each con- 
tinuity set E of ¢ the relative measure p(Ag) exists and is =¢(£). It is clear 
that there exists at most one such distribution function ¢. The restriction 
imposed on E that it should be a continuity set for ¢ is essential as will be 
seen from later examples. Another form of the definition is the following: 
For a measurable set A in G of positive finite measure, let ¢4 denote the dis- 


tribution function defined by 

m(AgA) 
E) = 
) ( A) 


then x(#) possesses an asymptotic distribution function ¢ if and only if 
¢4,—¢ for any admissible sequence. 


THEOREM 23. The vector function x(t) possesses an asymptotic distribution 
function if and only if the mean value M (e**) exists and 


1 
(11.1) M = lim f e**(¥m (dG) 
m(A») An 


holds uniformly in every sphere |y|<a in Ry for any admissible sequence, and 
we have then A(y; = M(e**»), 


For any measurable set A in G of positive finite measure we have 


1 
A = iz(t)um(dG 
(544) = J 
the theorem follows therefore from §3. 

A sequence of vector functions 2;(#), x2(é),--- is said to be convergent 
in relative measure to the limit function x(#) if p(|x(é)—x,(t)|>)—-0 as 
n—© for every fixed €>0. From §3 and Theorem 23 follows immediately 


m(A A,) 
lim sup ———— 
no m(A 
| 
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THEOREM 24. If x;(t), x2(t), - - - is @ sequence of measurable vector functions 
which converges in relative measure to the vector function x(t) and if every x,(t) 
has an asymptotic distribution function on, then x(t) also possesses an asymp- 
totic distribution function and $,—¢. 

The existence of a distribution function ¢ of x(#) implies immediately the 
existence of the mean value M(F(zx(t))) for any bounded continuous function 
F(x) in R, and also gives the formula 


(11.2) M(F(x(t)) = F(x)@(dR.). 


Hence we conclude that if the mean value M(F(x(é))) exists for the function 
F(x) =e'=” where y is arbitrary, and if the limit relation (11.1) holds uni- 
formly in every sphere |y|<a for any admissible sequence, then M(F(x(?))) 
exists for any bounded continuous function F(x) in R,. One may start, of 
course, with other systems than the system of the functions F(x) =e**¥ in 
order to obtain conditions for the existence of ¢. In this direction we mention 
the theorem that if | x(#) | is bounded then the existence of M(F(x(é))) for any 
F(x) =£,% --- &,% is necessary and sufficient for the existence of ¢. This 
condition is equivalent to the one that every moment yy,,....¢,(¢4) approaches 
for any admissible sequence a limit which is then yy,,....¢,(¢). This method 
still applies when | x(#) | is not bounded but such that the limits of the mo- 
ments belong to a determined moment problem (cf. Wintner [49], [54] and 
Fréchet and Shohat [25]). Hence the moment method applies only under re- 
strictive conditions regarding x(t) while the method of the Fourier transform 
applies whenever'x(/) has an asymptotic distribution function. 

It is sometimes of interest to establish the existence of the mean value 
M(F(x(é))) also for unbounded functions F(x). In this direction we have the 
theorem (cf. Bohr and Jessen [21 ]) that if x(¢) has an asymptotic distribution 
function ¢ and if for some continuous function H(x) >0 the upper mean value 
M(H (x(é))) is finite, then M(F(x(#))) exists for any continuous function F(x) 
satisfying the condition F(x) =0(H(x)) as |x|—+0 and (11.2) is valid. 


12. ASYMPTOTIC DISTRIBUTION FUNCTIONS OF ALMOST PERIODIC FUNCTIONS 


Let G be the real axis — © </< oo and m the Lebesgue measure on it. Two 
cases will be considered; in the first case an admissible sequence is an arbi- 
trary sequence of intervals (a,, 6,) where b,—a,—>© ; in the second case we 
allow only sequences (0, 5,) where b,—+% and sequences (a,, 0) where 
a,—— ©. We shall refer to the two cases as the unrestricted case and the re- 
stricted case, but we shall not distinguish the two cases by the use of different 
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notations for mean values, relative measures, etc. The existence of an 
asymptotic distribution function in the unrestricted case implies of course 
the existence in the restricted case also. 

A vector function x(¢) is called almost periodic if each of its k components 
is almost periodic. Our notations will be those used by Besicovitch [1] so 
that in particular a u.a.p. function means a function almost periodic in the 
original sense of Bohr. 


THEOREM 25. Any u.a.p. vector function x(t) possesses an asymptotic dis- 
tribution function in the unrestricted case. 

The functions e**“ form for |y|<a a majorisable class of u.a.p. func- 
tions; consequently the mean value 


1 bn 
= lim f 


bn — an, 


exists uniformly for |y|<a for any admissible sequence. 


THEOREM 26. The spectrum S() of the asymptotic distribution function > 
of a u.a.p. vector function x(t) is the closure of the range of x(t). 


Since the range of x(#) is defined as the set of those points x of R. for 
which x) =2(to) holds for some ¢y it is clear that any point of S(¢) belongs to 
the closure of the range of x(t). Conversely, if xo=2x(to) for some f) then xo 


belongs to S(¢), which means that (| x(#)—x(to) |<) >0 for every «>0. 
This is an easy consequence of the uniform continuity of x(¢) and the fact 
that | «(#)—x(tc) |<e/2 for a relatively dense set of values ¢. 

A measurable vector function x(#) is Wa.p. if and only if there exists a 
sequence %;(#), x2(é), - - - of u.a.p. vector functions such that 


(12.1) M(| x(t) — x(t)|) as 


where the upper mean value belongs to the unrestricted case. A measurable 
vector function x(t) is B a.p. if and only if the same holds with the sole dif- 
ference that the upper mean value belongs to the restricted case. 


THEOREM 27. Any W a.p. vector function x(t) possesses an asymptotic dis- 
tribution function in the unrestricted case. Any B a.p. vector function possesses 
an asymptotic distribution function in the restricted case. 


Let x(t) be W a.p.; from (12.1) and the inequality 
x(t) — xa(t)| > €) (| x(t) — 
we deduce 
B(| x(#) — | nw 


| 
{ 
a 
i 
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where the upper relative measure belongs to the unrestricted case. Hence 
the result follows from Theorem 24. If x(t) is B a.p. the proof is the same with 
the sole difference that the upper relative measure belongs to the restricted 
case. 

Let x(#) be an almost periodic vector function (of one of the types con- 
sidered) and @¢ its asymptotic distribution function; let Z be a Borel set in 
R.; then if Ag denotes the set of those points ¢ for which x(¢) belongs to E 
we know that p(Az) exists and is =¢(£) for any continuity set E of ¢, the 
relative measure belonging to the unrestricted case if x(¢) is W a.p. and to 
the restricted case if x(t) is B a.p. If E is not a continuity set of ¢ the relative 
measure p(Az) need not exist and even when it exists it need not be =¢(EZ). A 
simple example (for k=1) of the first behavior was given by Bohr [17] who 
constructed a u.a.p. function x(#) for which p(Az) does not exist (not even 
in the restricted case) for a certain interval EZ. An example of the second be- 
havior (for k=2) is the function «(#) =log {(0+i#) where o>1 is fixed; this 
function is u.a.p. and its asymptotic distribution function is absolutely con- 
tinuous (§14); on the other hand, the range of x(#) is a null-set; hence if we 
take E to be the range of x(#), we have p(Az) =1 and ¢(£) =0. 

Let now E be a continuity set of ¢ and let f(#) denote the function which 
is 1 or 0 according as x(¢) does or does not belong to EZ. Then we know that 
M(f(é)) exists and is =¢(Z). It is natural to ask if f(#) is also almost periodic 
(in some sense). We shall prove that f(¢) is W a.p. if x(#) is W a.p. and B a.p. 
if x(t) is B a.p. We prove this as follows: The fact that Z is a continuity 
set of @ makes it possible, corresponding to any given e>0, to find two con- 
tinuous functions F(x) and G(x) in R, such that 0< F(x) S$G(x) <1 for all x, 
F(x) =0 when x does not belong to E, G(x) =1 when x belongs to EZ, and finally 


This implies F(x(é)) $f() SG(x(é)) and also 
MG(x(t)) — F(x(é))) 


where the mean value belongs to the unrestricted or to the restricted case 
according as x(t) is W a.p. or B a.p. Now F(x(t)) and G(x(t)) are W a.p. if 
x(t) is W a.p. and B a.p. if x(t) is B a.p. This leads to the desired conclusion. 

If x(t) is u.a.p. we find that f(t) is W a.p. and we cannot say more than 
this; in particular we cannot say that f(t) is S a.p. This is shown (for k =1) 
by the following example: Let x,(#) denote the periodic function with period 
4 which is =0 for |x|<1 and = |x|—1 for 1< |x| <2 and let x,(#) denote 
the function x,(#) =2-"x,(2-"#). Let x(¢) be the u.a.p. function defined by the 
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uniformly convergent series x(#) ---. Then the set x=O isa 
continuity set of the asymptotic distribution function ¢ of x(#). The corre- 
sponding function f(#) is =1 for |x|<1 and =0 elsewhere; hence f(é) is 
not S a.p. 

The methods of this section may be extended to functions of two or more 
variables; for a result in this direction cf. Wintner [58]. 


13. INDEPENDENT MODULI 


By the modul of a B a.. vector function is understood the smallest modul 
containing the Fourier exponents of each of the k components £;(#), - - - , &:(#) 
of x(#). The B a.p. vector functions x(é), x2(#), - - - are said to have independ- 
ent moduli if a finite sum ai+ - - - +a,, where a, belongs to the modul of 
x,(t), is equal to zero only when all a, =0. 


THEOREM 28. If x(t), - - , are B a.p. vector functions with independent 
moduli then the asymptotic distribution function of x(t) =2:(t)+ --- +xn(é) 
is where +, bn are the asymptotic distribution functions of 
xi(t),- ++, Xn(t) respectively. 


The statement is that A(y;¢) =A(y;¢:) - - - A(y;¢,) which may be written 
according to Theorem 23 in the form 


where the mean values belong to the restricted case. In virtue of the approxi- 
mation theorem for B a.p. functions it is enough to verify the last relation in 
the case where all components of x(¢), - - - , x,(¢) are exponential polynomials 
in which case it follows by a direct calculation. 

With regard to this argument cf. Wintner [53-55], Bochner and Jessen 
[3]; this is the point where the explicit use of the theory of diophantine ap- 
proximations is avoided as pointed out in §1. 

The conditions of Theorem 28 are in particular satisfied if x,(#), - - - , xn(é) 
are periodic vector functions with periods 27/1, - - - , where Ai, , An 
are linearly independent. 

For k=2 we have as a simple application 


THEOREM 29. Let 11, be positive, -- - linearly independent, 
and 5, 5:,--+ real. Then the asymptotic distribution function of s,(t) 
described in Theorem 10. If rye*s*+8) +-r,¢5Ost+8) 4 - - - is the Fourier series of 
a B a.p. function s(t), then r? +r? + - - - is convergent and the asymptotic dis- 
tribution function of s(t) is the distribution function y=¢,+¢2+ - - - described 
in Theorem 10. Finally, if s(t) is bounded then r,+-1r2+ - - - converges. 


| 
| 
| 
| 
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The first part of the theorem is an immediate consequence of Theorem 28 
since the asymptotic distribution function of a pure oscillation re‘‘t+® is 
the circular equidistribution on |«|=7. The second part of the theorem is 
clear from the relation 


M(| s(t) — s,(t)|) as © 


where the mean value belongs to the restricted case; this relation is a conse- 
quence of the approximation theorem for B a.p. functions .Use is made of the 
linear independence of the exponents. Finally, the last part of the theorem 
follows from Theorem 10 since the boundedness of s(#) implies the bounded- 
ness of S(w). In this last part of the theorem is contained the classical theorem 
of Bohr that the Fourier series of a u.a.p. function with linearly independent 
exponents is absolutely convergent; it is interesting that the original proof of 
Bohr [16], without using the notion of a distribution function, was built pre- 
cisely on the same ideas as the present proof. 

It is interesting that the smoothness of the asymptotic distribution func- 
tion y of s(t) established by Theorem 29 does not imply any smoothness for 
s(t) itself. In fact (cf. Wintner [56]), if r.=a", \,=b" and 6,=0 where 
0<a<1i, ab21 and bd is a transcendental number, then s(é) is u.a.p. with 
linearly independent exponents but is nowhere differentiable. 


14. THE RIEMANN ZETA FUNCTION 
We now consider the Riemann zeta function ¢(s) ={(¢+7#). In the half- 
plane we have 


= T] pr) 


n=1 


where denote the primes 2, 3,--- ; in particular, ¢(s) #0 for 
o>1. We write 


ta(s) = — 


¢,(s) is regular and #0 for o >0. By log ¢(s) and log ¢,(s) we denote the func- 
tions 


log (s) = — log (1 — 


n=1 


log fa(s) = 2) — log (1 — pr), 


and 
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where in each term on the right —log (1—z) =z+43z2?+ ---. The function 
log £(s) is regular for o >1 and log ¢,,(s) for 7 >0. By H we denote the domain 
obtained from the half-plane o >} by leaving out the segment } <a <1, ¢=0, 
and all segments } <ao, t=to, where oo+ito denote the zeros (if any) of 
¢(s) in o>4; by log £(s) for o>} we understand the analytic continuation of 
log ¢(s) in H. For any fixed o>1 the functions {(0+i#) and log {(0+i#) are 
both w.a.p.; similarly, ¢,(0+7¢) and log [,(0+i#) are u.a.p. for any fixed ¢>0 
and tend uniformly to {(¢+7#) and log {(0+i#) if o>1. For any fixed o>} 
the function ¢(¢+7#) is B? a.p. and 


M(| + it) — + it) |*) as 


where the mean value belongs to the restricted case. This follows, e.g., from 
a result of Besicovitch [1], pp. 163-169, but is in the main of an older date. 
In the case o=1 it is necessary in all integrations to leave out a vicinity of 
the pole ¢=0. Finally, it was proved by Bohr [12] that if o>} is fixed then 


log + it) — log + it) | 


for any e>0; the upper relative measure belongs to the restricted case. 
Using our previous results we can now prove very easily 


THEOREM 30. The function log (0+ it) possesses an asymptotic distribution 
function in the unrestricted case if ¢>1 and in the restricted case if }<o 1. 
This asymptotic distribution function is the distribution function ~.=¢1. 

*2¢* * ++ described in Theorems 19 and 20. The closure of the range of 
log is S(y.). 

The first part of the theorem follows from Theorems 25 and 24. In order 
to prove the second part of the theorem we first observe that if S denotes the 
curve x=x(0) = —log (1—re?**) where 0<r<1, and if ¢ is the distribution 
function in R, determined by this parametric representation of S, then ¢ is 
also for an arbitrary \+0 the asymptotic distribution function of the func- 
tion —log (1—re*®*‘). Now if ¢>0 then 


log + it) = >> — log (1 — ; 
since the numbers log fi, - - - , log p, are linearly independent it follows from 
Theorem 28 that log £,(¢+7t) has the asymptotic distribution function 
gie* *** *n . The second part of the theorem follows then by Theorem 24. 
Finally, the last part of the theorem is a consequence of Theorem 26 if ¢>1 
and is clear if }<o <1 since S(y,) is then the whole R,. 
For ¢(s) itself we have a corresponding result: 


| 

| 
| 
| 
| 
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THEOREM 31. The function {(o+it) possesses an asymptotic distribution 
function in the unrestricted case if ¢>1 and in the restricted case if }<o0 1. 
This asymptotic distribution function is the distribution function y, described in 
Theorems 21 and 22. The closure of the range of {(a+it) is S(We). 


The first part of the theorem follows from Theorems 25 and 27; the 
second part is an immediate consequence of the definition of y,; finally, the 
last part of the theorem is a consequence of Theorem 26 if o >1 and is clear if 
1 <g@<1 since S(y,) is then the whole R,. 

It is clear that the relations 


D0) =0; D(x) >0, «#0 (} <1) 
may be interpreted as an illustration to the Riemann hypothesis. 


15. MEASURE AND INTEGRATION IN PRODUCT SPACES 


We obtain further results concerning infinite convolutions by using the 
theory of measure and integration in product spaces of an infinite number of 
spaces. In the present section we collect some of the results of this theory. 
These results are proved for a special case in Jessen [35] where references to 
the literature are to be found. The proofs for the general case will be given by 
Jessen in a forthcoming paper. 

Let Q be an abstract space with / as variable point and let there be defined 
in Q a measure m such that the system of sets A for which m(A) is defined 
is a Borel field and m is non-negative and completely additive. We suppose 
that Q itself belongs to the field and that m(Q) =1. The sets A for which m(A) 
is defined are called measurable sets; Lebesgue integrals with respect to m 
are denoted by 


f 


It is well known that if g,; and g, are two spaces of the type described be- 
fore, with 7; and 72 as variable points and with yw; and pw. as measures, then 
these measures generate in the product space Q=(q:, g2) with the variable 
point ¢=(71, 72) a measure m=(w, we) in the following way. The system of 
sets in Q for which m is defined is the smallest Borel field containing all sets 
A = a2) of Q where a; and a, are measurable sets in g; and respectively 
and m is characterized by the property that if A=(a,, a.) then m(A) 
= 4:(@)ue(a2). For integrals with respect to m we have Fubini’s theorem 


(15.1) f f(d)m(dQ) = f f Kru 
Q q q 
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Let 91, g2,--~+ be a finite or infinite sequence of abstract spaces of the 
type described above, with 71, 72, - - - as variable points and yu, pe, -- - as 
measures. Let Q denote the space 0=(qi, gz, -- - ) where T2,--- ) is 
the variable point; then the measures yw, w2,--- generate a measure 
m = (1, ue, - - - ) in Q in the following way. The system of sets in Q for which 
m is defined is the smallest Borel field containing all sets A =(a, a2, --- ), 
where 4, d2,--~- are measurable sets in gi, g2,--- respectively and m is 
characterized by the property that for sets of this type we have m(A) 

Suppose now that the sequence qi, gs, - - - is infinite; then we may for 
every consider the space 0, = (gi, - - , Gn) With ¢, =(71, - - , Tn) as variable 
point and with m,=(w,--~- , aS measure and the space = 
) With tno =(Tn41, ) aS variable point and my,,=(un4, 
) as measure. Then Q=(i, g2,--- )=(Qn, Qnw), ) 
=(t,, tno.) and it is easily seen that we, --- ) =(mn, mn,.). Hence if 
f(t) is integrable in Q we have 


for every n. We have now the following theorems: 
THEOREM A. Let f(t) be integrable in Q and let f,(t) denote the function 


so that f,(t) depends only on t,,. Then f,(t)—>f(t) almost everywhere in Q as no. 


THEOREM B. Let A be a measurable set in Q with the property that two points 
) and t’ =(r{', ) such that when n>no 
=no(t’, t’’) always either both belong to A or both do not belong to A. Then m(A) 
is either O or 1. 


TueoreoM C. Let f(t) be integrable in Q and let f,,.(t) denote the function 
j= bnew n n 


so that fno(t) depends only om tno. Then faw(t)—>I almost everywhere in Q as 
n—© where I is the constant 


f(0)m(dQ). 


4 
| 
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16. THE CONVERGENCE PROBLEM OF INFINITE CONVOLUTIONS 


Let Q be an abstract space of the type considered at the beginning of §15 
and let «(#) be a measurable vector function with k components defined on Q. 
Then if Z isa Borel set in R, the set Az of those points ¢ for which x(#) belongs 
to E is a measurable set in Q. The distribution function ¢ in R, defined by 
¢(E£) =m(Az) will be called the distribution function of x(t) in Q. For the 
Fourier transform of ¢ we have 


(16.1) A(y;4) = f 
Q 


For later application we notice that any distribution function in R, is the 
distribution function of a measurable vector function x(t) in a suitable abstract 
space Q. The simplest possibility is to choose Q as R, itself, except for the 
change in the notation for the variable point, and to choose ¢ as measure in 
Q. Then x(t) =¢ is a measurable vector function in Q and ¢ is its distribution 
function. 

Let Q=(q:, g2) and let x:(71) and x2(72) be measurable vector functions 
with & components in g,; and g, and having the distribution functions ¢; and 
¢:. Then the distribution function ¢ of x(#) =2:(71) +x2(72) in Q is * do. 
This follows readily from the definitions and is obvious also from (15.1) and 
(16.1) which imply A(y; ¢) =A(y; ¢:)A(y; $2). We shall now prove that a 
corresponding theorem holds for infinite convolutions also: 


THEOREM 32. A necessary and sufficient condition for the convergence of thé 
infinite convolution $,+*¢2+* --~- is that if qi, q2,--+ are abstract spaces and 
%1(71), %2(T2), measurable functions in qu, q2,-- + having the distribution 
functions $1, $2, , then the series x;(71) + - - is convergent almost 
everywhere in Q=(q1, ). The distribution function of s(t) 
+-42(72)+ is then 

The sum s,(#) =2(71)+ --- +2n,(7,) is for every m a measurable vector 
function in Q and its distribution function is ¥,=¢1+ --~- *@n. Similarly, the 
distribution function of IS 
=n41* *** *On4p- From Theorem 1 a necessary and sufficient condition 
for the convergence of ¢:+¢2+ is that aS m—>©, which means 
that r,,,(t)—>0 im measure (en mesure) as n—©. Hence the convergence in 
measure of the series x;(71)-+2(72)+ - - - is necessary and sufficient for the 
convergence of ¢:+*¢2+ --- , and it is also seen from (16.1) that the sum 
=21(71) +2(72)+ - - - has then +¢2* - - - as distribution function. 
Since convergence almost everywhere implies convergence in measure, it 
remains only to prove that for series of the type x:(71)-+%2(72)+ - - - con- 
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vergence in measure implies convergence almost everywhere. If s(#) =2:(71) 
+42(72) + - - - is convergent in measure then 


= 


also holds in the sense of convergence in measure for every y in Ry. For a 
fixed y we write f(#) =e; then f(#) is measurable and bounded, hence 
integrable, so that we may apply Theorem A. We find 


= cee ettn(tn) ug, 


where the constant a,—1 as n—© ; hence 


= ein . 


holds in the sense of convergence almost everywhere for every y, which shows 
that x(t) =21(71) ++22(72)+ - - - is convergent almost everywhere. 

Since the set A of points ¢ in Q in which a series of the form x:(71) +22(72) 
+ --- is convergent satisfies the conditions of Theorem B, we have also 


THEOREM 33. An infinite series (71) -+%2(T2)-+ - - - whose terms are meas- 
urable vector functions is always either convergent almost everywhere or divergent 
almost everywhere. 


Theorems 32 and 33 together give, when translated into the language of 
the calculus of probability, a new solution of the convergence problem for 
series x%:+2%2+ --- whose terms are independent random variables; this 
problem (for k=1) was first treated by Khintchine and Kolmogoroff [37] 
and later by Kolmogoroff [38] and Lévy [41]. Theorem 33 states that the 
probability for convergence is always either 0 or 1 and Theorem 32 shows that 
the probability is 1 if and only if the distribution function y, of 
Sn=%i+ +x, tends to a distribution function when Combining 
Theorem 5 with a remark due to Khintchine and Kolmogoroff, we find also 
the main result of these authors, which we formulate as a convergence cri- 
terion for infinite convolutions. Denoting by Cx the sphere |x|<K and by 
¢n,x the distribution function for which ¢,,x(E) is =¢,(ECx) +1—@,(Cx) or 
=,(ECx) according as E does or does not contain the point x =0, we have 


THEOREM 34. A necessary and sufficient condition for the convergence of the 
infinite convolution $, +2 + - - - is the convergence of the three series 


(1 — ¢:(Cx)) + (1 — @2(Cx)) +---, 
c(¢1,x) + +--+ and + 
for a fixed K>0 (or for all K>0). 
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With the notation of Theorem 32, let x,.x(tn) be =x,(7,) when 
lan(7n)| SK and =O when |x,(r7,)|>K so that has as distri- 
bution function. On combining Theorems 5 and 32 we see that the conver- 
gence of the series c(¢i,x) +c(¢2,x)+ --- and M2(¢1,x) + is 
necessary and sufficient for the convergence almost everywhere of 21,x(7:) 
---.On the other hand, x:(71)-+2(72)+ - - - converges almost 
everywhere if and only if (1 —¢:(Cx)) +(1—¢2(Cx)) + - - - is convergent and 
%1,x(T1) +%2,x(72) + - - converges almost everywhere. 

As an application of Theorem B we finally prove 


THEOREM 35. If Y=¢1+¢2+* - - - is a convergent infinite convolution of dis- 
tribution functions $, each of which is purely discontinuous, then W is either 
purely discontinuous or singular or absolutely continuous. 


Using the notation of Theorem 32, we may suppose that each x,(r,) 
takes on an at most enumerable set of values x,1, %,,2,--- . Let M denote 
the smallest modul in R, containing all points x,,, so that for an arbitrary 
set E in R, the vectorial sum E+M is at most enumerable if EZ is at most 
enumerable and E+ is a null-set if Z is a null-set. If E is a Borel set then 
the set A of those points ¢ in Q for which s(t) =2:(71)+42(72)+ - - - is con- 
vergent and belongs to E+ satisfies the conditions of Theorem B, so that 
m(A)=1 whenever m(A)>0. This means that ¥(E+M)=1 whenever 


¥(E+M) >0 and a fortiori when ¥(£) >0 which implies Theorem 35. 
Theorem 35 has been used already in §6. Further infinite convolutions of 

the type considered in Theorem 35 have recently been investigated by Schoen- 

berg [47] in connection with distribution problems for arithmetical functions. 
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TRAJECTORIES AND LINES OF FORCE* 


BY 
AARON FIALKOW 


In this paper we generalize certain theorems of Kasnerf relative to the 
geometry of arbitrary fields of force in the plane. 

Consider the motion of a particle which starts from rest in a positional 
field of force at a point where the force does not vanish. It begins to move 
along the line of force on which it is situated. However, due to the effect of 
inertia, it does not remain on this line of force, but travels in a somewhat 
straighter path. In general, the line of force and the trajectory will have the 
same initial direction but different initial curvatures. Kasner has shown that 
the curvature of the trajectory is always one-third the curvature of the line of force. 
If the initial curvature of the line of force vanishes, this result, while still 
valid, is not significant. In this case Kasner studies the ratio between the in- 
finitesimal departures of the path and the line of force from their common 
tangent line. He proves the following theorem: 


THEOREM. [f the line of force has contact of nth order with the tangent line, 
the trajectory produced by starting a particle from rest will also have contact of 


nth order; and the limiting ratio of the departure of the trajectory to the departure 
of the line of force from the common tangent will be 1:(2n+-1). 


We extend this result to the more general cases in which the contact be- 
tween the line of force and its tangent is of any order, finite or infinite, as 
well as to some cases in which no definite order of contact exists.f The theo- 


* Presented to the Society, March 30, 1934; received by the editors October 8, 1934. 

{ For a complete report of Kasner’s work, see Proceedings of the National Academy of Sciences, 
vol. 20 (1934), pp. 130-136. Some results also appear in these Transactions, 1906-1910; Bulletin of 
the American Mathematical Society, vol. 16 (1909-1910), p. 172; Princeton Colloquium Lectures, 
Differential Geometric Aspects of Dynamics, 1913, p. 9; Science, vol. 75 (1932), p. 671; Zurich Congress 
Proceedings, 1932, vol. 2, p. 180. 

t Acurve, y=f(x), where f(x) is single-valued, continuous and 


i f(x) 

= 
zo4+0 

has contact of finite order a with the x-axis if lim,.40 f(x) /x**! is a non-zero constant. If 


0, 


for all values of a, f(x) has contact of infinite order. In all other cases, f(x) has no definite order of 
contact. 
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rems are stated more simply in terms of the inverse of Kasner’s ratio, i.e., 
the ratio of the departure of the line of force to the departure of the trajectory 
from their common tangent. For brevity, we call the limits of this ratio the 
ratio set. The trajectory produced by starting a particle from rest will be re- 
ferred to simply as “the trajectory.” In general the ratio set will not be a 
single number but will consist of a set of numbers. An easy application of a 
theorem of Hardy leads to the result that for certain simple types of fields 
the ratio set is a unique number. In the course of the work, we give an indica- 
tion of the extent to which the ratio set determines the field. The theorems 
which Kasner obtains when friction is allowed or when the particle is pro- 
jected with non-zero velocity in the direction of the force are also generalized. 

We proceed to obtain a formula for the ratio set. The components of the 
field of force are assumed to be continuous and to possess continuous first 
partial derivatives. Furthermore we assume that the direction of the force 
at each point of some neighborhood of the initial point differs from that at 
the initial point. In fact, it is sufficient for this property to hold in a suffi- 
ciently small portion of a neighborhood of the initial point, containing some 
first part of the trajectory and the tangent in its interior, and having the 
initial point on its boundary. In all that follows, we choose the initial point 
as the origin of coordinates and the tangent to the line of force as the x-axis; 
we assume unit mass and we write f for the force at the origin. It is clear that 
this causes no loss in generality. An equation in x and y in which the variables 
are referred to the above set of axes will be called normal. The formula for 
the ratio set is given by 

THEOREM I. Let y=g(x) and y=h(x) be the normal equations of the trajec- 
tory and the line of force respectively. Then the ratio set is identical with the set 
of limits of the expression 


dg(x) 
x 
dx 
g(x) 


or of the equivalent expression 
2h(x) 


f h(x) dx 
0 /2 
as x approaches zero. 


In the course of the proof of this theorem, we shall also discover a suffi- 
cient condition that two different fields of force have the same ratio set at a 
point. For this purpose, we introduce the notion of the direction function of 
a field of force. Through a fixed point in the plane, there passes a single line 
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of force. The slope of the force at each point of the tangent to this line of 
force is a function of x. This function approaches zero with x and is the direc- 
tion function of the field at the fixed point. 


THEOREM II. Two fields of force have the same ratio set at a fixed point if the 
quotient of the direction functions of the fields approaches a finite non-zero limit 
at the given point. 


Thus the ratio set at a point is completely determined merely by the 
limiting behavior of the direction function. The two fields need not have the 
same direction at the point. The proofs of these theorems follow. 

By the hypothesis of Theorem I, the equation of the trajectory is 


(1) y = g(x). 


The components of the field are ¢(x, y) and ¥(x, y) where 


By the theorem of the mean* 


¥(x,y) (x, 0) 


= 0<@<1. 
y) 0)  Lo(x, Ay) 


By hypothesis, ¢, and y,, and hence also [¥/¢],, are continuous in a suffi- 
ciently small neighborhood of the origin. We may write the last equation as 
¥(x, y) 
¥) 
where, by definition, D(x) is the direction function; D(0) =0 and A(x, y) is 
bounded in a neighborhood of the origin. 

Now the trajectory is a solution of 


* The only partial derivatives whose existence we require in our work are those with respect to 
y. Since we do not assume the existence of ¢, and yz, the mathematics may allow more than one 
trajectory through a point. Of course, this theory would have physical application only when a 
unique trajectory existed. 
+ &t For this solution dg/dx which appears in Theorem I exists and is a continuous function fora 
sufficiently small neighborhood of the origin. d*g/dx* which also appears in the work is equal to 


d*y dx dy 
de dt dt 
dx\3 
(3) 
and hence is continuous wherever dx/dt+0. Since (d*x/dt*))+0, it follows from Rolle’s Theorem that 
d*g/dx? is continuous in a sufficiently small positive neighborhood of the origin. 


(2) ¢(0,0)=f (f#0), ¥(0, 0) = 0. 
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(4) #=9(x,y),* J=V¥(x, 
Since the initial velocity is zero, the parametric equations of the trajectory 
(1) in terms of the time are 
3fP+kt), y= y(t), 
where &(é) and y(é) and their first two derivatives vanish at the origin. If 


we eliminate ¢ from these two equations we obtain (1). Now y=g’-% and 
Hence 


[= + 2ftk(t) + kd) 
f+ ki 


(5) [2% + m(x)]e” + ¢’, 


where m(x)/x—0 as x0. Comparing (3), (4), and (5), we have 
(6) [2x + m(x)]g” + g’ = D(x) + A(x, g)-g. 


Thus (6) is a differential equation whose solution through the element (0, 0, 0) 


is the trajectory. 
We now obtain a similar differential equation for the corresponding line 


of force. The equation of the line of force is 


(7) y = h(x). 


By definition of a line of force, (7) must satisfy the equation 


_ (x, 
h) 


h’ 


or 
(8) h! = D(x) + A(x, h)-h. 


Since the ratio set consists of the limiting values of h(x)/g(x) as x0, we now 
proceed to compare the solutions of (6) and (8) through the element (0, 0, 0). 
For this purpose we prove two lemmas. 


Lemna I. Let h=h(x) be a solution of (8) through the element (0,0, 0). Then 


lion f = 1, 


* In all that follows, primes denote differentiation with respect to x, and dots differentiation 
with respect to time. 

Tt It is an easy consequence of the theorem on implicit functions that the elimination of ¢ gives 
a unique solution for ¢>0 and a unique solution for ‘<0. In each case x>O for small values of ¢. 
In what follows, y= g(x) signifies either branch of the trajectory. 


git 
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Let A(x, h(x)) = B(x). Then a solution of 
(9) w’ = D(x) + B(x)-w 


is w=h(x). Since (9) is a linear differential equation, its solution through the 


h(x) = exp| f [ex D(x)dx. 


origin is 


Hence 
M2) = (1+ Ex(2)) [+ 


where E,(x) and E(x) approach zero with x, since B(x) is bounded as x—0. 
Since, by hypothesis, D(x) ~0 in a positive neighborhood of the origin, we 
may apply L’Hospital’s Rule. Therefore 


lim h(x) / f "D(x)dx = 1-lim (1 + Ee(x))D(x)/D(x) = 1, 
0 


‘which proves Lemma I. As a consequence of this lemma, the line of force 
must be on one side of its tangent in a neighborhood of the origin. 


Lemna II. Lei g =g(x) be a solution of (6) through the element (0, 0,0). Then 


2xg’(x) — g(x) 
D(x)dx 


Let A(x, g(x)) =C(x). Then 
(10) [2% + m(x)]2” + 2’ = D(x) + C(x)-2 


has the solution z = g(x). Consider the equation 
(11) w’ = D(x) + C(x)-w. 
Let w =w/(zx) be the solution of (11) through the origin. Subtracting (10) from 
(11), 
(12) — 2! — [2x + m(x)|2’ = C(x)-[w — 2]. 
For the solution of (12) through the origin, 
u’ — C(x)u = [2x + m(x) ]g’"(x), 


where u(x) =w(x)—g(x). Since m(x)/x—-0 as x0, [2%+m/(x) ]g’’ =2xg’’ 
-(1+£;(x)). Hence, as in Lemma I, 
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Ex(x)) dx 
lim 


20 u(x) 


where E£,(x) approaches zero with x. 

We now show that E,(x) may be neglected. By hypothesis ¥(x, y)/(x, ¥) 
~0 in some initial neighborhood of the trajectory and the x-axis. From (4), 
this is also true for #(#). By Rolle’s Theorem the same obtains for #(¢) and 
consequently for g’(x) and g(x). It is easy to show that the line of force and 
the trajectory are on the same side of the tangent line near the origin. 

Now, from (6), 


(2xg” + g’)(1 + Es(x)) = = + Ex(x) = 


When this expression is zero, 


where £;(¢) approaches zero with ¢. As will be shown later, 
lim = ~ 0. 


Hence 2xg’’+g’ does not change sign in some deleted neighborhood of th« 
origin. Hence, by L’Hospital’s Rule, 

(2xg” + g')dx 


Furthermore 
So 8 + Ex(x))dx 
lim = 


(x)dx 


and therefore 


(2xg” + g’)(1 + Es(x))dx 
lim = 1 
ut+g 
It follows easily that 
+ g’)dx 
lim =] 
u+g 


Performing the indicated integration in the numerator and using w(x) = u(x) 
+g(x) and 
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w(x) 
= 
20 J,"D(x)dx 
(Lemma I), we have 


— g')dx 
im = 
J ZD(x)dx 


A comparison of the results of Lemmas 1 and 2 shows that 
(13) 2xg'(x) — g(x) = h(x)[1 + Eo(x)] 


where E,(x)—0 as x0. From this it follows that the limits of h(x)/g(x) and 
of 2xg’(x)/g(x)—1 as x approaches zero are identical. This proves the first 
part of Theorem I. 

Solving (13) for g(x), 


(14) g(x) = = 


43/2 


We now show that a suitable approximation for g(x) in terms of h(x) may 
be derived by neglecting E,(x) in (14). Now 
h(x) 


lim = 0. 


h(x) [1 + E(x) ] 


Hence | h(x)/x*/?| <a-"/? for x sufficiently small. Also 
z h(x) z 
f dx|< f = 2x12, 
0 


0 43/2 


Hence this integral approaches zero with x, as does the similar integral in 
(14), and we may apply L’Hospital’s Rule to their quotient. We have 


h(x) h(x) 
20 h(x) [1 + Eo(x)] de 20 h(x)[1 + Eo(x)] 
0 


3/2 3/2 


Hence* 


g(x) 


20 h(x) 


(15) 


* Therefore the limiting ratio of both branches of the trajectory is unity and the same ratio set 
is obtained by using either branch. 


= 
— dx 
2 0 43/2 
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The second part of Theorem I is an easy consequence of (15) and the defini- 
tion of the ratio set. The ratio set is therefore determined by the complete 
equation of the trajectory or line of force. 

To establish the truth of Theorem II, we show that the ratio set is iden- 
tical with the limits of yet a third expression, depending only upon the direc- 
tion function at the point. By Lemma I, 


lim ———_—— 

20 f,*D(x)dx 
On the basis of this result and the second part of Theorem I, it follows by a 


proof analogous to that used in deriving (15) that the ratio set is identical with 
the limits of the expression 


2f7D(«)dx 


as x approaches zero. By means of this formula the ratio set may be calculated 
directly from the components of the force without integrating the equations of mo- 
tion. 

Now consider two different fields of force whose direction functions at a 
fixed point are D(x) and D,(x). It is easy to show that if 


D(x) 
im 
xz—0 D,(x) 


where c is a non-zero constant, the ratio set for each field, computed from 
the above expression, will be the same. For, by the argument used to derive 
(15), a suitable approximation for D(x) in the formula for the ratio set is 
cD,(x) which obviously gives the same values for the ratio set as does D,(x). 
This proves Theorem II. — 

We now apply Theorem I to the case in which the line of force has any 
finite contact, integral, fractional, or irrational, with its tangent. This is a 
first generalization of Kasner’s theorem and includes it as a special case. 


=C, 


THEOREM III. [f the line of force has contact of order « with the tangent line, 
the trajectory will also have contact of order a; and the ratio set will be 2a+1. 


By the hypothesis of the theorem, 


h(x) 
im —— = c(# 0). 
Hence, as shown in the derivation of (15), h(x) may be replaced by cx*+! in 


taking the limit of the second expression in Theorem I: 
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20 


g(x) 


im 
z0 h(x) 2a+1 


which shows that the trajectory also has contact of order a with the common 
tangent. 

If we consider the case in which the line of force has infinite contact with 
its tangent, the corresponding theorem is 


THEOREM IV. If the line of force has contact of infinite order with the tangent 
line, the trajectory will also have contact of infinite order; and the ratio set will be 
+ or all numbers in some non-negative closed interval including +. Fur- 
thermore, any given interval of this kind will be the ratio set of some field of force 
for which the line of force has contact of infinite order with its tangent. 


We first prove that the trajectory has contact of infinite order with its 
tangent line. From (14), for every k>}, 


f h(x) [1 + Ee(x)] 


fin £2). = tim 


= im 


By the hypothesis this last limit is zero, which proves the preliminary result 
of Theorem IV. For the rest of the theorem, we consider the expression 
(16) os) 
g(x) 
which appears in the formula for the ratio set. The possible limits of G(x) 
are investigated under the assumption that 
k 
for every k. 

As already shown the origin is an isolated point of the zeros of g(x). Then 
G(x) is a continuous function in a sufficiently small positive neighborhood of 
the origin. The limiting values of G(x) for x>0 must be a closed interval 
(which may degenerate into a single point). For if a and b (>a) are lower 
and upper limits of G(x), then G(x) assumes values which lie in the bands 
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2h(x) 
in = =2a+1. 
h(x) 
—— dz 
Since 
g(x) 
we have lim —— = ———» 
2a+1 
| 
| 
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[a—e, at+e] and [b—e, b+e], E arbitrarily small, an infinite number of 
times in every neighborhood of the origin. Since G(x) is continuous, it as- 
sumes each value between these bands an infinite number of times. There- 
fore the closed interval [a, b| is the set of limits of G(x). 

We now indicate which closed intervals may actually appear as limits of 
G(x). In the following, we suppose that g(x) ~0 in the interval 0 < x < 1. In- 
tegrating (15), 


(17) gs) = comp | |. 


4 


From (17), 


cx* 


Since g(x) has contact of infinite order, G(x) cannot remain less than +2 in 
any neighborhood of the origin. For suppose G(x) Sk —e when 0<x<5: 


g(x) 


cx* 


= d+ exp | f 


exp [ f tee 


d+ tim exp| (- = + 
x—0 


contrary to hypothesis. Therefore G(x) assumes values as great as any fixed k 
an infinite number of times in every neighborhood of the origin. Since & is any 
positive number, lim sup G(x) = +. Hence the only closed intervals which 
may occur as limits of G(x) are those which include + ©. No negative ratio 
may appear since the line of force and trajectory are both on the same side 
of their common tangent near the origin. 

Furthermore, any interval of this kind will be the limit of G(x) for some 
field of force. To prove this last statement, it will suffice to present a trajec- 
tory, y=g(x), having contact of infinite order with its tangent, such that the 
limit of the associated function G(x) is a given closed interval [a, + ]. For 
then the field of force mentioned above surely exists. For example, a field 
which generates the trajectory, y = g(x), is 


(18) o(x,y) = 1, (x, y) = 2xg’’(x) + g’(x). 


|_| 
where 
Then 
| cx* 
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We list the possible limits of G(x) together with the corresponding tra- 
jectories: 


(19,) limG(x) = +, y = exp [— 1/z’], 


(192) lim G(x) = [¢, +o], y= exp] (1/x) + 1)/a? + 
z—0 1 


It is easily seen that in each case G(x), calculated from (16), has the pre- 
scribed limit. It only remains to show that the line of force corresponding to 
each case actually has contact of infinite order. We first prove that each tra- 
jectory has contact of infinite order. This is immediate for (19,). For (192), 
we must show that 


for all values of ”. The substitution y=1/x makes it possible to perform the 
integration in finite terms and establishes the required result. 
Now by Theorem I 


h(x) 
im 
20 g(x) 


= lim (2G(x) — 1) 


or 


(20) tim tim (262) — 
240 
Since g(x) in each case has contact of infinite order and G(x) involves only 
powers of x, the right hand member of (20) approaches zero. Hence the corre- 
sponding line of force has contact of infinite order with its tangent. 
There still remains the case in which no definite order of contact exists. 
We make the following definition: 


A curve, y=f(x), where f(x) is single-valued, continuous and 


lim f(z) = 


0, 


has generalized contact of order a with the x-axis if a is the upper bound of all 
numbers k such that 


f(x) 


im 


0. 


1 
0 x? x 
1 x 3 
4 
= ~ ‘ 
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Note that if a curve has ordinary contact of order a, it also has generalized 
contact of order a. For infinite contact, the two definitions coincide. To every 
curve there is assigned some generalized contact a=0. 


THEOREM V. [f the line of force has generalized contact of order a with the 
tangent line, the trajectory will have generalized contact =a; and the ratio set 
will be a non-negative closed interval containing at least one of the numbers 2a+1, 
+. This interval may degenerate into a single point. Furthermore, any given 
interval of this kind will be the ratio set of some field for which the line of force 
has generalized contact of order a. 


The case a= + has been treated in Theorem IV. We therefore assume 
a is finite. As shown in the beginning of the proof of Theorem IV, since 


im = 0, we have lim = 0. 
2-0 
This proves the first part of Theorem V. 

We proceed to study the possible limits of G(x) defined by (16). The proof 
is parallel with that of Theorem IV and is outlined in what follows. We note 
again that the limiting values of G(x) for x>0 form a non-negative closed 
interval. Repeating the proof following (17), we conclude that G(x) assumes 
values as great as any fixed k+1<a+1 an infinite number of times in every 
neighborhood of the origin. Therefore lim sup G(x) >a+1. 

We now show that either a+1 or + is a limit of G(x). For suppose 
a+1 is not a limit of G(x). Then lim inf G(x) =y>8>a-+1. If, in addition, 
+ is not a limit of G(x), we shall prove that 


which contradicts the hypothesis. From (17), 


tim tim cexp| f | 


z0 


(21) 


cesp| {(y = 0. 


In (19), replace k by 8. Now since + is not a limit of G(x), [2G(x) —1] re- 
mains bounded. Hence, from (20) and (21), it follows that 


6x8 


0 


h 

we, 
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which is the predicted contradiction. Therefore either a+1 or + © is a limit 
of G(x). 

It remains to show that any interval of this kind is the limit of G(x) for 
some field of force. As in the proof of Theorem IV, it will suffice to present 
suitable trajectories. 

We first introduce several auxiliary functions. Let 

(x) = sint— wh (m = 0,1,2,-++) 
x) = sin? — en m=0,1,2,--- 


¢oi(x) = 0 for all other values of x. 


Then ¢,(x) oscillates between 0 and +1 and J [¢:(x)/x]dx converges to a 


negative constant. For 
1 1 


Note also that ¢:(x) is continuous and has a continuous first derivative. It is 

clear that similar functions having any finite number of continuous deriva- 

tives may be constructed by using sufficiently high powers of sin?(1/x). Let 
1 


1 1 
x) =sin?— when m= 0,1,2,--- 
) 22 mx (22m 4 1)x ( 


¢o2(x) = 0 for all other values of x. 


Obviously ¢2(x) has the same properties as ¢:(x). Similarly let ¢3(x) and ¢.(x) 
be continuous differentiable functions which oscillate between 0 and +1 in 
the neighborhood of the origin and such that 


0 0 
f and f .(x)dx (c > a) 
1 1 


converge to negative constants. 
We now list the possible limits of G(x) together with the corresponding 
trajectories*: 


* In (22:), if b=-+, it is replaced by —log x. If 2X1, the expression 2xg’’(x)+-g’(x) in (18) 
will not be zero at the origin. In this case, more complicated ¢ functions must be used. 


k 
) 
4 
<> —=2. 
mm = 
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lim G(x) =a+1, y= 
x0 log x 


lim G(x) = [a, 6], asa+isb, 
xz—0 


y = exp if {((a — — + (b — + a + 


(223) hmG(x)=+, y = exp {(1/x + |; 


lim G(x) = [c, + ©], ati<e, 


(224) 


It is easy to verify that in each case G(x) has the prescribed limit. It is 
necessary to show that the corresponding line of force has generalized con- 
tact of order a. This follows at once for the first line of force from (20) and 
(22;). The trajectory (222) has contact of order a. Hence, from (20), the cor- 
responding line of force has generalized contact of order a, if lim,.oG(«) is 
bounded. This remains true even if b= —log x, since log x is greater than 
any power of x in the neighborhood of the origin. The trajectory (223) has 
the same contact as e~'/? and (22,) as x°. By substituting these values in (20), 
we find that the corresponding lines of force have generalized contact of order 
a. This completes the proof. 

These theorems indicate how the field of force determines the ratio set. 
Indeed, as proved in Theorem II, the ratio set depends only upon the limiting 
behavior of the direction function. The converse question arises: To what ex- 
tent does the ratio set determine the field? The simplest answer seems to be 
in terms of the trajectory, although there are similar statements about the 
line of force and the direction function. 


THEOREM VI. Let the ratio set be the closed interval |a, b|. Let y=g(x) be 
the normal equation of the trajectory. For a sufficiently small neighborhood of the 
origin, let e, be the upper bound of e such that x~*| g(x) | is an increasing function 
and let e2 be the lower bound of e such that x~*| g(x) | is a decreasing function. 
Then e,=(a+1)/2 and e.=(b+1)/2. 


As shown in the proof of Lemma II, g(x) is either an increasing or a de- 
creasing function in a sufficiently small neighborhood of the origin. Hence 
| g(x) | is an increasing function in this neighborhood. From (17), 
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é 


G 
pi(x) =|c| 


Hence #.(x) is an increasing function as long as (G(x) —e) >0 for small values 
of x. Then ¢; is the lower limit of G(x). The first part of the theorem follows 
from (20). Since p.(x) is a decreasing function if (G(x) —e) <0 for small values 
of x, we may prove the remainder of the theorem in a similar manner. 


THEOREM VII. Let y=g(x) be the normal equation of the trajectory. Let g(x) 
be an L-function of x. Then the ratio set will be a unique number. 


Since xg’(x)/g(x) is also an L-function, this follows from Theorem I and a 
theorem of Hardy on L-functions.* 

All these theorems are derived upon the assumption that the particle en- 
counters no resistance. For those cases in which resistance is allowed, we have 


THEOREM VIII. Let a particle start from rest in a continuous resisting me- 
dium. Let f be the intensity of the force at the initial point and let Ro be the resist- 
ance due to zero speed. Let « be a number of the ratio set of the field of force which 
gives the same trajectory when the resistance is neglected. Then the ratio set will 
consist of the numbers a(1—Ro/f)+Ro/f when the motion takes place in the re- 
sisting medium. 

If Ro=0, as in a gas, the resisting medium may be entirely disregarded in 
calculating the ratio set. If the initial point is not a point of inflection of the 
line of force, a=3, and we obtain Kasner’s result: 3—2R,/f. 

The proof follows. Let (1) and (7) be the equations of the trajectory and 
line of force respectively and (2) the components of the field of force. Then 
the trajectory is a solution of 

& = $(x, y) — R(v)-cos 6, 


v(x, y) R(v) -sin 6, 


where tan @ is the slope of the tangent of the trajectory. Hence 
= (1 + E,(x))-g’(x)-cos 
f-R 
R 
o(2, (1 + E,(x))-cos 6 


~ 


(23) 


* G.H. Hardy, Orders of Infinity, 1924. An L-function is a real one-valued function defined by a 
finite combination of the ordinary algebraic symbols and the function symbols log (__) andexp(_) 
operating on the variable x and on real constants. The theorem referred to above is as follows: 
An L-function is ultimately continuous, of constant sign, and monotonic, and tends as x>+ © to 
infinity or to zero or to some other definite limit. This applies also if x0 through positive values. 
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where E,(x)—0 as x-0 since R(v) is continuous and R(0) = Rp (of course, 
Ro<f). Now cos 6-1 as x0. Therefore, from (3), (5), and (23), we obtain 


R 
where n(x)/x—-0 as x0. Thus (24) is a differential equation whose solution 
through the element (0, 0, 0) is the trajectory. Similarly a differential equa- 
tion for the line of force is (8). Proceeding as in Lemmas 1 and 2 of Theorem I, 


we find that 
lim = tim ( 
20 g(x) g f f 


which, together with Theorem I, completes the proof of the theorem. 

We now consider the case in which the particle is projected with a non- 
zero velocity in the direction of the force. Kasner has obtained a theorem, as- 
suming that the line of force has integral order of contact with its tangent, 
which we generalize. 


THEOREM IX. If the line of force has generalized contact of order a with the 
tangent line, any trajectory obtained by projecting a particle with a non-zero s peed 
in the direction of the force will have generalized contact of order a+1; and the 
departure from the common tangent of these trajectories will vary inversely as the 
square of the speed. If the line of force has ordinary contact of order a with the 
tangent line, any trajectory obtained by projection will have ordinary contact of 
order a+1. 


The proof is similar to that of the preceding theorem. Again let (1) and 
(7) be the equations of the trajectory and the line of force respectively and 
(2) the components of the force. Then the trajectory is a solution of (4), hav- 
ing initial velocity »~0. Its equation may be written in the parametric form 


where &(/) and y(é) and their first two derivatives vanish at the origin. Pro- 
ceeding as in the derivation of (5), 


[ov 
(25) —= E + (x) | g’ +2’, 
f 


where m(x)—0 as x0. From (3), (4), and (25) 


(26) [= + m(x) | 


+ = D(x) + A(x, g)-g. 
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We apply the method in Lemmas 1 and 2 of Theorem I to (8) and (26) 
and find that 


~ + 
im ‘ 

h(x) 


By a proof analogous to that used in the derivation of (15) from (13), it can 
be shown that 


= g(x 


By hypothesis, 4(x) has generalized contact of order a. Hence, by L’Hospital’s 
Rule, S-h(x)dx has generalized contact of order a+1. From (27), it follows 
that g(x) has generalized contact of order a+1 and that its departure from 
the common tangent varies inversely as the square of the speed of projection. 
The case of ordinary contact is treated similarly. This completes the proof 
of Theorem IX. 

In a later paper, we shall extend these results to fields of force which 
fluctuate with the time. 
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THE DIRICHLET PROBLEM FOR DOMAINS WITH 
MULTIPLE BOUNDARY POINTS* 


BY 
F. W. PERKINS 


INTRODUCTION 


Several years ago Professor Kellogg called my attention to the desira- 
bility of extending the theory of the Dirichlet problem so as to include the 
case in which the domain has multiple boundary points with boundary values 
depending upon the manner of approach. In the two-dimensional case con- 
formal mapping may sometimes be used. Also, a paper by Perronf contains 
results related to this subject. It seems desirable, however, to develop a gen- 
eral theory for this extended form of the problem. 

Professor Kellogg noted that a spatial analogue of Carathéodory’sf theory 
of prime ends would be of value here, since this would render possible in some 
cases the definition of functions corresponding to barriers.§ He communi- 
cated his ideas on this topic to me, and invited me to collaborate with him on 
the problem. Later he suggested that I develop the subject alone, a procedure 
which unfortunately was made necessary by his death. This paper contains 
the results of the ensuing study of the problem. 

The discussion is formulated for a general finite domain of three-dimen- 
sional space, except in the case of a few theorems where special restrictions 
are imposed. It is readily seen that corresponding results are valid in the 
plane. 

In Part I we introduce the notions of component and boundary element. 
These correspond to Carathéodory’s ends and prime ends, respectively, 


* Presented to the Society, December 26, 1933; received by the editors August 16, 1934, and in 
revised form, January 5, 1934. 

t O. Perron, Eine neue Behandlung der ersten Randwertaufgabe fiir Au=0, Mathematische Zeit- 
schrift, vol. 18 (1923), pp. 42-55. See also N. Wiener, Note on a paper of O. Perron, Journal of Mathe- 
matics, and Physics of the Massachusetts Institute of Technology, vol. 4, No. 1 (January, 1925), 
p. 21 ff. 

tC. Carathéodory, Uber die Begrenzung einfach zusammenhingender Gebiete, Mathematische 
Annalen, vol. 73 (1913), pp. 323-370. I am indebted to Dr. Seidel for calling my attention to a group 
of papers containing a spatial generalization of this theory, though not of the type desired for the 
present problem: B. Kaufmann, Uber die Berandung ebener und riumlicher Gebiete (Primendentheorie), 
Mathematische Annalen, vol. 103 (1930), pp. 70-144; Uber die Struktur der Komplexe erster Ordnung 
in der Theorie der Primenden, ibid., vol. 106 (1932), pp. 308-333; Uber die Bestimmung der Primenden 
durch regulire Komplexe, ibid., vol. 106 (1932), pp. 334-342. 

§ See Theorem 24 of this paper. Professor Kellogg suggested the construction of a barrier by 
means of an infinite series, as is done here. 
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though the analogy is not as close as that which I believe Professor Kellogg 
had in mind. Like the prime ends of Carathéodory’s theory, boundary ele- 
ments furnish a means of distinguishing between the various modes of ap- 
proach to a multiple boundary point, which (for our purposes) may be de- 
fined as a point contained in more than one boundary element. 

Part II is devoted largely to the study of functions of boundary elements. 
We introduce various concepts corresponding to familiar notions in the 
theory of functions of a real variable. We give in §2 a theorem which is 
used later as a substitute for the Weierstrass polynomial approximation theo- 


rem. 
In Part III we attack the Dirichlet problem. It is shown that the sequence 
solution of the generalized Dirichlet problem studied by Wiener* and by 
Kelloggt has a direct analogue in the new theory. The discussion here given 
corresponds quite closely to Kellogg’s treatment of the earlier form of the 
problem, except that we confine our attention to finite domains. We also in- 
troduce the idea of a “pseudo-barrier” and discuss its properties briefly. 


I. COMPONENTS AND BOUNDARY ELEMENTS 


1. PRELIMINARY IDEAS 


In addition to a number of special propositions necessary in connection 
with the later theory, we include here explicit definitions of certain familiar 
concepts, in order to avoid ambiguity in our use of these terms. 


DEFINITION 1. By a finite domain, or a domain T, we mean a propert 
bounded, open, connected§ point set in a three-dimensional euclidean s pace. 


Except in the case of a few propositions where special restrictions are de- 
sirable, we will find it convenient to think of the domain T as chosen initially 
in an arbitrary fashion, and then held fast throughout the discussion. 


* N. Wiener, Certain notions of potential theory, Journal of Mathematics and Physics, vol. 3, 
No. 1 (January, 1924), p. 24 ff. 

Tt O. D. Kellogg, Foundations of Potential Theory, Berlin, 1929, pp. 322-326. (See also Proceedings 
of the American Academy, vol. 58 (1923), pp. 528, 529.) 

t A proper point set is one which contains at least one point. A proper subset of a given set is a 
proper set contained in the given set but not identical with it. 

§ A point set satisfying the other requirements will be called connected if, given any two points 
of the set, it is possible to join them by a continuous curve lying entirely in the set. By a continuous 
curve we mean a closed point set which with reference to some (and therefore any) Cartesian co- 
ordinate system, may be represented parametrically by equations of the form 

x=X(6), y= Y(8), s=Z(6), 0s0<1, 
where the functions X(6), Y(@), and Z(6) are each defined and continuous on the interval 0<@<1. 
The ends of the curve are the points corresponding to 6=0 and @=1. It will be noted that we make 
no restriction that such a curve may not cross itself. 
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DEFINITION 2. By a finite closed region T’ we mean a point set which may 
be obtained by adjoining to a finite domain T all points of its boundary,* t. 


DEFINITION 3. Given any proper subset E of the closed finite region T' =T +t, 
the closed set comprising all boundary points of E which are not in t, and all 
limit points of such boundary points, is called the auxiliary boundary of E. 


DEFINITION 4. By a partial domain G of T we mean a finite domain having 
the following properties: 

(1) The set Gis a proper subset of T. 

(2) Atleast one point of tis a boundary point of G. 

(3) The auxiliary boundary, g, of G contains only frontier points of G. 


DerinitTIon 5. By a closed partial region G’ of T’ we mean a finite closed 
region which may be formed by adjoining to a partial domain G of T all boundary 
points of G. 


THEOREM 1. The set of all points of T which are interior points of a closed 
partial region G’ of T’ is identical with the partial domain G of T from which 
G’ is formed. Moreover, the auxiliary boundaries of G and G’ are proper sets 
and are identical. 


A point of T interior to G’ is not an exterior point of G; moreover it is 
not a limit point of points exterior to G, and so cannot be a frontier point of 
G. Hence such a point cannot be a boundary point of G, since all boundary 
points of G are frontier points of G. Consequently a point of T interior to G’ 
is a point of G. Since a point of G is a point of T interior to G’ we see that the 
first part of the theorem is true. 

If the proper set G had no boundary points except points of ¢, we could 
infer that every point of T is a point of G, contrary to the definition of G. 
Since T contains points not in G, it must contain a boundary point of G, and 
so the auxiliary boundary of G is a proper set. The interior points of G and 
G’ form identical sets; it is also readily seen that the points exterior to 
G and G’, respectively, also form identical sets, and so the auxiliary bounda- 
ries of G and G’ are identical point sets. 


DEFINITION 6. By the partial domain G of T corresponding to the closed 
partial region G’ of T’ we mean the set of all points of T which are interior points 
of G’. 

DEFINITION 7. An infinite sequence of closed partial regions of T’:G;, 
Gi, Gj, ---4is said to be monotone if the following conditions are satisfied: 

* A boundary point of any given set E is a limit point of points of E which is not interior to E; 


a frontier point of Z is a limit point of exterior points of E which is not exterior to E. The frontier of a 
finite domain T is always a proper set and is contained in the boundary, ¢. 
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(1) Each point of G!,: is a point of G/,i=1,2,3,---. 

(2) The auxiliary boundaries of no two of the given closed partial regions have 
a point in common. 

2. COMPONENTS 

DEFINITION 8. A component T of T’ is a monotone sequence of closed partial 
regions of T', with the convention that two such sequences Gj , Gi, G3, - - - , and 
Gi, Gi, Gj, - - - , determine identical components if and only if to every posi- 
tive integer i there corresponds a pair of positive integers 7 and k such that 
SG! and G/ SG}. 


DEFINITION 9. The component T:Gi, G/, G3, - - - of T’ is contained in a 
given finite closed region E (not necessarily a subregion of T') if and only if 
there exists a positive integer i such that Gi SE. 


DEFINITION 10. The component T:Gi, Gi, Gj, - - - of T’ is contained in 
the componentT:G , Gi , Gi, - - - of T’ if and only if T is contained in each G} . 


We note that two components I and I are identical if and only if each 
is contained in the other. 


DEFINITION 11. A given point is contained in the component T:Gi, Gi, 
Gj, - - - if and only tf that point is contained in each G} . 


THEOREM 2. A component T of T’ contains at least one point of t. 


Let Gi, Gi, Gj,--+ be a monotone sequence of closed partial regions 
of T’ determining I’. Now every point of the proper closed point set ¢-G’ ,1 is 
also a point of the set t-G/,i=1, 2,3, - - - . Hence there is at least one point 
common to the proper closed sets ¢-Gj, t-G/, t-Gj, - - - . Such a point be- 
longs to ¢ and is contained in I. 


DEFINITION 12. Let T and T® be two given finite domains. If there exists 
an infinite sequence, G1, G2, Gs, - - - , of common partial domains of T™ and 
T® such that the corresponding closed finite regions, G{, Gi, Gj, ---, form 
a monotone sequence of closed partial regions of T‘’ and of T', and thus de- 
termine components T of T’ and T® of T®’, then T™ and T® are called 
equivalent components. 


3. BOUNDARY ELEMENTS 
DEFINITION 13. An element y of the boundary t of T is a component of T’ 
which may be determined by a monotone sequence of closed partial regions, 
Gi, Gi, Gi, - - +, having the property that the diameter* of G/ approaches the 
limit zero as i becomes infinite. 


* We adopt the usual definition of the diameter of a closed point set, namely, the maximum dis- 
tance between two points of the set. 
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THEOREM 3. A necessary and sufficient condition that a component T of T’ 
be a boundary element is that T contain one point of t, and no other point. 


The necessity of the condition is immediately obvious. To establish the 
sufficiency we construct a sphere S of arbitrary positive radius, with center 
at p, the single point contained in the component I determined by the mono- 
tone sequence G/ , Gi, Gj, - - - . We denote by £, the set of all points of G/ 
which lie outside or on the boundary of the sphere S. Now &;, is either a null 
set or a closed proper set; we note also that E,2>E,.2E£;=2 - - - . Hence if 
each E;, is a proper set, there is a point P, without or on the boundary of S, 
which belongs to each £; and so to each G;. But such a point would be a 
point distinct from p contained in I’, contrary to hypothesis. We infer that 
for some positive integral k, EZ, is a null set, and that each of the closed partial 
regions G;, Gis1, Giy2, - - - contains only points interior to S. Since the 
radius of S is arbitrary, this means that the diameter of G/ approaches the 
limit zero as 7 becomes infinite, and so I is a boundary element. 


THEOREM 4. If a boundary element y contains a boundary element ¥ then 
¥y and ¥ are identical. 


Let Gj, --- and G/, G!, Gj, - --be monotone sequences de- 
termining the boundary elements y and ¥ respectively. We will denote the 
partial domains of 7-corresponding to G/ and G/ by G; and G; respectively. 
Clearly, y and 7 contain the same point p of t. We may, without loss of gen- 
erality, assume that p does not lie on the auxiliary boundary of any of the 
closed partial regions of the second sequence. For, from the definition of a 
monotone sequence, it could not lie on more than one G/, and if such an ex- 
ceptional closed partial region were deleted, we should still have a monotone 
sequence determining a boundary element identical with 7. 

Given an arbitrary G/, we know that the distance from p to 2; (the aux- 
iliary boundary of G/) is positive. Consequently there exists a G/ which has 
no point in common with 2;:G/-2;=0. Since y contains ¥, it is readily seen 
that G; contains all points of some G, and so some point Q of G;. Suppose 
now that there exists a point Q’ in the interior of G; but exterior to G;. Then 
Q and Q’ can be joined by a continuous curve in G;. Such a curve must pass 
from the interior of G; to the exterior of G;, and so must pass through a point 
of Z;. But this contradicts the relation G/ -z;=0,and so shows that any point 
interior to G; is not exterior to G;, and so is a point of G/ ; we infer that given 
any G/, there exists aG/ such that G/ <G/. This means that y is contained 
in every closed partial region of a monotone sequence determining 7; that 
is, y is contained in 7. Since y contains 7 by hypothesis, we conclude that 7 
and ¥ are identical. 
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DEFINITION 14. Let P; be a point of T, and let p be any positive quantity. 
Then (Pr, p), the pseudo-spherical domain of radius p with center at P1, is de- 
fined as the finite domain containing each point of T in the interior of the sphere 
of radius p with center at P, which can be joined to P, by a continuous curve 
made up entirely of such points. The set S'(P:, p) obtained by adjoining to 
S(P,, p) all its limit points, is called the closed pseudo-spherical region of radius 
p with center at P. 


The pseudo-spherical domain S(Pi, p) may or may not have an auxiliary 
boundary. If it has, all points of the auxiliary boundary lie on the surface of 
the associated sphere. If S(P1, p) has an auxiliary boundary, then S’(P,, p) 
has the same auxiliary boundary. 


DEFINITION 15. Let Gi, G!, G3, - - - be a monotone sequence of closed par- 
tial regions of T’ determining an element y of t containing the point p. Given any 
positive p, let ibe the smallest integer such that the interior S of the sphere of 
radius p with center at p contains G;. Let P be a point of the corresponding Gj. 
Then S(y, p), the pseudo-spherical domain of radius p corresponding to -y, is 
defined as the finite domain consisting of those points which can be joined to P by 
a continuous curve lying in T-S. Also, S’(y, p), the closed pseudo-spherical re- 
gion of radius p corresponding to y, is defined as the closed finite region obtained 
by adjoining to S(y, p) all its limit points. 


THEOREM 5. If, in the definition of S(y, p) and S'(y, p), the sequence 
Gi, G{, Gj, --- is replaced by another monotone sequence determining an ele- 
ment of t identical with y, the sets S(y, p) and S'(y, p) are unaltered; these sets 
are also independent of the choice of P in G;. If p is less than po, the distance 
from p to the farthest point or points of t, then S(y, p) is a partial domain of T 
and S'(y, p) is a closed partial region of T’. Moreover, if po, pi, P2, Ps, ** * isan 
infinite monotone decreasing sequence of positive numbers tending to zero, then 
S’(y, pi), S’(y, p2), S’(y, ps), - - - ts @ monotone sequence of closed partial 
regions of T’ determining an element of t identical with y. 


THEOREM 6. A necessary and sufficient condition that a given point p of t 
be contained in at least one element of t is that p be an accessible boundary point 
of T. 

To establish the sufficiency of the condition we assume that there exists 
a curve C given parametrically by the equations* 


x = X(6), y = Y(0), z = Z(8), 


* It is not necessary to assume that every pair of distinct values of 6 on the interval OS @S1 
correspond to distinct points of C. However, the definition of accessibility which we use is in reality 
no more general than that in which this further restriction is imposed on the curve C. 
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where X(@), Y(@), and Z(@) are continuous functions, such that each point 
of C except that corresponding to @=1 is in T, and the point corresponding 
to @=1 is the given point p. 

Consider the distance from p to the variable point P of C. This distance 
is a continuous function of 0, the parametric coordinate of P on C, and as- 
sumes a positive maximum value p; for a finite or a closed infinite set of 
values of 6 on the interval 0<631. In any case there is a largest value of 0, 
say 0=6,, for which this maximum value p; is attained. We denote by G; the 
set containing each point of T which can be joined to the point of C with 
parametric coordinate 0{ =(1+6,)/2 by a continuous curve lying entirely in 
T and in the interior of the sphere S, with center at p and radius p:. We note 
that all points of that part of C for which 0,<0@<1 are points of G;. All 
points of the auxiliary boundary of G, are on the surface of the sphere S;. 
The set G, is a partial domain of T. 

Given any integer 7 greater than unity, we consider the sphere S; of radius 
pi=p./2‘. There exists a constant 6;, less than unity, such that all points of 
C for which 6;<@<1 lie in the interior of S; and the point of C for which 
6=6; lies on S;. We denote by G; the partial domain* of T which contains 
each point of T which can be joined by a continuous curve lying in T and in 
the interior of S; to the point of C with parametric coordinate 0/ = (1+6,)/2. 

We now form the sequence of the corresponding closed partial regions of 
T’:G{, Gi, Gj, - - - . This sequence is monotone, and determines a boundary 
element containing the given point ~. This establishes the sufficiency of the 
given condition. 

To prove that the condition is necessary, we assume that is contained 
in an element y of ¢ and define a continuous curve approaching p from the 
interior of T. Let p be a positive constant less than the distance from p to the 
farthest point or points of ¢, and let P be an arbitrary point of the pseudo- 
spherical domain G(y, p). The distance from P to the boundary of S(7, p) 
attains its maximum value on a finite or closed infinite subset ©, of points 
in S(y, p). In either case it is possible to give a law whereby we may select 
uniquelyf (relatively to an arbitrarily preassigned Cartesian coordinate sys- 

* It may be noted that the determination of G; depends on C, but is independent of the para- 
metric representation of this curve, provided the point p corresponds to @= 1 and the other end of C 
to@=0. 

t For instance, we may discard all points of the set ©; except those for which the x-coordinate 
attains its maximum value. If this does not restrict us to a single point, we may then discard from 
the remaining points all except those on which the y-coordinate attains its maximum value. If more 
than one point remains, we may choose as Q; the unique point on which the z-coordinate attains its 
maximum value. This method may be used to select uniquely a point from any bounded closed set. 


The purpose of prescribing a law for the choice of Q, is ‘to show that it is not necessary to make an 
infinite number of arbitrary choices to obtain the set of points Q;, 7=1, 2, 3,---. 
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tem) a particular point Q, from ©;. There exists a largest integer k, such that 
Q; is a point of S(y, 2-"p). We now determine uniquely a particular point 
Q2 of S(y, 2-““+Yp) by the method that we used to select Q; from G(y, p). 
There exists a largest integer ke such that Q, is a point of S(y, 2-*"p). We 
note that k2>k;. By repetitions of this process we obtain an infinite sequence 
of points Q:, Q2, Qs,---, and an infinite sequence of integers 


such that Q; is a point of S(y, 2-*p) but not a point of G(y, 2-*1p), where 
#=1,2,3,---. 

We now show that it is possible to state a law whereby, given any positive 
integer 7, we may determine uniquely a broken line of a finite number of 
segments lying entirely in S(y, 2-*‘p) and joining Q; and Q;4:. There exists 
a smallest integer m; such that Q; and Q;4; can be joined by broken line of 
m; segments lying entirely in S(y, 2-*p). If m;>1 the set of all points Q 
such that Q,0 is a segment of such a broken line of m; segments is a proper 
open subset of S(y, 2-*p). We may select uniquely a particular point Q; 1 
from this subset by restricting ourselves first to those points at a maximum 
distance from the boundary of the subset, and then using the device em- 
ployed to choose the point Q, from ©,. Now Q;,; can be joined to Qi4; by a 
broken line of m;—1 segments, lying entirely in S(y, 2-*‘p). Using the method 
employed above, we may select uniquely a point Q;2 in such a way that 
Q;,10:,2 may be used as a segment of this broken line. By successive repeti- 
tions of this process we determine uniquely a broken line Q;, Qi, Qi2,---, 
Qi,m;-1, lying entirely in S(y, 2-*p) and joining Q; and Qi. 

By applying this procedure to each pair of successive points in the se- 
quence Q;, Qe, Q3, - - - , and adjoining to the set of all points on all the line 
segments the point p, we obtain a continuous curve terminating at ~, but 
otherwise lying entirely in T. It is a simple matter to establish a parametric 
representation for the curve, if desired. This shows that p is an accessible 
boundary point of T and completes the proof of the theorem. 


CorOLiary. Given a point P of T at a distance p from t, there exists at least 
one element y of t such that P is a point of every pseudo-spherical domain S(vy, p) 
such that p>p. Moreover, it is possible to prescribe a law whereby such an element 
+ of t is determined uniquely by a given point P of T and a given Cartesian co- 
ordinate system. 

Let p be a point of ¢ on which the distance from P to a variable point of ¢ 
attains its minimum value, j. The set of points on # satisfying this require- 
ment form a proper finite or a closed infinite set, and a unique choice may 
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be made by the law described in connection with a similar situation in the 
discussion of Theorem 6. From the discussion of this theorem, we know that 
there exists a unique element + of ¢ determined by the line segment C joining 
P and p. Clearly P is a point of S(y, p), provided p>@. 


II. FUNCTIONS OF BOUNDARY ELEMENTS 
1. PSEUDO-CONTINUITY 


DEFINITION 16. A function of a variable element of the boundary t of T is 
defined when a law* is given whereby to each element y of t there corresponds a 
uniquely determined real number, f(y). 


DEFINITION 17. A function f(y) of a variable element y of t is said to be 
pseudo-continuous at the element y =7;, if to each positive quantity € there cor- 
responds a positive quantity 5 such that 


| f(y) — fn) | <e 


for all elements y of t contained in the closed pseudo-spherical region S’ (71, 5). 


DEFINITION 18. A function f(y) of a variable element y of t is pseudo-con- 
tinuous on t if it is pseudo-continuous at each element of t. 


DEFINITION 19. A function f(y) of a variable element y of t is said to be 
uniformly pseudo-continuous on t if, given y; and an arbitrary positive quantity 
€, there exists a positive quantity 6, independent of 1, such that 


for all elements y of t contained in the closed pseudo-spherical region S'(y:, 6). 


To any given function ¢(p) of a variable point p of ¢ there corresponds a 
function f(y) of the variable element of ¢ obtained by assigning to an arbi- 
trary element y of ¢ the value assumed by the function ¢() at the point p 
contained in y. If the function ¢(p) is continuous at a particular point Pp; of ¢, 


* The definition of a function of a variable element of ¢ is analogous to Dirichlet’s well known 
definition of a function of a real variable. An alternative form of the definition of the new concept 
is given below. Let §[X(0), ¥(0), Z(0)] be any functional of the real functions X(@), Y(@), Z(8), 
0<@31, which (1) is defined, single-valued and real for each choice of this triple of functions deter- 
mining a continuous curve C:x«= X(6), y= Y (6), s=Z(6) having the end 6=1 on ¢ but otherwise lying 
in T, and which (2) has the property that if any two triples of such functions X1(@), ¥:(6), Z:(@) and 
X2(6), Y2(@), Z2(@) determine curves yielding (by application of the process described in the first 
part of the proof of Theorem 6) identical elements of ¢, then 

21(6)] = 5 [X2(6), ¥2(0),22(0)]. 
Any such functional §[X(#), Y(0), Z()] gives rise to a function f(y) of the variable element ¥ of f 
which assumes at a given element y of ¢ the value of the functional for functions X(@), Y(@) 
and Z(6) determining any curve yielding the boundary element y. 
Tt This is, of course, a very special type of function of 7. 
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then the corresponding function f(y) is pseudo-continuous at each element 
which contains /. If ¢() is continuous at each point of ¢, and therefore uni- 
formly continuous on /, then f(y) is uniformly pseudo-continuous on ¢. 

We note, however, that even though ¢(/) be discontinuous on #, in fact 
unbounded on #, the function f(y) may nevertheless be uniformly pseudo- 
continuous on #. Consider, for instance, the case in which T is the domain 
bounded by the surfaces 


e+y=9, 0<2<1; 
z= e+ 
z = (2i)-'/?, + 59, (x — 2)? + y? $= 1,2,3,---, 
(2¢+1)-?, 22+ 9, + 2)? + y? 1,2,3,---. 


We define ¢(p) at the boundary point p:(x, y, 2) so that ¢(p) =2z~! when 
and ¢(p) =1 when z=0. 

A boundary point for which z=0 is not contained in any boundary ele- 
ment. Given a boundary element 7; of ¢ containing a point 1: (1, y, 21) such 
that z,;<4, there exists an integer m,>4 such that mp/?<2,<(m—1)-"*. 
For each point p:(x, y, z) contained in an element y contained in S’(y:, 1) 
we have (m,+2)-'/?<2<(m,—3)-'/?, and so 


(we; — — < — S + — (oe, — 1)", 


whence, 
f(r) | < < 


Given any positive e, we infer that if 7: is so chosen that z;<¢/3 and 2 $3, 
then throughout S’(y:, 1) we have 


| f(y) fim)! <e. 


Let é be the subset of ¢ each point of which is contained in a pseudo- 
spherical region of unit radius corresponding to some boundary element con- 
taining a point on or above at least one of the planes z =e/3 and z=}. To the 
given ¢ there corresponds a positive quantity 5, independent of the choice of 
the point p:(#, 9, 2) of 7, such that for each point p: (x, y, z) of ¢ at a distance 
from p less than 6 we have 


| — o(p)| <e. 


If, now, we choose 6 as the smaller of the two numbers 6 and unity, or their 
common value if §=1, then, given any element 2 of ¢ and any element ¥ of ¢ 
contained in S’(7y2, 6), we may write 


q 

i 

H 
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| f(y) — <e. 


Hence the function f(y) is uniformly pseudo-continuous on #, even though it 
has no upper bound on /. It is a simple matter to extend the method used in 
the construction of this example so as to obtain a function with neither an 
upper nor a lower bound on the boundary of a certain finite domain, but 
which is nevertheless uniformly pseudo-continuous on the boundary of that 
domain. 

DEFINITION 20. A function F(P) of the variable point P of T is said to 


approach a given value c at a given boundary element y of t if to each positive quan- 
tity € there corresponds a positive quantity 6 such that 


| F(P) —c| <e, 


throughout the pseudo-s pherical domain S(vy, 6). 


DEFINITION 21. Given a function F(P) of a variable point P of T, and a 
function f(y) of a variable element y of t, the function F(P) is said to approach 
the boundary values f(y) with uniform pseudo-continuity if, given an arbitrary 
positive quantity ¢, there exists a positive quantity 5, independent of y, such that 


|F(P) 
throughout the pseudo-spherical domain S(y, 4). 


DEFINITION 22. A function F(P) of a variable point P of T is said to be 
pseudo-uniformly continuous in T if, given an arbitrary positive quantity e, there 
exists a positive quantity 6, independent of P, such that 


| F(P) — F(P:)| <e, 
for all points P of the pseudo-spherical domain S(P,, 5). 


A slightly different formulation of the property here involved is useful. 
It is embodied in the following proposition: 


THEOREM 7. A necessary and sufficient condition that a function F(P) be 


pseudo-uniformly continuous in T is that given any positive quantity e, there 
exists a positive quantity 6 such that 


| F(P) F(P)| 
for every pair of points P and P’ in T that can be joined by a continuous curve 


(lying entirely in T) the maximum distance between two points of which is less 
than 6. 


Let F(P) be a function of the point P of T. If to a given positive ¢ there 
corresponds a 6 for which the condition given in Definition 22 holds, then 
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the condition given in this theorem also holds for the same ¢ and 6. If to a 
given positive e there corresponds a 6 such that the condition given in this 
theorem holds, the condition given in Definition 22 holds for the given € pro- 
vided S(P,, 4) is replaced by S(Pi, 6/2). 

THEOREM 8. A necessary and sufficient condition that a function F(P) of a 
variable point P of T be continuous in T and approach bounded and uniformly 
pseudo-continuous boundary values on t with uniform pseudo-continuity is that 
F(P) be bounded and pseudo-uniformly continuous in T. 


If F(P) is continuous in T and approaches with uniform pseudo-continu- 
ity the bounded and uniformly pseudo-continuous boundary values f(y) on #, 
then corresponding to any given positive ¢ there exists a positive 6;, inde- 
pendent of the arbitrary element ¥ of ¢, such that 


fon | <> 


throughout S(y, 36,). Now the function F(P) is bounded and uniformly con- 
tinuous on the closed set comprising points of T at a distance at least 5, from 
t; hence to the given ¢ there corresponds a positive 6: such that 


| F(P:) — F(P2)| <e, 


for all pairs of points P; and P; of this subset of T which are so located that 
P.P,<5,. From these relations and the Corollary of Theorem 6, it follows 
that if 6 is the smaller of 5; and 6, (or their common value if they are equal) 
then 


| F(P) — F(P’)| <e, 


for all points P in S(P’, 5), where P’ is an arbitrary point of T. Hence the 
given condition is necessary. 

Assuming now that F(P) is bounded and pseudo-uniformly continuous 
in T, let y be an arbitrary element of ¢, and p an arbitrary positive quantity. 
We denote by H(v, p) and h(y, p) the least upper and greatest lower bounds, 
respectively, of F(P) in S(y, p). We note that as p decreases in value, H(v, p) 
never increases and h(y, p) never decreases. Consequently, for any fixed ele- 
ment ¥, lim,..o H(7, p) and lim, .o h(y, p) exist, and 


h(y, p) lim h(y, p) S lim p) S p). 


Theorem 7 implies that, given any positive e, there exists a positive 5, inde- 
pendent of 7, such that 


| 
. 4 
| 
; 
f 
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Hence, 


lim H(y, p) = lim h(y, p). 
p—0 


The common value of these limits is a bounded function of y on ¢; we repre- 


sent this function by f(y). 
Using Theorem 7 it is easy to show that, given any positive e, there exists 
a positive 6 independent of P, P’ and the arbitrary element y; of ¢, such that 


| F(P) — F(P’)| < 
for every pair of points P and P’ in G(y, 6). If 0<p<4, we have then, in 
S(n, p), 
€ 
| F(P) A(n, p) | = 
whence, 


| F(P) — fim) | = <¢, 


which proves that F(P) approaches the boundary values f(y) with uniform 
pseudo-continuity. Moreover, if y is an element of ¢ contained in S’(y:, 4) 
there exists a positive p’ so small that G(y, p’) is a subset of S(y:, 5); hence 
the relations 


| F(P) F(P’)| < = , = and | F(P’) — f(y)| < 


€ 
3 
are valid for P in S(j, 6) and P’ in S(y, p’) and imply that 
| f(y) — | <e. 


This shows that f(y) is uniformly pseudo-continuous on ¢, and so completes 
the proof of the theorem. 

THEOREM 9. Given any bounded and uniformly pseudo-continuous function 
f(y) of a variable element y of t, there exists a function F(P) of the variable point 
P of T which is bounded and continuous in T and approaches the boundary 
values f(y) with uniform pseudo-continuity. 


This proposition corresponds to part of a theorem regarding functions 
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continuous on the boundary of a domain established by Lebesgue.* The proof 
given below is an adaptation of a proof of Lebesgue’s theorem due to Cara- 
théodory.f 

Let P be any point of 7. Let p(P) be the distance from P to ¢. We define 
up(r) for r>p(P) as the least upper bound of f(y) for all elements of ¢ con- 
tained in S’(P, r); as r increases up(r) never decreases, and we may define 
a function F(P) in T by the formula 

1 2p(P) 

This function has the desired properties, as is proved below. 

Given any positive e there exists a positive 5, independent of the arbi- 
trarily chosen element 7; of ¢, such that 


fon) | < > 


for each y contained in G’(y:, 5). If we choose P in S(y, 6/3) and restrict r 
by the inequality p(P) <r<2p(P), then S’(P, r) is a subset of S’(y:, 5) and 
consequently 


| — for) | $ > <e. 


Accordingly, 


| | 1 2p(P) € 
F(P) — fin) | —dr<e, 
A(P)J 2 

for any P in S(y, 6/3). Hence F(P) approaches the boundary values f(y) 
with pseudo-uniform continuity. 

The function F(P) is clearly bounded in 7. Since p(P) is plainly a non- 
vanishing continuous function of P in T, we may infer the continuity of F(P) 
in T if we can show that the function 


F(P) = f we" 


(P) 


is continuous in T. Let P and P’ be any two points of T such that PP’ is less 
than each of the quantities p(P), p(P’) and m-'«/6 where m is the least upper 
bound of | f(y)| on ¢ and ¢ is an arbitrarily chosen positive constant. Since 

* H. Lebesgue, Sur le probléme de Dirichlet, Rendiconti del Circolo Matematico di Palermo, vol. 


24 (1907), pp. 371-402. See particularly pp. 379, 380. 
t C. Carathéodory, Vorlesungen tiber reelle Funktionen, 2d edition, Leipzig, 1918, pp. 617-618. 
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the value of up(r) for any r such that p(P) <r<2p(P) depends on the values 
of f(y) at elements y of ¢ contained in S’(P, r) which is a subset of S’(P’, 
r+PP’), we see that 


2p(P) 2p(P’) 


up(r + PP’)dr — f up: (r)dr 


e(P’) 


2p(P)+2PP’ 2p(P’) 
= up: (r)dr -f up: (r)dr 
p p 


(P)+PP’ (P’) 


|F(P) — F(P)| < 


(P) 


whence, 


p(P’) 2p(P)+2PP’ 


| F(P) — F(P’)| sf | up-(r)| dr + | up-(r) |dr 


p(P)+PP’ 29(P’) 
6mPP’ <e. 


Hence F(P) is continuous in 7, and the proof is complete. 


THEOREM 10. Let F(P) be a function of the variable point P of T, o(p) a 
continuous function of the variable point p of t, and f(y) the function of the 
variable element 7 of t which at each element y has the same value as does $(p) 
at the point p contained in y. Then a necessary and sufficient condition that 
F(P) approach the boundary values f(y) with uniform pseudo-continuity is that 
F(P) approach the boundary values (p) continuously. 


The sufficiency of the condition is immediately obvious. The necessity is 
readily established by observing that the definition of the function f(y) im- 
plies that f(y) is uniformly pseudo-continuous on #, and by using the first 
part of the Corollary of Theorem 6. 


COROLLARY. Given any uniformly pseudo-continuous function f(y) of a vari- 
able element of t, and two functions, F,(P) and F.(P) of a variable point P of T, 
each of which approaches the boundary values f(y) with uniform pseudo-continu- 
ity, then the function F(P) =F,(P)—F.(P) approaches zero continuously on t. 


2. AN APPROXIMATION THEOREM 


The theorem to which this section is devoted does not itself directly in- 
volve functions of boundary elements, but is. essential for later work. 


THEOREM 11. Given an arbitrary Cartesian coordinate system, a positive con- 
stant €, and a function F(P) (of the variable point P:(x, y, z) of T) bounded and 
pseudo-uniformly continuous in T, then there exists a function 5(P), defined 
in T, which has the following properties: 

(1) The function $(P) is bounded and pseudo-uniformly continuous in T. 
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(2) The function $(P) has continuous partial derivatives of the first and 
second order in T, and a bounded Laplacian in T. 
(3) Throughout T, 


| — F(P)| <e. 


Since F(P) is bounded and pseudo-uniformly continuous in T, we know 
that corresponding to the given positive ¢ there exists a positive 5 such that 
the relation 


| F(P) — F@)| <> 


holds for every pair of points P and Q in T that can be joined by a continuous 
curve (lying entirely in 7) the maximum distance between two points of 
which is less than 106. We also know that there exists a positive constant M 
such that | F(P)| <M throughout T. 

We shall find it convenient to represent by D(II, p; P) the finite domain 
containing each point of T which can be joined to the point P:(x, y, z) of T 
by a continuous curve lying in T and in the interior of the sphere of radius p 
with center at a point II: (é, 7, ¢) whose distance from P is less than p. It is 
not required that II be a point of T. Every boundary point of D(I, p; P) is 
either a point of ¢ or a boundary point of the sphere described above. 

We now define a function F,(II, P), for any point P of T and any point II 
whose distance from P is less than 54, as the greatest lower bound of F(Q) 
for all points Q in D(II, 56; P). Clearly, 

| P)| M, 
for all admissible pairs of points, II and P. 

We consider now the behavior of F,(II, P’), where P’ is an arbitrarily 
chosen fixed point of T and II a variable point in the interior of the sphere S, 
of radius 46 with center at P’. Given any positive «, there exists a continuous 
curve C lying in D(II, 55; P’) and joining P’ to a point P such that 

F(P) < P’) + a. 
Let 6, be the distance from C to the surface of the sphere of radius 56 with 
center at II. Let II’ be any point whose distance from P’ is less than 46 and 
whose distance from II is less than 6,. Then P is a point of D(II’, 55; P’), and 
P’) F(P) < P’) + 


This relation shows that for fixed P’ in 7, F,(II, P’) is an upper semi-continu- 
ous function of II within the sphere S,. 


| 
t 

iz 
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We now define the function F;(II,, P) for certain pairs of points by requir- 
ing that at each point II,:(&, m, £1) (not necessarily in JT) whose distance 
from the arbitrary point P:(x, y, z) of T is less than 35 we have 


Fm, P)=— fo fan f rece, 
1-8/2 
In the integral above, the point P: (x, y, z) is held fixed in T, and the integra- 
tion is performed with respect to the coordinates &, n, ¢ of the variable point 
II over the closed cube 


Every point of this closed cube is within the open sphere of radius 46 with 
center at P, and so we know, from properties of the integrand derived above, 
that the integral has a meaning. Moreover | Fi(Ih, P)| <M, for all admissible 
pairs of points II, and P. 

We shall establish now an inequality which will prove useful later. For all 
pairs of points II, and P for which F;(II,, P) is defined, we have 


| P) — F(P)| < 


For 


&,+6/2 
| P) F(P)| =f dg an f | Fo(ll, P) — F(P)| dé, 


1-8/2 m—8/2 1-8/2 


and it is easily seen that, for all points II in the region of integration, 


| Fo(lt, P) — F(P)| > 
whence, 


| P) — F(P)| s = 


If P is any fixed point of T, then F,(I, P) is a continuous function of I, 
throughout the interior of the sphere of radius 35 with center at P. We may 
therefore define a function $(P), for an arbitrary point P:(x, y, z) of T, by 
setting 


= 


2+6/2 yt+6/2 z+6/2 ,+6/2 &,+8/2 
=f dfs f dno ake f f dn f F,(,, P)dé. 
y—5/2 3/2 {2-6/2 &,—8/2 
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For if P is a given fixed point of T, the existence of $(P) depends only on the 
behavior of the integrand, F,(Il,, P), for points II; in the closed cube 


Re’: 


no point of which is at a distance from P greater than 3'/*6. The function 
F,(1I,, P) is continuous throughout the range of integration. 
For any point P of T, we have |§(P)| <M, and also 


| $(P) — | 
2+6/2 y+6/2 z+6/2 $,+6/2 &,+5/2 
ate f am ats avs f an f 
z—6/2 —5/2 — 5/2 €,—8/2 


| P) — F(P)| 


from which we obtain 


| s(P) — F(P)| <«. 


Hence §(P) has the properties given in the first part of item (1) and in item 
(3) of the conclusion of the theorem. 

Let P’ be any point of 7, and let S,; be the set of all points within the 
sphere of radius 46 with center at P’. If II is a fixed point of S, and P a varia- 
ble point of S(P’, 5), then F,(II, P) is constant. Hence, if a variable point 
P is restricted to S(P’, 5) then F,(II, P) is a function of II alone throughout 
S,. If Il, is a variable point of the sphere S; of radius 36 with center at P’, 
then the cube 9 lies in the interior of S,. Hence if P is restricted to S(P’, 6) 
then F,(II,, P) is a function of II, alone throughout S3. 

We now define the function ,(II,, P’) for any point P’ of T and any 
point II, in the interior of the corresponding sphere S; by requiring that, for 
any admissible P’, ®,(II,, P’) coincide with the function of I], to which 
F,(1,, P) reduces when P is restricted to G(P’, 6). For fixed P’ in T, ,(II,, P’) 
is a continuous function of I, in S3, and |#,(II,, P’)| <M. We also define a 
function @(P, P’) for any point P’ of T and any point P (not necessarily in 
T) in the interior of the sphere S; of radius 6 with center at P’, by setting 


P’)= 


y+s/2 2+6/2 £,+6/2 
ats ans ats ars f an f P’)dé,. 
—6/2 y—6/2 — 3/2 $.—6/2 §,—8/2 


Let P’ be any fixed point of T. Then ®(P, P’) is a continuous function of P 
throughout the interior of the sphere S;, and |@(P, P’)| <M; moreover 
@(P, P’) coincides with $(P) throughout S(P’, 4). 


ij 
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We shall now prove that the function $(P) is pseudo-uniformly continu- 
ous in 7. In order to do this, we shall show that, given any positive e’, there 
exists a positive 5’, independent of the arbitrarily chosen point P’:(x’, y’, 2’) 
of T, such that 


| — 5(P’)| <, 
for each point P:(x, y, z) of S(P’, 5’). As a first restriction on 6’ we require 
that 6’<3-'/?§. Then every point of S(P’, 6’) is a point of the cube 
and every point of this cube is a point of the sphere S; with center at P’ 


and radius 6. Now if P(x, y, z) is a point of Rs then the points (x’, y, 2), 
(x’, y’, 2) and (x’, y’, 2’) are also points of this cube, and so we have* 
2M|x’—«| 
< 


| (x, ¥, 2; x, y’, 2’) — B(x’, y, 8; y’, 2’) | Ss 3 = 5 


Similarly, 


| &(x’, y, 2; x’, y’, 2’) — B(x’, y’, 2; 2’, 


| B(x’, y’; 2; x’, y',2) — B(x’, y’, 2’; x *)|s—— 


Adding these inequalities we obtain 
| P’) — &(P’, P’)| 


for an arbitrary point P of Ri. We infer that |5(P)—s(P’)| <6M38’/5, 
throughout S(P’, 5’). If we choose a positive 6’ less than each of the quanti- 
ties 3-26 and M-'ée’/6, then |¢(P)—5(P’)| <e’ for every point P of 
S(P’, 5’). Since the restrictions imposed on 6’ are independent of the posi- 
tion of P’ in T this means that (P) is pseudo-uniformly continuous in T. 

It remains to establish item (2) of the conclusion of the theorem. That 
§(P) has continuous partial derivatives of the first and second order in the 
neighborhood of an arbitrarily chosen point P’ of T becomes obvious when 
we replace &(P) by ®(P, P’) in S(P’, 5). We have, in particular, the follow- 
ing formula, valid in S(P’, 6): 


§(P) = dfs ane f + 5,1, $13 2’) 


—5/2 —5/2 
26, (x, M1, x’ y’ »% ’) + — 6,m, $1; x’, 2’)}dm. 


* It will be convenient in some cases to replace the symbol ®(P, P’) by ®(x, y, 3; x’, y’, 2’). 
Similarly, #,(P, P’) may be replaced by %;(x, y, 2; x’, y’, 3’). 
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From this we have 


Similarly, 


0? 4M 0? 4M 
| — §(P) <= — > and | — 
Oy? 6? 02? 


P=P’ P=P’ 


Since P’ is an arbitrarily chosen point of T, we infer that 


throughout 7. This completes the proof of the theorem. 


3. ORDINARY DOMAINS 


We now consider briefly a special type of finite domain. 


DEFINITION 23. A finite domain T is said to be ordinary if every function of 
the variable point P of T which approaches the value zero pseudo-continuously 
at each element ¥ of t approaches the boundary values f(y) =0 on t with uniform 


pseudo-continuity. 


THEOREM 12. Let f(y) be any bounded and uniformly pseudo-continuous 
function of the variable element y of the boundary of an ordinary domain T. Then 
any function F(P) which approaches the boundary values f(y) with pseudo-con- 
tinuity approaches these boundary values with uniform pseudo-continuity. 


From Theorem 9 we know that there exists in T a function F:(P) which 
approaches the boundary values f(y) with uniform pseudo-continuity. Now 
the difference between the functions F(P) and Fi(P) approaches the value 
zero pseudo-continuously at each element of ¢; therefore (since T is ordinary) 
this difference vanishes on ¢ with uniform pseudo-continuity. It follows that 
F(P) approaches the boundary values f(y) with uniform pseudo-continuity. 


THEOREM 13. There exist finite domains T, having only accessible boundary 
points, which are not ordinary. 


We shall prove this theorem by exhibiting an example. Consider the do- 
main T which is constructed by deleting from the open sphere 


+ + < 1 


all points which lie on the following surfaces: 


125 
0? 4M 
Ox? 6? 
12M 
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Zz x? y? 
1 
(+2) 
Consider now the function F(P) defined at each point P:(x, y, z) of T re- 
quiring that when 


where i = 1, 2, 3, - 


(3) 


andO<2zS}, 


we have 


F(P) = (x? + y%)(} — 2? — y*) sin 


while at all other points of T we have F(P) =0. The function F(P) approaches 
the value zero at each boundary element. But F(P) does not approach the 
boundary value zero with uniform pseudo-continuity, for if it did we could 
infer from Theorem 10 that F(P) approached zero continuously on the bound- 
ary, which would be inconsistent with the behavior of F(P) at the points 


1 2 
Pe: = — 33) 
3 


THEOREM 14. If there exists a function a(p) having a positive value at each 
point p of t and such that every sphere with center at any point p of t and radius 
less than a(p) yields, as the subset of its interior points which belong to T, a finite 
sum of finite domains, then T is an ordinary domain. 


Suppose that there exists a finite domain, 7, which satisfies the hy- 
pothesis of the theorem but is not ordinary. Then there exists in T a function 
F(P) which approaches the boundary values f(y) =0 on ¢ with non-uniform 
pseudo-continuity. There exists a positive constant ¢ such that the set E of 
all points of T at which | F(P)| > has at least one limit point on ¢. Let p be 
any such point of ¢. Let S; be a sphere with center at p and radius a(p)/2. 
The set of points common to 7 and the interior of S, consists of a finite sum 
of finite domains, of which at least one has # as a limit point. Among those 
which have jas a limit point, at least one contains infinitely many points of 
E. We choose arbitrarily a Cartesian coordinate system; it is then possible 
to specify uniquely* a particular domain, G,, having these properties. 

* Consider the point set comprising all points belonging to domains eligible for choice as Gi. 
A variable point of this set attains its maximum distance from the boundary of this set at one or more 


fixed points of which a particular one, Q, may be specified by the method explained in connection 
with the proof of Theorem 6. We select as G; that eligible domain which contains Q. 


[July 
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We now replace S; by a concentric sphere S; of radius a(p)/2?. The set of 
points common to G; and the interior of S; consists of a finite sum of finite 
domains of which at least one has # as a limit point, and contains infinitely 
many points of Z. As before we may select uniquely (relative to the previ- 
ously chosen coordinate system) a particular domain G, having these proper- 
ties. 

Proceeding in this way we obtain an infinite sequence of finite domains: 
G,, G2, G3, - - - . There exists a positive integer & such that for all integers 7 
greater than k, G; is a partial domain of T. Denoting by G/ the closed partial 
region of T’ corresponding to the partial domain G; we readily verify that 
the sequence of closed partial regions of T’:Gi41, Gis2, Gras, - - - is mono- 
tone, and so determines a component of T’. Since the diameter of G/ is at 
most a(j)/2‘*-! this component is an element 7 of ft. 

Every pseudo-spherical domain corresponding to ¥ contains points of E, 
at which | F(P)| 2. Hence F(P) does not approach the value zero at 7. This 
is inconsistent with the hypothesis of the theorem, and so establishes the 
falsity of the assumption that there exists a finite domain 7, satisfying the 
condition given in the theorem, which is not ordinary. 


III. AN EXTENSION OF THE DIRICHLET PROBLEM 


1. THE PSEUDO-CLASSICAL DIRICHLET PROBLEM 
We first consider the following proposition: 


THEOREM 15. Given a bounded and uniformly pseudo-continuous function 
f(y) of a variable element y of the boundary of a finite domain T, there exists 
at most one function U(P) of the variable point P of T which is single-valued 
and harmonic throughout T and approaches the boundary values f(y) with uni- 
form pseudo-continuity. 


The difference between any two functions which satisfy the conditions 
imposed on U(P) is a harmonic function in 7, and approaches zero continu- 
ously on ¢. Such a function is identically zero in T, and so the two given func- 
tions are identical. 


DerFiniTIon 24. Let f(y) be a bounded and uniformly pseudo-continuous 
function of the variable element y of the boundary of a finite domain T. If there 
exists a function U(P) of the variable point P of T which is harmonic in T and 
approaches the boundary values f(y) with uniform pseudo-continuity, then this 
function U(P) is called the solution of the Dirichlet problem, in the pseudo- 
classical sense, for the domain T and the boundary values f(y). 


We note that (by virtue of Theorem 10) a solution of the Dirichlet prob- 


td 
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lem in the classical sense for continuous boundary values ¢(p) on ¢ may be 
regarded as a solution in the pseudo-classical sense for boundary values de- 
fined by the corresponding function f(7) of the variable element y of ¢. 


DEFINITION 25. If a finite domain T is such that for every bounded and uni- 
formly pseudo-continuous function f(y) of a variable element vy of t there exists 
a solution of the Dirichlet problem in the pseudo-classical sense for T and f(y), 
then T is said to be pseudo-normal. 


A pseudo-normal finite domain is necessarily normal, i.e., one for which 
the Dirichlet problem is possible in the classical sense. 


THEOREM 16. Let U(P) be a function which is harmonic in T and ap- 
proaches, with uniform pseudo-continuity, boundary values f(y) such that 


S f(y) S ee, 
on t, where c, and C2 are constants. Then 

S U(P) Sa, 
throughout T; moreover if U(P) is not a constant we have 


a1 < U(P) < 


throughout T. 
Suppose that there exists a point Q of T such that U(Q) >c2. Then there 


exists a quantity 5, independent of the arbitrarily chosen element ; of ¢, such 
that 
U(Q) 
~ < 
at each point P of S(j, 5). Therefore at each point P’ of T whose distance 
from ¢ is less than 6, 


U(P’) < < U(Q). 


Consider the set E of points of T at which 


a 


Now (Q is an interior point of Z, and the set G containing each point of EZ 
which can be joined to Q by a continuous curve lying in £ is a finite domain. 
Each boundary point of G is at a distance at least 6 from ¢. Hence U(P) is 
continuous on the boundary of G; moreover it has there the constant value 
[U(Q)+c2]/2. But in the interior of G the function U(P) is harmonic and 
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UQ) + C2 
2 


U(P) > 


This inconsistency establishes the falsity of the assumption that there exists 
a point Q of T such that U(Q) >c2. Similarly it may be shown that there exists 
no point Q’ of T such that U(Q’) <a. 

Suppose that T contains a point Q; such that U(Q;) =c. Let P; be any 
other point of 7, and let G, be a domain which contains P; and Q, and lies 
(together with its boundary) in the interior of T. From a well known property 
of harmonic functions we see that U(P) =c; inroughout G;. Hence U(P;) =a, 
and since P, is an arbitrary point of T, we infer that U(P) is constant in T. 
Similarly if T contains a point Q2 such that U(Q2) =c2, then U(P) is constant 
in T. 

2. SUBHARMONIC AND SUPERHARMONIC FUNCTIONS 


In the discussions of some of the theorems given below, we shall have fre- 
quent occasion to use properties of functions which are continuous and sub- 
harmonic or superharmonic in J. We use these terms in a sense similar to 
that adopted by Kellogg*: 


DEFINITION 26. Let W(P) be a function which is continuous in T. Let G be 
a finite domain contained (together with its boundary) in T, and let u(P) be a 
function which is harmonic in © and continuous on the boundary of ©. If for 
every G and every u(P) such that W(P) su(P) on the boundary of G we have 
W(P) Su(P) in the interior of G, then W(P) is said to be subharmonic in T; 
if, on the other hand, for every G and every u(P) such that W(P) =u(P) on the 
boundary of G we have W(P) =u(P) in the interior of G, then W(P) is said to 
be superharmonic in T. 


THEOREM 17. Let W(P) be a continuous superharmonic function of the varia- 
ble point P of T. If to every positive constant « there corresponds a positive con- 
stant 5, independent of P, such that —e<W(P) for each point P of T whichis at 
a distance less than 6 from t, then 0 <W(P) throughout T. 


Let P be an arbitrarily chosen fixed point of T. There exists a domain G 
containing P, which lies in T and has a boundary each point of which is at a 
distance from ¢ which is positive and less than the 6 corresponding to a pre- 
assigned positive e. Now the function W,(P) =W(P) +e is superharmonic in 
© and has a positive minimum on the boundary of ©, and therefore a posi- 
tive lower bound in the interior of G. It follows that —e<W(P). Since ¢ is 

* O. D. Kellogg, loc. cit., p. 315 ff. Kellogg formulates the definition for a region R, which may 


be interpreted as a domain. We shall need some of the properties given in Kellogg’s treatment of 
these functions. 
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any positive number, and P any point of 7, we infer that 0 < W(P) through- 
out T. 


Coro.iary. Let W(P) be a bounded, superharmonic and pseudo-uniformly 
continuous function in T, determining boundary values* f(y) on t. If OSf(y) on 
t, then 0 <W(P) throughout T. 


THEOREM 18. Let W(P) be a function which is bounded and pseudo-uni- 
formly continuous in T. Let G be a domain (containing{ only points of T) such 
that there exists a function u(P) which is harmonic in G and approaches with 
uniform pseudo-continuity the same boundary values on the boundary of G as 
does W(P). Let W(P) be the function which coincides with u(P) in G and with 
W(P) in T—G. Then W(P) is bounded and pseudo-uniformly continuous in 
T and approaches with pseudo-uniform continuity the same boundary values 
on t as does W(P). Moreover, if W(P) is superharmonic in T, then W(P) is 
superharmonic in T, and W(P)<W(P) in T. 


From Theorem 10 we see that the function w(P)=W(P)—W(P) ap- 
proaches the boundary value zero continuously on the boundary of G and 
vanishes identically in T—G. Hence w(P) is uniformly continuous on T+# 
(when defined as zero on #) and therefore is bounded and pseudo-uniformly 
continuous in 7. Hence @(P) = W(P) —w(P) is also bounded and pseudo-uni- 


formly continuous in T, and approaches with pseudo-uniform continuity the 
same boundary values on ¢ as does W(P). 

If W(P) is superharmonic in 7, then it follows from the Corollary of 
Theorem 17 that @(P) <W(P) in G, and so in T. That W(P) is superhar- 
monic in T can be proved by the same reasoning as that given by Kelloggt 
in the demonstration of an analogous theorem: the value of W(P) at any 
point Q of T is readily shown to be greater than or equal to the average value 
of W(P) on the surface of any sufficiently small sphere with center at Q. 


THEOREM 19. Let F(P) be a function which is bounded and pseudo-uniformly 
continuous in T, and let € be any positive constant. Then there exists a function 
§(P) which has the following properties: 

(1) The function 5(P) may be expressed as the difference of two functions, 
each of which is bounded, pseudo-uniformly continuous, and subharmonic in T. 

(2) The inequality |%(P)—F(P)| <e holds throughout T. 


* That W(P) approaches (with uniform pseudo-continuity) bounded and uniformly pseudo- 
continuous boundary values on ¢, is evident from Theorem 8. 

Tt It should be noted that in this theorem there is no restriction that the boundary of % should 
be contained in T. 

t O. D. Kellogg, loc. cit., p. 317. (Proof of property 4 of superharmonic functions.) 
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We introduce a Cartesian coordinate system; then the function $(P), the 
existence of which has been established in Theorem 11, has the required prop- 
erties. This function satisfies the relation 


| — F(P)| <e 


throughout 7. Furthermore there exists a positive constant K such that 
| v25(P)| <K, throughout T. 

Let Q be an arbitrarily chosen fixed point exterior to T, and denote by ro 
the maximum distance from Q to a point of #, and by r the distance from 
Q to the variable point P of T. We set* (P) =5’(P) —S’’(P) where 


Kro Kro 
¥’(P) = ¥(P) + T, and = r. 
The functions ¥’(P) and $’’(P) are pseudo-uniformly continuous in T, and 


have continuous partial derivatives of the first and second order, throughout 
T. Moreover at any point P of T 


To 


Kro K 
= +— >0, and V°F"(P) =—>0. 
r 


This shows that $’(P) and $’’(P) are subharmonic in T. 


DEFINITION 27. By V(y, P), the pseudo-distance from an element vy of t to 
a point P of T, we mean the least upper bound of the radii of all pseudo-spherical 
domains corresponding to y which do not contain P. 


THEOREM 20. If y; is a fixed element of t and P a variable point of T, then 
W(y, P) has the following properties: 

(1) W(y, P) is a bounded and pseudo-uniformly continuous function of P 
throughout T. 

(2) In the part of T outside any given pseudo-spherical domain (not iden- 
tical with T) corresponding to y1, ¥(y1, P) has a positive lower bound. 

(3) V(m, P) approaches (with uniform pseudo-continuity) bounded and uni- 
formly pseudo-continuous boundary values (y) such that p(y) >0 on t, except 
aty and =0. 

(4) W(y1, P) ts subharmonic in T. 


We denote by 7 the distance from the point /; contained in 7; to the varia- 
ble point P of T. Let p be any constant such that S(j, p) is not identical 
with 7. Then p <7, where 7 is the least upper bound of r in T. If P is a point 
of S(j, p), and therefore a point of S(y:, p’) for some p’ less than p, then 


* In the corresponding problem in two dimensions we set F’(P) = F(P)+Kror and F""(P) = Kror. 


| 
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V(v1,P) <p. 
If Pisa point of T—S(y:, p), then 
p S P) <7. 


These relations show that ¥(7:, P) has property (2), and also that Y(y:, P) 
is bounded, and approaches pseudo-continuously the value zero at the bound- 
ary element 7. 

The function V(7, P) is pseudo-uniformly continuous in T. To prove this 
we shall show that, given any positive e, the relation 


| P’) — Wm, P”)| <« 
holds for every pair of points P’ and P”’ that can be joined by a continuous 
curve in 7, the maximum distance between two points of which is less than 
«/3. Given such a pair of points, P’ belongs to 
€ 
Vin, P’) + <) 


and consequently P’’ belongs to 


2e 
P’) + =). 


We infer that 
Vin, < Um, +. 
Similarly, 
P’) < P”) +, 
whence, 
| Yin, P’) — Wn, P”)| <e. 


Since ¥(y:, P) is bounded and pseudo-uniformly continuous in 7, it ap- 
proaches, with uniform pseudo-continuity, bounded and pseudo-uniformly 
continuous boundary values ¥(y) on ¢. That ¥(y)>0 on #, except at y=" 
where ¥/(y) =0, is immediately obvious from properties of ¥(7, P) already 
established. 

In order to show that V(7;, P) is subharmonic in T, we now define a func- 
tion 2(j1, p, P) for every positive value of p and every point P of T. If Pisa 
point of T for which r<p, but which does not belong to S(j, p), then 
Q(m, p, P) =p; for every other point P of T we set Q(j, p, P) =r. If p is 
held fast then Q(yj1, p, P) is a continuous function of P in T, subharmonic in a 
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sufficiently small neighborhood of each point of T, and therefore subhar- 
monic* in T. Moreover at each point P of T the least upper bound of 2(y:, 
p, P) for all positive p is ¥(y:, P). 

Let G be any finite domain, contained (together with its boundary) in T. 
Let u(P) be any function harmonic in G such that 


u(P) = Vin, P) 
on the boundary of G. Then 
u(P) = Pp; P), 


for any p>0O. Since 2(j:, p, P) is subharmonic in T the second relation holds 
in the interior as well as on the boundary of G. Inasmuch as V(y:, P) is the 
least upper bound of Q(j:, p, P) for all p>0, we conclude that 


u(P) P), 


throughout the interior of G. Hence ¥(j:, P) is a subharmonic function of P 
throughout T. 


3. THE SEQUENCE SOLUTION OF THE EXTENDED DIRICHLET PROBLEM 


DEFINITION 28. An infinite sequence of finite domains, 


{T;}: Ti, T2, Ts,°**; 


is said to be a pseudo-normal sequence} of domains in T if the following condi- 
tions are satisfied: 

(1) Each T; is contained in T. 

(2) Each point of T is the center of a sphere which is contained in infinitely 
many of the domains T;. 

(3) Given any domain T; and any function F(P), bounded and pseudo-uni- 
formly continuous in T, there exists a function which is harmonic in T; and 
approaches (with uniform pseudo-continuity) the same boundary values on the 
boundary of T; as does F(P). 


Condition (3) is satisfied (for a 7;<T) if T; is pseudo-normal, or if T; 
is normal and has.a boundary contained in T. Given any finite domain T 
there exist pseudo-normal sequences of domains in T, for any nested sequence 
of normal domains approximating to T satisfies all the conditions given 
above. 


* We use here theorems relating to subharmonic functions analogous to those given with respect 
to superharmonic functions by Kellogg (loc. cit.) in the exercise on p. 317, and in property 2 on p. 316. 

t Such a sequence corresponds to the sequence of closed regions Rj, Re, Rs, - - - , used by Kellogg 
(loc. cit., p. 322 ff.) in the study of the sequence solution of the generalized Dirichlet problem. 


K 
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DEFINITION 29. By the sequence of functions {U;(P)}:U,(P), U.(P), 
U:(P), - - +, associated with T, {T;} (a given pseudo-normal sequence of do- 
mains in T),and F(P) (a given function, bounded and pseudo-uniformly continu- 
ous in T), we mean the infinite sequence of functions uniquely determined* by 
the following conditions: 

(1) Uo(P) is identical in T with F(P). 

(2) For every positive integral i, U;(P) is identical in T —T; with U;_,(P), 
and in T ; with that function which is harmonic in T; and approaches (with uni- 
form pseudo-continuity) the same values on the boundary of T; as does U;1(P). 


THEOREM 21. Given a bounded and uniformly pseudo-continuous function 
fly), defined on the boundary of a finite domain T, let {T;} be an arbitrarily 
chosen pseudo-normal sequence of domains in T, and let F(P) be any function 
which is bounded and continuous in T and approaches the boundary values f(y) 
with uniform pseudo-continuity. Then the sequence of functions {U;(P)} asso- 
ciated with T, {T;} and F(P) converges in T (uniformly in any closed region 
contained in T) to a function U(P) which is harmonic in T and depends only 
on T and f(y). 


Let ¢ be an arbitrarily chosen positive constant. By Theorem 19, there 
exist functions ¥(P), &’(P) and $’’(P) such that 


5(P) = F'(P), 


where $’(P) and $’’(P) are each bounded, pseudo-uniformly continuous and 
subharmonic in 7, and 


| §(P) — F(P)| < = 


Let { U/(P)} be the sequence of functions associated with T, {7;}, and 
§’(P). Now Theorem 18 implies that throughout T each U/(P) is sub- 
harmonic, and { U/(P)} is a monotone increasing sequence of functions. Us- 
ing Theorem 16 we infer that for each non-negative integral 7, the least up- 
per bound of U/,:(P) is no greater than that of U/(P), and so we have 
U! (P) SM’ where 21’ is the least upper bound of Ug (P) =s’(P). Hence the 
sequence { U/ (P)} converges, throughout T. 

Any given point P of T is the center of a sphere S which lies in infinitely 
many of the domains 7;. Hence the sequence { U/(P)} contains a bounded 
and monotone increasing subsequence of functions which are harmonic within 
S. The convergence of this subsequence, and so also the convergence of the 


* Using the first part of Theorem 18, it is readily seen by mathematical induction that each 
U;-:(P) determines uniquely a bounded and pseudo-uniformly continuous U;(P). 
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monotone sequence { U/ (P)}, is uniform* within S. By the Heine-Borel theo- 
rem we infer that { U;’(P)} converges uniformly in any closed region con- 
tained in T. Moreover the limiting function, U’(P), is harmonic in T. 

Let {&;} be another pseudo-normal sequence of domains in T, and let 
{U/(P)} be the sequence of functions associated with T, {Zi}, and s’(P). 
For any non-negative integral i we may write 

U'(P) — Uisi(P) = [U(P) — Us (P)] + [Us (P) — 
Now [U/ (P) —U/,:(P) ] approaches the value zero continuously on ¢. Hence if 
0S U(P) — Us (P) 
throughout 7, then to any preassigned positive ¢ there corresponds a positive 
5 independent of P such that 
—e< 
at each point P of T which lies at a distance less than 6 from ¢. Using Theo- 
rem 17, we infer that if 
0s 
in T, then 
0S U(P) — 
in T. Since 
0s U(P)-—W(P), 
we see by mathematical induction that throughout 7, 


Denoting by U’(P) the limit of thesequence { U/ (P) },we have U’(P) < U’(P). 
Similarly, U’(P) sU’(P). Hence U’(P) = U’(P), in T, and we conclude that 
the limit of the sequence { U/(P)} is independent of {7;}. 

The sequence { U/’(P)} associated with T, {T;}, and $’’(P) has similar 
properties. Furthermore, if we represent by { U;(P)} the sequence of func- 
tions associated with T, {7;}, and §(P), then 


= Us(P) — Ui" (P) (t= 0,1,2,---). 


Hence the sequence { U;(P)} also converges (uniformly in any closed region 
contained in 7) to a function U(P) which is harmonic in 7, and independent 
of { T } 


* This follows from Harnack’s second convergence theorem: A. Harnack, Grundlagen der Theorie 
des Logarithmischen Potentials, Leipzig, 1887, p. 67. 


0< (i =0,1,2,---). 


136 F. W. PERKINS July 


Let {U,(P)} be the sequence associated with 7, {7;}, and F(P). Then 
the sequence associated with 7, {7;}, and §(P)—F(P) is 


{ UP) — UP)}: — Uo(P), Ui(P) — Ui(P), — Ux(P), 
Hence, 
| U(P) — U¢P)| < €/3 (i= 0,1, 2,---). 
For a bound for the first term of a pseudo-normal sequence is a bound for 
every term. 
Now given any finite closed region GU’ contained in 7, there exists a posi- 
tive integer J, independent of the arbitrary point P of G’, such that for any 


point P in ©’, and for any integral 7 and & such that 7>J and k>J, we have 
the following inequalities: 


| — < 


| — < €/3 and | Ux(P) — Ui(P)| < 


Hence, throughout 0’, 
| — Ui(P)| if 7 >J and k>J. 

Since the quantity e was originally chosen arbitrarily, we infer that the se- 
quence {U,(P)} converges in T (uniformly in G’) to a function U(P). 
Furthermore, any given point of ©’ is the center of a sphere within which the 
functions of a suitably chosen infinite subsequence of {U,(P)} form a uni- 
formly convergent sequence of harmonic functions. Hence U(P) is harmonic 
in T. Moreover, from the relations 


| U(P) — U(P)| < €/3 (i = 0,1,2,---), 


we see that 


| — U(P)| 


whence we readily infer that U(P) is independent of {T7;}. 

We shall now show that U(P) is unaltered if F(P) is replaced by another 
function F’(P) which satisfies the same hypotheses as those imposed on 
F(P). Let U’(P) be the limit of the sequence of functions {U/(P)} asso- 
ciated with 7, {7;}, and F’(P). Then 


{U{(P) — U«(P)}: Us (P) — UL (P) — Ui(P), Us (P) — 


is the sequence of functions associated with T, {7;} and F’(P) —F(P). Since 
the limit of this sequence is independent of {7;} we may assume, without 
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loss of generality, that the finite domains 7; are normal. Since the function 
F’(P) —F(P) approaches the value zero continuously on ¢, we then have a 
situation in which the earlier theory of the sequence solution for continuous 
boundary values is applicable. The function F’’(P) =0 approaches continu- 
ously the same boundary values on ¢ as does F’(P) — F(P), and so may be sub- 
stituted for F’(P) —F(P) without affecting the limit of the sequence of func- 
tions.* Hence { U/ (P) —U;(P)} converges to zero, and so U’(P) = U(P). This 
completes the proof of the theorem. 


Corotiary 1. If there exists a solution of the Dirichlet problem, in the 
pseudo-classical sense, for the domain T and given bounded and uniformly 
pseudo-continuous boundary values f(y) on t, then this solution coincides with 
the function U(P) obtained by the method described in Theorem 21. 


We may use this solution as the function F(P). Then U;(P)=F(P), 
i=0,1,2,---.Hence U(P)=F(P). 

Corotiary 2. The sequence solution of the generalized Dirichlet problem{, 
for the finite domain T of three-dimensional space and continuous boundary 
values $(p), coincides in T with the function U(P) (obtained by the method de- 
scribed in Theorem 21) corresponding to boundary values defined by the function 
S(y) which has at each element y of t the same value as does o(p) at the point p 
contained in 


The proof is immediately obvious. 

DEFINITION 30. The function U(P) the existence of which has been estab- 
lished in the proof of Theorem 21 is called the sequence solution of the extended 
Dirichlet problem for the finite domain T and the boundary values f(y). 


4, PsEuDO-REGULARITY} 


DEFINITION 31. A function V(1, P) of the variable point P of T is said 
to be a pseudo-barrier for T at a fixed element 7; of t if the following conditions 
are satisfied: 

(1) V(yi, P) is a continuous superharmonic function of P in T. 

(2) V(y1, P) approaches the value zero pseudo-continuously at ¥;. 

(3) In the part of T outside any given pseudo-spherical domain (not iden- 
tical with T) corresponding to 1, the function V(y1, P) has a positive lower 
bound. 


* See O. D. Kellogg, loc. cit., Theorem II, p. 325. 

1 By the generalized Dirichlet problem is meant the form of the Dirichlet problem in which the 
sequence solution in the form developed by Wiener or Kellogg (loc. cit.) is valid. 

t Cf. Kellogg, loc. cit., pp. 326-328. 


q 
| 
d 
4 


138 F. W. PERKINS) (July 


DEFINITION 32. An element 7; of t is said to be pseudo-regular if there exists 
a pseudo-barrier for T at 71. 


THEOREM 22. Let T™ and T® be two finite domains which have equivalent 
boundary elements y and y respectively. If y is a pseudo-regular boundary 
element of T, then y is a pseudo-regular boundary element of T. 


From Definition 12 we know that there exists an infinite sequence 
Gi, G2, G3, - - - of common partial domains of T and T® such that the 
corresponding finite closed regions form a monotone sequence of closed par- 
tial regions determining the boundary elements 7‘? of T™ and y® of T®. 
Now if a boundary point g of G, belongs to the boundary of 7, then g 
. belongs to the boundary of 7’. Otherwise g would be an auxiliary boundary 
point of G/ and of G/ with respect to T®. But this is impossible, inasmuch as 
the sequence G; , G/ , Gj, - - - is monotone with respect to T’. 

Let Vi(y, P) be a pseudo-barrier for T at y, and let 8 be the greatest 
lower bound of Vi(y, P) on the proper point set 7“ —G,. The function 
Vi(y™, P) is defined at every point of 7‘ which lies on the boundary of G, 
and at such a point Vi(y™, P)28. 

We now define a function V2(y, P) in T®: 

(1) If P is in G:, then V2(y, P) is the smaller of the numbers Vi(y, P) 
and 8, or their common value if Vi(y, P) =8. 

(2) If Pisin —G,, then V2(y, P) =8. 

Now V2(y, P) is a pseudo-barrier for T at y®. It is clear that V2(y, P) 
is continuous and superharmonic in 7. Moreover, from Theorem 5 it fol- 
lows that for sufficiently small positive 5, the pseudo-spherical domain 
S(y, 5) of T is contained in G,. Consequently 


P) SVily™, P), 


in S(y, 5). From this relation, and from the fact that for sufficiently small 
positive 5 the pseudo-spherical domains S(y, 6) of T® and S(y, 8) of 
T® are identical sets of points, we infer that V2(y, P) approaches the 
value zero at the boundary element 7 of T, and that in the part of T 
outside any given pseudo-spherical domain of JT (not identical withT)cor- 
responding to y?, the function V2(y, P) has a positive lower bound. 

From the existence of the pseudo-barrier V2(y, P) we conclude that 


y is a pseudo-regular boundary element of T®. 

CorROLLARY. The answer to the question whether or not a given boundary ele- 
ment y; of T is pseudo-regular depends only on the character of that part of t 
which also belongs to the boundary of a pseudo-spherical domain, of arbitrarily 
small preassigned radius, corresponding to 1. 
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For such a pseudo-spherical domain has a boundary element 7 equivalent 
to the boundary element 7; of T. 


THEOREM 23. Let y: be any fixed boundary element of a given finite domain 
T, and let U(P) be the sequence solution of the extended Dirichlet problem for T 
and arbitrary bounded and uniformly pseudo-continuous boundary values f(y). 
Then a necessary and sufficient condition that every such function U(P) ap- 
proach with pseudo-continuity at y; the corresponding boundary value f(y) is 
that the element y; be pseudo-regular. 


We shall first establish the necessity of the given condition. For this pur- 
pose let U(P) be the sequence solution of the extended Dirichlet problem for 
T and the boundary values ¥(y) determined on ¢ by the function ¥(j, P) 
representing the pseudo-distance from 7; to the point P of T. We shall prove 
that the given condition is necessary by showing that if, in this particular 
case, the function U(P) approaches pseudo-continuously the value ¥(7y:) at 
the boundary element 7, then U(P) is a pseudo-barrier for T at 71. 

Let {7;} be any pseudo-normal sequence of domains in T. The function 
U(P) may be obtained as the limit of the sequence of functions {U;(P)} as- 
sociated with T, {7;}, and ¥(y, P). Now V(y:, P) is subharmonic in 7, and 
so {U;(P)} is a monotone increasing sequence, and 


U(P) & P), 


throughout 7. That U(P) is a pseudo-barrier for T at 7 is now obvious from 
the properties of pseudo-distance given in Theorem 20. 

In order to establish the sufficiency of the given condition, we now let 
U(P) be the sequence solution of the extended Dirichlet problem for T and 
arbitrarily given bounded and uniformly pseudo-continuous boundary values, 
f(y). We shall show that if there exists a barrier, V(y, P), for T at a given 
element ¥; of ¢, then to any preassigned positive e there corresponds a positive 
6 such that 


| U(P) flr) | <e, 


throughout S(y:, 5). We may assume, without loss of generality, that 
V(y:, P) is bounded* in T. 

Let F(P) be any function which is bounded and continuous in T, and ap- 
proaches the boundary values f(y) with uniform pseudo-continuity.t There 
exist positive constants 5, B, and b such that 


* The existence of a pseudo-barrier for T at 7: implies the existence of a bounded pseudo-barrier 
for T at 71, as may be readily seen from the discussion of Theorem 22. 
{ The continuity of F(P) in T is necessarily pseudo-uniform, by Theorem 8. 


> 
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| F(P) fin) |< in 8), 


Vin, P), in T— S(n, 4), 
and 
| F(P) — fim) | < Bb, in T— S(m, 4). 
From these inequalities we infer that 
| F(P) — fm) | < BV(n, P), in T — 8), 
and 
| F(P) — fr) | < BV (ms, P) + > in T. 


Let {7;} be any pseudo-normal sequence of domains in T, and let 
{U,(P)} be the sequence of functions associated with T, {7;}, ahd F(P). 
From the Corollary of Theorem 10, we know that given any positive e’ and 
any non-negative integer 7, there exists a positive 6/ , independent of P, such 
that 


—é < — 


at each point P of 7;,; at a distance less than 6! from the boundary of Ti4:. 
Suppose now that for each point P of T we have also, for some such i, 


+ BV (1, P) + ~ UXP), 


a relation which is already known to be valid when i =0. Then for each point 
P of T;4; at a distance less than 5/ from the boundary of 7:4; we have 


[send + BV, P) + 
From Theorem 17 we infer that 
Ke + P) + <| 


throughout 7;4:, and so throughout T. By mathematical induction we con- 
clude that for every non-negative integer 7, 


o< + P) + ~ 


throughout 7. 
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By allowing z to become infinite in this relation we see that 
€ 
U(P) S fim) + BV(m, P) + = 


throughout T. By analogous reasoning we infer that 


U(P) = f(m) — BV(n, P) 


throughout 7. Now there exists a positive 5 such that 
€ 
0< Vim, P)< 


throughout G(7:, 5). Hence we have 
| U(P) <e, 
throughout S(7:, 6). This relation establishes the sufficiency of the given con- 
dition. 
Coroiary. If T is an ordinary finite domain and if each boundary element 
of T is pseudo-regular, then T is pseudo-normal. 


The validity of this proposition is readily established by the use of Theo- 
rems 12 and 23. 


THEOREM 24. If the point p contained in a given boundary element y of T 
is a regular boundary point of some partial domain G of T corresponding to a 
closed partial region of T' which contains y, then y is a pseudo-regular bound- 
ary element of T. 


We may choose a positive number p; such that S(y, p:) is a proper subset 
of G. If pi>p2>ps> --- , pi 0, then S’(y, pr), S'(y, S’(y, ps), 
determines y. Let U(p, P) be a barrier for G at p. For each 7>1 let 8; be 
the greatest lower bound of U(p, P) in G—G-S;, where S; is the interior of 
the sphere of radius p; with center at p. We now define V;(y, P), 1=2, 3, 
4,---, by requiring that 

(1) if P is in S(y, p,) then V;(y, P) is the smaller of U(p, P) and §i, or 
their common value if U(p, P) =8;; 

(2) if Pisin T—G(y, p,) then V.(y, P) 

For fixed y each of the functions V;(y, P) is continuous and superharmonic 
in T, and 0<V,(y, P) SB2, i=2, 3, 4, - - - . Hence 


Viv, P) = P) 
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is continuous and superharmonic in 7, inasmuch as the series is uniformly 
convergent in T. Now in G(y, p2) 


P) U(p, P)- 
t=2 
Hence (considered as a function of P) V(y, P) approaches the value zero 
pseudo-continuously at . On the other hand, given any positive p, we can 
choose k so that G(y, px) is a subset of S(y, p). In T—G(y, p), 


Viv, P) = 2-8; > 0. 
i=k 


Hence V(y, P) is a pseudo-barrier for T at 7, and the theorem is proved. 
We now consider two lemmas*: 


Lemma 1. Let T be a finite normal domain. Then to each point p of t there 
corresponds a function W(p, P) of a variable point P of T having the following 
properties: 

(1) W(p, P) is bounded and harmonic in T. 

(2) Given any positive € there exists a positive 5, independent of p, such that 
if pP <6 then |W(p, P)| <e. 

(3) W(p, P) > pP; throughout T. 


For fixed p we take W(p, P) as the solution of the Dirichlet problem with 
boundary values w(p, g) = pq on t. Then W(p, P) —pP is superharmonic in 7, 
and approaches the boundary value zero continuously on ¢. Hence items (1) 
and (3) of the conclusion of the lemma are valid. 

Given any point fi, of t, there exists a positive 5(f,) such that W(f:, P) 
<«/2 for each point P of T such that piP <6(p:). Furthermore, 


W(p, P) S W(pi, P) + 


for any point P of T and any pair of points and f; on ¢. This follows from 
the fact that W(p, P) -W(, P) is harmonic in T and approaches continu- 
ously the boundary value pq- pig at the arbitrary point g of ¢t. Hence for 
and p,P <4(p:) we have 


0<W(p, P)<e. 
This implies that each point p, of the bounded closed set ¢ is the center of 
a sphere S(p;) such that if P and are any points of T and ¢ respectively 


* I wish to thank Professor J. J. Gergen for many helpful suggestions in the revision of this 
paper, particularly in connection with these lemmas and their application to Theorem 25, which was 
originally stated and proved only for ordinary domains. 
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which lie in the interior of the same S(p;) then | W(p, P)| <e. By the Heine- 
Borel Theorem there exists a finite set of overlapping spheres of this type 
enclosing ¢. There exists a positive constant 6, independent of ~, such that a 
sphere of radius 6 with center at any point of # lies entirely in the interior of 
some sphere of this finite set. For this 6 the assertion given in item (2) of the 
conclusion of the lemma is valid. 


Lemma 2. Let T be a finite normal domain. Then to each element y of t there 
corresponds a function V(y, P) of a variable point P of T having the following 
properties: 

(1) Vy, P) is bounded, continuous and superharmonic in T. 

(2) Given any positive e, there exists a positive 5, independent of y, such that 
| V(y, P)| <e for every P in S(y, 8). 

(3) Given any p such that 0 <p <p (where 25 is the diameter of T) there exists 
a positive b(p), independent of y and P, such that b(p) <V(y, P) for every point 
P in the proper set T —S(v, p). 


Choose 5>pi>p2>p3> ---,s0 that p; tends to zero. We now define a 
set of functions V;(y, P), i=1, 2, 3, --- , for any y of ¢ and any P of T by 
making the following requirements: 

(1) If P is in S(y, p,) then Vi(y, P) is the smaller of W(p, P) and p; 
(where # is the point contained in y) or their common value if W(p, P) =pi. 

(2) If Pisin T—G(vy, p:), then Vi(y, P) =pi. 

For fixed y, each V;(y, P) is bounded, continuous and superharmonic in T. 
Moreover, 0<V.(v, P) Sp:, throughout T. Hence, for each ¥ of é, 


V(y, P) = 2-*Vi(y, P) 


i=] 
is continuous and superharmonic in 7; also, 
0< V(y, P) S P), 


throughout 7. Hence items (1) and (2) of the conclusion of the lemma are 
valid. Moreover, given any p such that 0<p<j, we can choose, independ- 
ently of y, an integer & such that (v7, px) is contained in the partial domain 
S(y, p) of T. We have then in T—G(y, p), 


P) = Dd 
tok 


Choosing 6(p) as the value of the series given in this relation, we see that 
item (3) of the conclusion of the lemma is valid. 


THEOREM 25. If T is a normal finite domain, then T is pseudo-normal. 
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Let U(P) be the sequence solution of the extended Dirichlet problem for 
the normal finite domain T and arbitrarily assigned bounded and pseudo- 
uniformly continuous boundary values f(7). We need to show that given any 
positive ¢, there exists a positive 6 independent of the arbitrarily chosen ele- 
ment 7; of ¢, such that 


| U(P) fim) | 


throughout S(y:, P). 

Let F(P) be any function which is bounded and continuous in T and ap- 
proaches with uniform pseudo-continuity the boundary values f(y) on ¢t. We 
may then choose, independently of 71, a positive quantity 6 less than half: 
the diameter of 7’ such that in S(y, 6) 


| F(P) — f(m)| < «/2. 


Let us now consider again the reasoning by which we established the 
sufficiency of the condition given in Theorem 23. Since T is now assumed 
to be normal we may use as a pseudo-barrier V (7:1, P) the function introduced 
in Lemma 2. We know then that there exist constants 6(6) and B(), inde- 
pendent of 71, such that 


< Vivi, P), in T — S(v:, 4), 
and 
| F(P) — fln)| < BGG), in T— 8). 
Hence, 
| F(P) — fir) | < B@V(m, P)+«/2, T. 
By the same reasoning as that used in the proof of Theorem 23, we infer that 
| UP) — fn) | < BOV(n, P) + ¢/2, 


throughout 7. Again using Lemma 2, we may choose a positive constant 6, 
independent of 7, such that 


€ 
0< P) 
(11 ) 2B() 


in S(y1, 6). Hence 
| U(P) fim) | <«, 
in S(y:, 6). This completes the proof of the theorem. 


DarTMOUTH COLLEGE, 
Hanover, N. H. 


THE EQUIVALENCE OF PAIRS OF HERMITIAN 
MATRICES* 


BY 
: M. H. INGRAHAM anp K. W. WEGNER 


Two pairs of m-ary Hermitian forms with Xn matrices A, B and C, D 
with elements in the complex field are equivalent if there exists a non- 
singular matrix T such that T’AT=C and T’BT =D, where T’ is the conju- 
gate-transpose of T. 

As is usual in the study of equivalence of pairs of matrices the work 
divides itself into the consideration of the non-singular and singular cases. 
These two cases are taken up in Parts II and I respectively. 

In the non-singular case the rank of pA +cB is n except for special values 
of p and a. It has frequently been pointed out that in this case no generality 
is lost by assuming B is of rank n. 

In the singular case the rank r of pA+cB is less than m for all values of 
p and a, but as above no generality is lost in assuming that the rank r of B 
is the maximum rank of pA +cB. 

By the elementary divisors of a pair of matrices A, B is meant the ele- 
mentary divisors of A—\B when B is non-singular, and the elementary di- 


visors of pA+oB when B is singular but the determinant |pA+oB| is not 
identically zero in p and o. In the non-singular case, the well known necessary 
and sufficient condition for the equivalence in any field of pairs of bilinear 
forms, or of their corresponding matrices, and for the equivalence in the field 
of complex numbers of pairs of symmetric matrices is that the pairs have 
the same elementary divisors. This condition is known to be not sufficient 


* Presented to the Society, April 7, 1934; received by the editors June 27, 1934. Part II is in 
essence a dissertation of Dr. Wegner, written at the University of Wisconsin. Part I is in general the 
work of Professor Ingraham. 

The subject of this paper has been the source of a considerable amount of current investigation 
some of which has led to results which in part are equivalent to some of those arrived at here. Dr. 
Wegner presented a paper containing his results at the April, 1934, meeting of the Society, the 
abstract appearing in the Bulletin of the American Mathematical Society, vol. 40, No. 1, January, 
1934, as abstract No. 103. Simultaneously Dr. G. R. Trott obtained by somewhat analogous methods 
results which were equivalent to those of Dr. Wegner. These along with the proof of their equiva- 
lence are given in the American Journal of Mathematics, vol. 56, July, 1934, pp. 359 ff.: On the 
canonical form of a non-singular pencil of Hermitian matrices. Since preparing this paper it has been 
brought to the attention of the authors that Professor Turnbull had considered this problem and 
would soon publish a paper on the subject. The authors immediately submitted a copy of this paper 
to Professor Turnbull and in reply received word that the treatments were totally different, his 
treatment following the analogous classical treatment for the case of real quadratic forms. 


145 


146 M. H. INGRAHAM AND K. W. WEGNER [July 


for the equivalence in the field of real numbers of pairs of real symmetric 
matrices. This is illustrated by the pairs of one-by-one matrices 


A=(1), B=(1); C=(—1), D=(—1) 


which have the same elementary divisor (A—1), but for which there obviously 
exists no real P=(p) such that P’AP =p?=—1. In 1905 Muth* gave the 
necessary and sufficient conditions for the real equivalence of real symmetric 
matrices. 

It has sometimes been stated that for the non-singular case the coincidence 
of the elementary divisors of the pairs is also a sufficient condition for the 
equivalence in the complex field of pairs of Hermitian matrices. That this is 
not the case is illustrated by the above pair considered as Hermitian matrices, 
there existing no P = (p) such that P’AP =$p= —1. The present paper gives 
the necessary and sufficient conditions for the equivalence of pairs of Her- 
mitian matrices. Although the method of proof is much simpler, the con- 
ditions for the non-singular case are the same as those arrived at by Muth 
for the real symmetric case, a result which is entirely reasonable when one 
considers that Hermitian matrices should be thought of as a generalization 
of real symmetric matrices. Also, when one remembers that the necessary 
and sufficient conditions for the real equivalence of two real symmetric 
matrices or for the equivalence in the complex field of two Hermitian 
matrices is that they have the same rank and the same index, the results of 
Part II of this paper seem quite reasonable when stated in the following 
form: 


THEOREM. Two pairs of Hermitian matrices A, B and C, D, where | B| +0 
and | D| <0, are equivalent if and only if 

(1) they have the same elementary divisors, 
and 

(2) the matrices B(B-1A —\I)" and D(D-*C —XI)* have the same index for 
all positive integral n and real . 


Dickson’sf treatment of the singular case is reduced to the above men- 
tioned erroneous treatment of the non-singular case. A direct reduction to 
the non-singular case, leading to a canonical form and using the Hermitian 
properties of the matrices involved, has been found. This is given in Part I. 
Part II, which treats the non-singular case, may be read independently of 
Part I. 

* Muth, P., Uber reelle Aquivalenz von Scharen reeller quadratischer Formen, in Journal fiir die 
reine und angewandte Mathematik, vol. 128 (1905), pp. 302-321. 

t Dickson, L. E., Singular case of pairs of bilinear, quadratic, or Hermitian forms, these Transac- 
tions, vol. 29 (1927), pp. 239-253. 
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I. SINGULAR CASE 


In this section the finding of a canonical form for a pair A, B of Hermitian 
matrices is reduced to the treatment of a pair of lower order. By successive 
reductions the problem is completely solved or is finally reduced to the treat- 
ment of the non-singular case. 

Consider a pair of nn Hermitian matrices A, B such that the rank of 
pA-+oB never exceeds r, the rank of B. Without loss of generality we may 
assume that B is of the form 


By 0 I, 0 
(1) | where By; = : 
0 0 
I, is the k Xk identity matrix, the 0’s stand for 0 matrices, and r=s+4. 
Let 
Au Ais 


Aiz As 


where A, is an rXr Hermitian matrix, Ai: is anr X(m—r) matrix, and Az 
is an (n—r)X(n—r) Hermitian matrix. Since the rank of A+oB never ex- 
ceeds r, Ao. =0, for if that were not the case there would be a minor of order 
r+1 the determinant of which would have +o" for the leading term in oa, 
where k is a non-zero element of Age, and hence this determinant is not identi- 
cally zero. 
Thus 
| +oBy Ax 
Ai 0 
where A;,+o¢B, is non-singular, i.e., of rank r except for a finite number of 
values of o, and the rank of A+oB never exceeds r. Clearly, 
(An + oBy)(Au + = Are 


and from above the same relation must hold between the columns of the last 
n—r rows of A+oB and hence 


(2) Ai(An + = 0. 


Since B,, = B,;"', for sufficiently large values of ¢ we have the expansion 


1 1 1 
(An + oBy) = — By — — Bu AnBu + — By(AnBu)? , 
o? o 


and therefore from equation (2) we see that 


(3) A12BuAiz = 0 
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and in general 


(4) Ai2Bu(A n> 0 


If we let 
A 
| 121 
A122 


where Aj»; is an sX(m—r) matrix and Ais isa #¢X(m—r) matrix, condition (3) 
becomes 


(5) Ai21A 11 122) 


and hence the ranks of A12: and A122 can not exceed the smallest of the three 
numbers s, ¢, and”—r. 

We shall specify that in our canonical form for the pair A,B, B as defined 
in equation (1) be left invariant. 

Let 7 be a non-singular matrix 


Tu Ti2 
T21 T 22 


with the same conventions as above for the dimensions of the sub-matrices 
and satisfying the condition 


(6) T'BT = B. 


This condition is equivalent to the following three conditions: 


(7) TuBuTu = Bu, Ti BuTi2 = 0, Ti2BuT 12 = 0. 
From the first of these conditions it follows that 7; must be non-singular 
and hence from the second condition we see that 7}.=0. Since T is non- 
singular, 722 must be non-singular. 
If F=T’AT, we have, using the same conventions as above, 
(8) Fy = TyA uli + TxAuTu + 21, 
(9) Fig = = Fn, 
(10) Fee = 0. 


As a special case we may take 


Su 0 | 


Ses 


[July 

| | 


1935] HERMITIAN MATRICES 149 


where Sy is an s Xs unitary orthogonal matrix and S22 is a /X# unitary orthog- 
onal matrix, and for this case 


Fin = 331A and Fi22 = 322A 1227 22. 


Let the rank of Ain be i. It is readily shown that, by a proper choice of Su, 
Si1A 121: may be taken as a matrix in which all the elements below the /,th row 
are zero. This being the case, it is readily seen that 722. may be so chosen that 


Fm 
0 
Although 72. may have been determined, S22 may be so chosen that all 
but the last / rows of F22 are zero, where / is the rank of A122, and such that 
in these last / rows, if for the ith and (¢+1)st rows a;; and a;41,; are the first 
non-zero elements, then 7 <k. We may also pick S22 such that these first non- 
zero elements are positive real numbers. From these conditions and the fact 
that according to (5) 


we see that 


Fi22 | 


0 0 | 


h, 0 


and that J, is the rank of Ay. In order not to accumulate notations we will 
assume from now on that 


Ii, 
(11) = ||0 
0 


where, of course, if ],="-—r the second column of zeros is absent. Call J, the 
first invariant sub-rank of A. 
We will now use only such transformations T as will leave B and the Ai 
invariant. Let 
Tu S 
and 
S = (Si;) (i= 1, 2, 3;j= 1, 2, 3), 


Sun and S33; being matrices and Sz an (r —21;) X (r — 2h) matrix except 
where 7 —2/,=0, in which case the second row and column of S are deleted. 
Let 
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h, 0 0 
Bi=|0 Bu of, 
0 0 
where Bi? is an (r X(r matrix of structure similar to Bu with s—, 
plus ones and ¢—/, minus ones on the main diagonal and elsewhere zero. 
From (9), we see that S’Aw722=Ax, and from this and the fact that 722 is 
non-singular, it follows that 


= 
0 

where K is an 1, Xl, non-singular matrix. Hence, remembering the form (11) 

for Aiz we see that 

(12) = K-—Su, 

(13) = K — S33, 

(14) = — Sie. 


Kk’ 0O 
0 


Making these substitutions in the form for S, we see that the conditions that 
S’BuS = By are 
(15) — + =, 


(16) Sa + K’Sy» = 0, 
(18) = BY 


(19) + Sos = 0, 
(20) R'K — B'Sss — SisK + Ses = — 
Subtracting the conjugate-transpose of (16) from (19) we get 


(1) 


(S23 S21) = 0 


and since Bi? is non-singular and, by (18), Sz: is non-singular, we see that 


(21) Sor = 


Since K is non-singular, from (16) we see that 

(22) Sig = — 

Using (21) and subtracting (17) from (15) we see that 
+ — K'K = Ih, 


(1) 


ll Soe. 
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that is, 
(23) Su + S33 —-K= 


Since subtracting (17) from (20) also yields (23) we see that conditions (17), 
(18), (21), (22) and (23) are equivalent to conditions (15) to (20). Moreover, 
it may be seen that S:: may be chosen arbitrarily, that S22 need only. satisfy 
(18), and that Si: and S33; may be determined so as to satisfy (17) and (23). 

Let us now turn our attention to equation (8) for Fy, and, in particular, 
study the last two terms T41271+7 14127 which we will call M. 


If 


| Tou T212 T213 
T21 
To214 T215 
we see that 


M = 0 
and we see, since K is non-singular, that Mu=K’T21+7mK may be taken 
as an arbitrary /, X/, Hermitian matrix and that Mi. = K’T22 and Mis= K’'Tas 
+T2:K may be chosen as arbitrary matrices of the correct dimensions; that 
Ma 2, and that — Mx. If now we write 
Gu Gis Gis 
A 1 = G= Cis Geo Gos ) 
Gis Ges G33 


we see that condition (4) with #=1, namely, that A12BuGBuA2=0, reduces 
to 


G33 = Gis + Gis — Gu. 


Hence M may be so chosen that 


Fy = TrAuTu + M 
will be of the form 
0 0 0 


(24) 0 A? AD 


0 Aa’ 0 
12 


We may consider Ay to be in this form from now on. We must now study 
transformations T which leave B and By invariant and which leave Fy, in 
form (24). Letting H =S’AuS, we see that 
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Hig = Sea + K’A® — — Siz, 


(25) Haz = SA — S12 — Sie, 


Hes = Soy ‘Sa + 522A Sas. 


If M is so chosen that 

0 0 0 

Fe Fis 

0 FH 
then = 
(26) Fu = 0, Fy = He, 
and 

Fiz = Ho — S224 12(S33 + Su K), 

and by (23), 
(27) Fir = 
If in (26) and (27) we replace 


Fu, Fiz, Pee, Au, and Aiz by Fis, Fee, Au, and 


and replace 
by Tu, Siz by — Tn, and K’- by T22, 
we arrive at conditions (8), (9) and (10), and if in addition Bj} be replaced 
by Bu, (18) becomes (7). A® +oB, which is equal to 
oli, 0 0 
0 
0 Aa — ol, 


has the same rank as 


oli, 0 
0 An+oBy 
0 Aa’ 
12 
0 0 
0 0 
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0 0 0 
0 0 0 0 0 
0 0 0 
ie 0 0 
0 0 oll, 
0 0 
0 0 0 
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and hence, since A“)-+o¢B must have the same rank as B except for a finite 
number of values of a, the matrix 


(1) 
Ayu + oBy Ais 


Aw? 0 
ll 


must have the same rank as B{}. This completes the reduction of the prob- 
lem to the consideration of a pair of matrices of order r. Let /2 be the first 
invariant sub-rank for A“), B™, etc. Finally at some stage /; is zero and then 
A‘&~ is zero and (8) reduces to the consideration of the non-singular case 
of the reduction of A‘, B‘®, This completes the proof of the sufficiency of 
the conditions of Theorem 1. The necessity may be readily checked from 
the above considerations. 


THEOREM 1. Two pairs of Hermitian matrices A, B and C, D where the 
rank of B is maximal for pA+oB are equivalent if and only if 

(1) B is equivalent to D; 

(2) the invariant sub-ranks are equal; 

(3) the non-singular pair is equivalent to the pair C\, 


IT. NON-SINGULAR CASE 


1. Preliminary reduction of pair. Consider any pair of Hermitian mat- 
rices A, B with complex elements and such that the determinant |pA+oB| 
is not identically zero in p and o. As stated above, no generality is lost in as- 
suming that | B| 0. Calling G the classical canonical form (described below) 
of B-'A, we know there exists a matrix T such that 


G = = = 


where B,=7’BT and A,=T’AT. Therefore we lose no generality in allowing 
the pair A, B to be such that B-'A =G is in canonical form. 

We shall call a matrix whose elements are all zero except for square blocks 
along the main diagonal a diagonal block matrix. It shall be shown that there 
exists a diagonal block matrix E determined by G such that E= E’=E-! 
and such that B must be of the form ES, where S; is a matrix commutative 
with the canonical form G. A canonical pair A., B, for A, B will then be ob- 
tained by showing that it is always possible to find a non-singular matrix S$ 
commutative with G such that 


B. = S'BS and A, = S’AS = B,G. 


Let the elementary divisors of A —\B be (A—X,)**. Call J; the square matrix 
of order e; having ones in the diagonal above the main diagonal and other- 


| 
| 
| 
1 
| 
1 
44 
t os 
on 
2 
ue 
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wise zeros. Call J the identity matrix of order e;. We may then describe the 
canonical form G as a diagonal block matrix having a block (A;J £ +J;) corre- 
sponding to each elementary divisor (A—),)**. We may assume that blocks 
of G which correspond to conjugate imaginary pairs of elementary divisors 
are adjacent blocks. Call Z; the square matrix of order e; with ones along its 
secondary diagonal and otherwise zeros, i.e., having elements (c;,) where 
=1 for 7+k=e;+1, and c;,=0 for 7+k#¥e;+1. Define as a diagonal 
block matrix such that a block (A,;J,°+J/;) of C corresponds to a block E; of 
E when ), is real, and two blocks (A.J? +J;) and (A,J 2 +J,) of G correspond 
to one block 


of E when X,; is not real. (In this paper the symbol 0 used in this way repre- 
sents a matrix all of whose elements are zero.) This Eis such that E = E’ = E-! 
and EGE =G’, whence, since we are assuming B-!A =G, 


A =A’ = BG = G’B = EGEB, 


and therefore 
EBG =GEB. 


Hence B must be of the form ES, where S; is a matrix commutative with G. 

The form of any matrix S commutative with the canonical form G will 
now be described. To facilitate this description, we may assume that the 
blocks of G are arranged so that those corresponding to elementary divisors 
involving the same root appear in non-increasing order with respect to size. 

Call Ix, e;2e,, the e;Xe, matrix made up of J? augmented below by 
e;—e, rows of zeros. S is a block matrix of the following form: To the block 
(A.J? +J;) of G corresponds a block S;;(J;) of S, where S;; is a polynomial 
with complex coefficients. When e; 2 ex, there is also an e; Xex block of 
the form J;,5;,(J,) in the columns of S;,(J;,) and the rows of S,;(J;), and an 
ex Xe; block of the form S;;(J,)E,Ji.E; in the rows of Six(J,) and the col- 
umns of S;;(J;). 

B=ES will then be a block matrix of the following form: Considering 
first the blocks related to elementary divisors involving real roots we find 
that to the block S;;(J;) of S corresponds a block E;B;,(J;) of B, to the block 
x) of S the block Ed of B, and to the block cE; 
of S the block B;.(J’ )Ii,£; of B. Considering then double blocks related to 
conjugate imaginary pairs of elementary divisors we find that to 


oe 0 | 
0 Siso(J i) 


ol 
E; 0 
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of S corresponds 


0 
)E; 
of B; to 


0 
of S corresponds 


| 0 
x) 
of B; and to 
Eel inE; 
0 

of S corresponds 

| 0 

of B. 
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E;Biin(Ji) 
0 


0 
TiS x) 


Ey x) 
0 


Ex 


| 
0 


2. Reduction of pair to canonical form. The canonical pair A.,B, that we 
shall obtain has the following form: B, is a diagonal block matrix with blocks 
of the same dimensions as those of E, a block E; of E corresponding to a block 


e,E; of B., where ¢;= +1, and a block 
| 0 
E; 


of E corresponding to a block 


| 
0 


0 


of B.. A-=B.G is also a diagonal block matrix with blocks of the same dimen- 
sions as those of E, a block E; of E corresponding to a block ¢€;E;(A;J? +J;) 


of A., and a block 


of E corresponding to a block 
0 
+ Ji) 


+ 
0 


4 
t 
{ 
d 
we 
bag 
E; 0 
of A.. 
£32 
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Suppose the real elementary divisors (A —\;)*‘ of A,B divide into m classes 
of equal elementary divisors (i.e., involving the same root and the same ex- 
ponent). For each class define a o as the sum of the e’s corresponding to the 
elementary divisors of that class. It will be shown in §3 that these m o; are 
invariants of the pair A,B. 

To reduce to this canonical pair we shall show that it is always possible 
to choose a non-singular matrix S commutative with the canonical form 
G=B-'A so that S’BS=B.. It follows that 


(1) = S'AS = = = B.G. 


Because of the block form of B and S it is evidently necessary to consider 
elementary divisors involving but a single real root, or a pair of conjugate 
imaginary roots. The reduction is divided into eight cases. In Case I the 
canonical form is obtained for a pair of matrices having but one real elemen- 
tary divisor, and in Case II for a pair of matrices having but one pair of con- 
jugate imaginary elementary divisors. Every other situation is shown to de- 
pend essentially on Cases I and II. In Cases ITI and IV induction is used to 
obtain the canonical forms where there are any number of distinct (i.e., with 
distinct exponents, but involving the same characteristic root) and no re- 
peated, elementary divisors (III) and any number of distinct, but no re- 
peated, pairs of conjugate imaginary elementary divisors (IV). In Cases V 
and VI the situations of a cluster of equal real elementary divisors and a 
cluster of equal pairs of conjugate imaginary elementary divisors are reduced 
so as to be handled by the methods of Cases III and IV. Finally, in Cases VII 
and VIII, induction on Cases V and VI is used to cover the situation of any 
number of clusters of equal real elementary divisors and of any number of 
clusters of equal pairs of conjugate imaginary elementary divisors. 

Before taking up these cases, it will be well to list some relations that shall 
be used repeatedly in the reductions: 


(2) Ji =0 when j = ¢;; 
(3) P(J{)E; = E:P(VJ;), P a polynomial; 
(4) PiJ = TjxPo(Jx), P, and polynomials; 
(5) Exl jt Ej] jx = 
(6) Tis] jx = Tine 
Also, it will be found convenient in some of the reductions to use for refer- 
ences the following multiplications, in which § ;;, B;;, and R;; are themselves 


matrices, square if i=7. 
If 
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Bu Biz 
Bis Boo 


and 
\|0 I 


then 
(7) BS ll wt Biz) | 
(Siz Bu + $2(8uS 12 + Biz) + 


If 
I 0 


0 Rex 


B B 
and B = 12 


Bis Baz 


(8) R’BR = 
Bio Ree Bo2 R22 
In some of the cases below, manipulative details have been omitted. Those 
interested may refer to the doctor’s thesis, University of Wisconsin, 1934, by 
K. W. Wegner. 

Case I. A single elementary divisor (A—):)*. 


€1 
S = S,Ji) = B= E,B,(J;) = b Ji; 


t=1 
S’BS = SiJi \E,Bi(J = by (3) 
= + + + (25issb1 + 5221 + + 2 
+ (2sis4b1 + 25953b1 + 2siSsbe + + 2515063 + + 
+ + 2525¢,-1b1 + J], 
using (2) and choosing the s; to be real. The element J; is real since B is 
Hermitian and 5:0 since | B| ~0. Hence we may choose s;=(+5:)-"? and 
$;,]7=2, 3, +++, €1, so that the coefficient of J,*-! in the last expression for 
S’BS above is zero. Then S’BS=S’BS= +E,J? = 
Case II. Elementary divisors: (A—:)*, (A—A1)%, 
Si(J1) 0 | nw | 0 E,B,(J1) | 
0 | 
) )E:Si(J1) 0 j 


Choose S;(J:) = and call 


s=| 


S’BS = 


e1 


BU) = Ss) = 


i=1 t=1 


| 
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= E,[s:bJ + (seb. + Sib2)Ji + + + Sib3)J? 
+ + + + + sib.) Ji]. 


Since | B| ~0, we know 6,~0. Hence we may choose s;=1/b; and s;, 7 =2, 
3, - + + ,€1, 80 that the coefficient of J,*—' in the above expression is zero. Then 


S’BS = 


Case III. Elementary divisors: 


In (7) we may take 

Su of the form described for S in §1 with k—1 diagonal blocks and 
3(k—1)(k—2) blocks above the diagonal. The 3(k —1)(& —2) blocks below the 
diagonal are taken to be zero; 

S12 a matrix of dimensions (e:+¢e2:+ - - - +e._1) Xe, made up of matrices, 
each above the next, of the form J;,S;.(J,),i=1, 2, ---,(k—1); 

Bu of the form described for B in §1 with k—1 diagonal blocks and 
34(k—1)(k—2) blocks above and also below the diagonal; 

By a matrix of dimensions (e:+¢2+ - - - +é€x-1) Xe, made up of matrices, 
each above the next, of the form E,J.By.(J,), i=1, 2, -- - , (R—-1); 

Be = 

We know that |Bu| +0 and |B22| ~0 since | B| ~0 and e:>ex. Let us 
assume that $1, can be chosen so that $i:\BuSu is of the desired form, i.e., 
a matrix of k—1 diagonal blocks of the form ¢;E;. (See Case I for start of 
induction.) Since BuS 12 is of the same form as Biz, we may choose § 12 so that 
BuS2+Bi2=0. 


k-1 k-1 
i=1 t=1 
where P; has no constant term. Since Bs2.+E;,Pi(J;) is therefore non-singu- 
lar, we employ a further transformation R of form (8) in which we may, ac- 
cording to Case I, choose R22 so that 


Roe [ Boo + = 


Calling S:=SR, we have S/ BS, =B.. 

Evidently this method would cover the situation with e,2>e.= --- 2e 
if it were known that |Bu| ~0, | Bee| ~0, and that By involved only poly- 
nomials without constant terms. 


= B.. 
0 
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Case IV. Elementary divisors: 


This case may be handled by exactly the same method as that used in Case 
III, double blocks being dealt with in place of single ones. The note at the 
end of Case III is also valid here. 

Case V. Elementary divisors: 


S contains k? blocks of form 
Sii(J1) = > SiinJ (i, j 
n=1 


B contains k? blocks of form 


e1 
E,Bi(J1) = Ex sijnJ (i,j =1,2,---,k). 
n=l 


Hence 5’BS contains k? blocks of form E,P;;(J:) in which the coefficients of 
J? in the polynomials P;; involve only s;;, and 0; ;, with n =1. Since 


Bier | BI st 
. . “ee = 


we may choose s;;1 so that 


where 6;= +1. Choosing s;;, =0 for »¥1, we then apply the method of Case 
III to 5’BS =B,, the latter being such that |Bu| <0, | Bes| #0, and By in- 
volves polynomials in J; without constant terms. (See the remark at the end 
of Case III.) 

Case VI. Elementary divisors: 


if 
if 
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S contains k? blocks of form 
Sin(VJ 0 
| | (i,j = 1,2,-++,), 
0 Sij2(J1) 


B contains k? blocks of form 


| (i,j =1,2,--+,&), 
0 
where 

Sijm(J1) = > SijmnJ 1”! (m = 1, 2), 
and 


n=1 


Then S’BS contains k? blocks of form 


| 0 E,P3j2(J1) 
Ey Pii(J1) 0 


(i,7 = 


in which the coefficients of J,° in the polynomials P;;», involve only $;jm, and 
bi smn With n=1. Choose S$; jmn=0, 21. Using the fact that | B| ~0, it can be 
shown by a method similar to that used in Case V that we may choose 
$ij= Si in such a way that S’BS=S, can be handled by the method of 
Case IV. (See remark at end of Case IV.) 

Case VII. Elementary divisors: (A—;)’,and 

Case VIII. Elementary divisors: (A—):)‘, (A—A1)4, 


in which, for both cases, 7 takes on the values ¢1, ¢2, - - - , és,, where 


These cases may be handled as were Cases III and IV, they being made to 
depend on V and VI as III and IV depended on I and II. Clusters of blocks 
are dealt with in place of single blocks. 

3. Conditions for equivalence. Consider the pair of Hermitian matrices 
A, B, where | B| #0. The matrix B(B-'A —)J)* is Hermitian for any real » 
and positive integral m since it is a sum of matrices of the form B(B-'A), 
which is easily shown to be Hermitian for any positive integral j. 

Referring to the o; defined at the beginning of §2, the following theorem 
may be stated: 


| 
| 
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THEOREM 2. In the non-singular case, two pairs of Hermitian matrices are 
equivalent if and only if they have the same elementary divisors and also the 
Same G;. 


We shall prove this theorem in a more illuminating form already stated 
above: 


THEOREM 2a. Two pairs of Hermitian matrices A, B and C, D, where 
| B| +0 and | D| £0, are equivalent if and only if 

(1) they have the same elementary divisors, 
and 

(2) the matrices B(B-!A —\I)* and D(D-!C —XI)* have the same index for 
all positive integral n and real d. 


Necessity. The necessity of (1) is known from classical theory. 
Suppose there exists a non-singular P so that P’AP=C and P’BP=D. 
Then 


D(D“"C — = P — XI)" 
= P’BP|P-(B-1A — 
= P’BP[P-\(B-1A — 
= P’[B(B-1A — 


whence the necessity of (2) follows. 

Sufficiency. We may assume the two pairs are in their canonical forms. 
Because of (1), these canonical pairs are the same except possibly in their ¢,. 
The coincidence of the o; is a sufficient condition for equivalence since equal 
e; could be made to correspond by a proper interchange of blocks. We have 
then merely to prove that for any variation in the o; of the canonical pairs 
there will exist a real \ and a positive integral m such that the indices of 
B(B-'A and D(D-'C —XJ)* are not the same. 
| Since A and B are in canonical form, B(B-'A —XJ)* is a diagonal block 
matrix like A and B, the real block ¢,E;(\;J° +J;) of A corresponding to the 
block of Obviously, the index of 
B(B-'A—XI)* will be the sum of the indices of its blocks. 

Consider first the case in which all the elementary divisors involve the 
same real root \i, the exponents being 


= = = Cg, > = = = > 


Let es, be the largest exponent such that 
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of one pair is different from 


of the other pair. Choose \ and =¢s,—1. Blocks will have the 
same indices in each pair when i<§,, since we are assuming 0;=0/ , j<s. 
Also blocks ¢;E;,J ;*&~! will have the same indices in each pair when7>48,, for 
then the blocks are entirely zeros. However block €g Es,J,6-! has index a, in 
one pair and a; ~a, in the other. 

Since the index of block ¢;E;[(A;—\) J? +J;]" for 4;*X depends on the 
sign of e,(A;—A)", it is the same for any even , and the same for any odd n. 
Consider any general set of elementary divisors, and call \; a root such that 
the o; connected with the set of elementary divisors involving ), are different 
in the two pairs. Choose \ =), and choose n as above so that the total indices 
of the corresponding blocks of the two pairs are different. If the remaining 
blocks have the same total indices for each pair for this \ and , we are done. 
If not, increase m by 2, whence the difference of the indices of blocks involving 
\: disappears since the blocks causing the difference become entirely zeros, but 
the difference of the indices of blocks not involving \, remains unchanged. 


This proof shows that condition (2) in the above theorem could be re- 
placed by the following condition (2’) which is more easily applied but less 
easily stated: 


(2’) the matrices B(B-'A and D(D-!C —XI)" have the same index for 
all positive integral n which are less than or equal to the order of the matrices in- 
volved and of the form e;+1, where the e; are the exponents of the real elementary 
divisors of the pairs, and for all } which are real roots \; involved in these ele- 
mentary divisors. 
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ON THE EQUIVALENCE OF QUADRICS IN m-AFFINE 
n-SPACE AND ITS RELATION TO THE EQUIVA- 
LENCE OF 2m-POLE NETWORKS* 


BY 
RICHARD STEVENS BURINGTON 


1. Introduction. The recent work of Cauerf and othersf in the study of 
equivalent 2m-pole networks has given considerable importance to the matric 
study of quadratic forms under the real m-affine non-singular group of linear 
transformations T. 

It is the purpose of this paper to exhibit a system of integer, matric, and 
algebraic invariants of the matrix A of the n-ary quadratic form F, under 
the m-affine non-singular group of linear transformations T, by means of 
which necessary and sufficient conditions for the m-affine congruence with 
respect to T of two matrices A and B as well as the equivalence of the two 
corresponding forms F and G may be given, where the elements of A and T 
belong to a field D. 

The reduction of A (and F) to canonical forms is indicated, the case where 
m =2 being exhibited in detail, because of its interest in connection with the 
4-pole equivalence problem in network theory. The application of these 
results to the geometry of the locus F=0 is also indicated. If m=0, T is 
projective. In case m =1, and the field is real, the results of a previous paper 
appear, in which the matrix A of the real quadric F was shown to have 4 in- 
teger invariants (arithmetic invariants) under the real 1-affine group, which 
are sufficient to give a complete separation of quadrics into types. 

In the closing paragraph, the relation of the present paper to the theory 
of 2m-pole linear electrical networks is discussed. Each invariant of the net- 
work matrix A may be given a physical interpretation and the various the- 
orems of the present paper become theorems relating to the network. So that 
this paper deals essentially with the mathematical structure underlying the 
theory relating to electrical networks. 

2. Invariants. Consider§ the symmetric matrix 


(2.1) A = (4;j) (i,j =1,---,m), 


of the quadric 


* Presented to the Society, December 27, 1934; received by the editors November 30, 1934. 
Tt See references at end of paper, under (1) and (2). 
t See references at end of paper, under (3). 
§ See references, under (3). 
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n 
(2.2) F = 
t,j=1 
under the non-singular m-affine transformations 


(2.3) 


of matrix 


, aT) #0, 


where d(T) is the determinant of 7, and where the elements of A and T be- 
long to a field D. 
Under 7, A becomes 


(2.5) A =T'-A-T, 


where T” is the transpose of T. 
If A,,...,, is A with the 7, - - - , r, rows and columns deleted, the r;’s 
being all distinct and less than or equal to m, then 


where 7,,...,, and A,,...,, are JT and A, respectively, with the n,---, 7, 
rows and columns deleted. Thus A,,...,, is an invariant matrix of A under T 
in the sense that A,,...,, can be found either (i) by transforming and then 
deleting the r:, - - - , 7, rows and columns, or (ii) by deleting the n, - - - , 7, 
rows and columns of A and T and then transforming. 

Let the ranks and signatures of A,,...,, be denoted by 
respectively; the o,,...,, being meaningless if A,,...,, cannot be reduced to a 
diagonal matrix, or if the field is not ordered. 

As is well known,* 


* See list of references, under (4). 


(i=1,---,m), 
k=l 
10 
. . | . . 
. . . 6 . 
> 
Dam | On,m+1 ban 


1935] EQUIVALENCE OF QUADRICS AND OF NETWORKS 165 


THEOREM 2.1. The p, pi, - - Pr,---r, are integer invariants* of A, A, ---, 
A,,.+-r4, respectively, and hence of A and F. If the field D is ordered, the c,,..., 
are integer invariants. 


By taking determinants of (2.6), it follows that 
whence 

THEOREM 2.2. The d(A), d(Ai), -- are relative invariants of 
A and F under T. 

Likewise, it is easy to show 


THEOREM 2.3. If rows - - - r, and columns s; - - be deleted from A and 
yield sand if be T with the - - rows and columns 
deleted, and , il ..r, be T’ with ther, - - - r, rows and columns deleted, where all 
the s; and r; are less than or equal to m, then 


is an invariant matrix; and d(A;\'-":') is a relative invariant of A and F under T. 
Since d(T,,...,,) =d(T.,.--2,) =d(T), 
THEOREM 2.4. If R; and Re be any two of the above relative invariants, then 
(2.9) Tie = 
is an absolute invariant of A and F under T. 


(In case J;,2 is indeterminate, recourse may be had to a limiting process 
to define and determine J;,2.) 

Thus, with each form F, of matrix A, there is associated a set of matric, 
integer, relative and absolute invariants. 

If the transformation 7},....¢-1, m is insufficient to reduce 
A\,...,q-1,¢+1,---,m to a diagonal form, then Aj,... ¢-1,941 m is parabolic 
and A is qg-parabolic. 

As in the paper cited under (3) in list of references, 


THEOREM 2.5. A necessary and sufficient condition that A be g-parabolic is 
Two matrices A and B in D are said to be m-affine congruent if and only 


if there exists a non-singular matrix T of type (2.4) in D such that 
A=T’-B.-T. 


* Integer invariants are known as arithmetic invariants in paper (3) in list of references. The 
term integer invariant was adopted at the suggestion of Professor Arthur B. Coble. 
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3. Reduction to canonical forms. It is known* that there exists a trans- 


formation JT which reduces F to a form for which A,...n-1 becomes (see 
paper (3) in list of references for proof) 


if v = —P1---m#* 


(1 


If the field is real, each positive 6 can be reduced to 1, and each negative 6 to 
—1. The number of positive 6’s in Ay...m is (p1...m+01...m)/2 and the num- 
ber of negative 4’s is (1...m—01...m)/2, the remaining 6’s being zero. If the 
field is algebraically closed, each non-zero 6 can be reduced to 1. No further 
reduction of A;...m—1 is possible. The parameter dmm is an absolute inva- 
riant (by Theorem 2.4). 

Thus, 


THEOREM 3.1. Every symmetric matrix A...m—1 of A with elements in a 
field D not of characteristic 2 is m-affine congruent in D with a diagonal matrix 
(3.1) if v2, and with a parabolic matrix (3.2) if v=2, the number of non-zero 
5’s in Ay...m being equal to the rank p...m of A1..-m- 


THEOREM 3.2. Every symmetric matrix A,...m—1 of A with elements in a 
real field R is m-affine congruent in R with a diagonal matrix (3.1) if v¥#2, and 
with a parabolic matrix (3.2) if v=2; the number of positive 5’s being (p1...m 
+01...m)/2 and the number of negative 5’s being (p1..-m—@1..-m)/2. 


* See (4) in list of references. 
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THEOREM 3.3. A necessary and sufficient condition for the m-affine congru- 
ence of two matrices A})..m-1 and A®). m1 of the symmetric matrices A® and 
A®, whose elements belong to any algebraically closed field, is that these matrices 
have the same ranks p$?..m—1, respectively, with 
vy) =y® =2, and if v™, v® #2, that in addition to the above, their parameters 


a) and a. be identical. 


THEOREM 3.4. Two matrices . m1 of the symmetric matrices 
A and A, whose elements belong to a real field R, are m-affine congruent in R 
if and only if these matrices have the same ranks and signatures, p$)..m—1, P\)-+ms 
vy) =p =2; and if v™, v #2, that in addition to the above, their parameters 
a” and a® be identical. 

THEOREM 3.5. The quadratic form F,...m—1 of F can be reduced by a non- 
singular m-affine transformation to the form 


(3.3) + > ifv #2, 


j=m+1 


and to the form 


(3.4) + >, ifv = 2. 


j=m+1 


THEOREM 3.6. A necessary and sufficient condition for the m-affine equiva- 
lence of two quadratic forms F}). m1, F?..m— of forms F® and F®, with ele- 
ments in a field D, is that their matrices and be m-affine con- 
gruent. 


The classification of quadratics F;...n-1 can now be made as in paper (3)* 
in terms of the parameter a,,», and the ranks (and signatures) of A1...m—1. 

The above theorems hold, in a like manner, for A1,..., ¢-1, ¢41,---, m: 

As an aid to the reduction, in case D is real, it is agreed that the 6’s will 
be so ordered that all the positive 6’s are followed by all the negative 5’s and 
then by the zero 6’s. No loss of generality will result. 

Case pi..-m=r—m—1. Suppose that 6,= --- =6,=0 for r=2m-+1, that 
is, that A,...m is of rank (r—m—1). Transformation T with 6;;=1, j7=1, 

r=1,---, m—1, s=m+1,---, n; for 
reduces A to the forms 


* See list of references at end of paper. 
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The case where m=2 will now be considered in detail. (This case is of 
interest in the 4-pole equivalence problem.) 
Case m=2; v=pi-— p22. If a1,~0, transformation T with 


= 8; G =1,---,m—1), 


reduces (3.5), m=2, to the form 
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*** Qi,m—-1 0 ---0 Gir 
. . . | . | . 
Qm—i,m | 0 0 | * * * Gm—i,n 
Qmi ee Gam 0 0 0 eee 0 
(3.5) | - , ify 
. | . | . 
. | . . | . 
*** 0 | 0 | 0 
. . | . | 
. . . | . . | . . . 
. . . | . . . . 
and 
*** Qi,m—1 Fim 0 ---0 Gin 
| 0 0 | Qm-i,n 
Gm.m-1 O ® 10 --01 
0 ---0 0 i 10 
(3.6) | - , ify = 2. 
. | . | . 
0 0 | 0 bya] 0 
Gi 0 |0 ---0 ---0 
. . . | . . | . . 
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0 0 


It is easy to show that no further reduction is possible which preserves 
this form. 

If @in=GQina= (n—k) =r, (3.5) with m=2 
may be reduced to a form similar to (3.7), whence by a simple transformation 
to form (3.7). 

If din= - - + =a;,=0, then A becomes 


| 
| 
(3.8) | 


No further reduction is possible. 
Case m=2, v=2. If a:,,-1+0, the transformation 
= (— 11/2) — — — 1 
= 
reduces (3.6), with m=2, to the form 


and no further reduction is possible. 
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00;0---0 1|0--01 if: 
| | | | 
O 0---0 | 0--00 O ;0---0 0 
~--- —-—|---|------ 
0 6s3---0 | 0---0 | | 
(3.7) |0 
~--— ———|—--| ------ 
. | . . | . . . . | | 
. . . . . | | 
0 0) | 
10/0---0 |0---0 
| 10---0 1 0 
0 ; oO | 
| }0---0 01 
——--|---| -------- 
; 6 | 0 
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If =1,x1=0, (3.6) may be reduced to a form 
similar to (3.9), whence to form (3.9). 
If =d:,=0, then (3.6), with m=2, becomes 


if a1, 0, 


and to the form 


No further reduction is possible. 

Each of the forms (3.7), (3.8), (3.9), (3.11), (3.12) may be subdivided, 
in case of the ordered (and real) field, according to the signature of A12 (which 
is of rank (r—3)). For each value of r=3,4, - - - , (w+1), there corresponds a 
set of forms (3.7), - - - , (3.12). By Theorem 2.4, the parameters au, diz, dee, 


oO | 
do, O | 0---0 1 
. . | | 
| 
0 
0 | 
| | 
1 | 
The transformation x, = —d2%:+%, reduces (3.10) to the form 
ay, O | 0---0O din 
0 |} 0---0 1 
0 ; 6 | 0 
| 
| 
| 0 | 0 
0 | 
| | 
‘ 1 | 
Qi 0 | 0---0 0 
| 
0 O; ;}0---0 1 
(3.12) 0 | » if a;, = 0. 
. . | | 
| 
. | 
‘ - | 0 | 0 
0 O; | 
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@;, are absolute invariants.* It can be shown that the various forms thus ob- 
tained cannot be reduced any further with preservation of the invariance of 
their forms. The forms thus obtained are called canonical forms. The various 
parameters dy, - - - , a1, May or may not vanish, the conditions for this being 
indicated in the following table. The separation into forms can be made ac- 
cording to the ranks (and signatures) of A as indicated. 


CLASSIFICATION OF MATRIX A (AND FORM F) FOR CASE m=2 


TABLE I 


po=r—3, r=3, 4,---, n+1 


p2—pi2 


DN WS WN WS 


(#0) 
(#0) 
(r—2) 
(r—3) 


3. 
3. 
3. 
3. 
3. 
3. 
3 
3 
3 
3 
3. 
3. 
3. 
3 
3. 


NN 


Each form is subdivided according to signature of Ay, if the field is real. 


Case m=m. The reduction of A to canonical form for the m-affine case is 
done in a manner similar to that used above in the case where m = 2. Reduce 
A to the forms for which A,...n-2 assume the canonical forms exhibited 
above for m=2. Continue the reduction by T, as was done above, until no 
further reduction of Ai...m—-s; can be made. Next, repeat the operations on 
A, by means of T, with respect to Aj... m—«, etc., until no further reduction 
is possible. In this manner certain canonical forms C,, C2, - - - for matrix A 
are found, with corresponding forms gi, gz, - - - for the form F. The following 
theorems are evident: 


* Suppose r=n+1, and F belongs to form (3.8). Then 


Note that lim3.o J=au. If d(A2)/d(A1) is indeterminate, as is the case when r<n+1, -- - , define J 
to be the lims.o [d(Az)/d(A12)]. Similarly, the other parameters an, - ++ , ain may be handled. (See 
Theorem 2.4.) 


#2 2 r— ~0 3 “4 
#2 2 r— =0 
#2 #2 ro r—-2 #0 #0 
#2 #2 r—2 r—2 ~0 =0 
#2 #2 r— r—2 r—3 ~0 =0 =0 mn 
#2 r— r—2 r—3 ~0 =0 ~0 
#2 #2 r—3 r—2 =0 ~0 ~0 
r— r—3 r—2 =0 =0 
#2 r— r—3 r—3 =0 =0 =0 
r— r—3 r—3 =0 =0 ~0 
2 2 r+1 iq 
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THEOREM 3.7. The matrix A of F can be reduced by a non-singular m-affine 
transformation to one of the forms C,, C2, - - - , according to the ranks (and sig- 
natures in real field) of the invariant matrices of A, with corresponding canonical 
forms for F, as indicated in Table I. In case m=2 these forms are 


r—1 
fi = + + 


j=3 


r—1 
fo = + + + 


i=3 


r—1 
Ss = 2% + + > 5;x7, 


j=3 


r—1 


i=3 


r—1 
fs = + + » 6;x?. 


THEOREM 3.8. A necessary and sufficient condition for the m-affine con- 
gruence of two matrices A and A“ whose elements belong to the real field is 
that their invariant matrices have the same ranks and signatures, p™, py, - - - , 
a2, -- and p™, pi, ---, - - , respectively; and that their param- 
eters (in case they appear in the canonical form dictated by the ranks named 
above) aoe, - - and ay, ay2, dee, din®, be iden- 
tical. If the elements of A and A belong to an algebraically closed field, the 
above holds without the signatures. 


THEOREM 3.9. A necessary and sufficient condition for the m-affine equiva- 
lence of quadratic forms F and F®, with elements in a field, is that their matri- 
ces A and A® be m-affine congruent in that field. 


Theorems similar to Theorems 3.7, 3.8, 3.9 hold for any invariant matrix 
of A;e.g., Theorems 3.1 to 3.6. 

4. Application to the locus F=0. In a manner similar to that given in 
paper (3),* a classification of locus F=0 can be made, the numerical value 
of the signature being used instead of the signature in case the field is real. 
With the various interpretations that can be placed upon the transformation 
T, a geometric study of the quadrics can be made. 

5. Relation to the theory of linear networks. Consider a linear network 
of a finite number of meshes. Let (real numbers) be the 
mutual circuit parameters (the resistance, inductance and elastance, respec- 


* See list of references at end of paper. 
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tively), between mesh s and mesh #; and R,,, L,s, D.. the total circuit param- 
eters of mesh s. If Ji, - - - , Zm be the (complex numbers) currents through 
the m-terminal pairs of 2m-poles and Fi, - - - , Em (complex numbers) be the 
corresponding electromotive forces, subject to the restriction that the cur- 
rents through the terminals be linearly independent, and if J; be the current 
in jth mesh, then the Kirchoff equations of the network may be written 


(5.1) A(I) = (£), 


where (J) = - - - ,J,) and =(K, - - - En, 0, - - - , 0) are column mat- 
rices and A =(a,;) is the network matrix, with 


(5.2) at = Ru + + Dwr", 


and \ = iw, i? = —1, the “imaginary frequency parameter.” 
The total power loss, instantaneous magnetic energy and electrostatic en- 
ergy for the complete network are given by the (symmetric) quadratic forms 


(5.3) R68 L= Lin D= 
isk ik ik 


where Q; is the instantaneous charge in mesh j, J; is the corresponding cur- 
rent, and Liz = Dix = Dij, Rix == Ri;. 
The pencil of forms 


(5.4) A= R+2Ld+ 
has the (energy) matrix 
(5.5) 


Thus the energy matrix is identical with the network matrix A of sys- 
tem (5.1). 
If d(A) 0, that is, A is of rank m, (5.1) may be solved for the currents 


(5.6) (I) = A-“(Z). 


Let (J) and (EZ) » denote (J) and (E), respectively, with all but the first 
m rows and columns deleted. If Y=(Y,,) be A! with all but the first m rows 
and columns deleted, then 


(S.7) (I)m = Y(E)m. 
Cauer has called Y a characteristic coefficient matrix of the network A. Two 
2m-pole linear networks are equivalent if, for all frequencies (w= —Xi), they 


have equal characteristic coefficient matrices Y(A) (or Z(A)); i.e., for all w, 
they have equal electrical characteristics. 
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To each 2m-pole linear network of matrix A, there corresponds a set of 
equivalent networks (1)* whose matrices (3)* may be obtained one from the 
other by a non-singular linear transformation (5)* of matrix T. If the driving- 
point currents (and charges) across the terminal pairs in meshes 1, - - - , m 
be left invariant, T is m-affine. 

It is evident that the methods and results given in the earlier parts of 
this paper are available for use in the study of linear networks (3).* 

By Theorem 2.4, the elements of Y 


(5.8) = d(A?)/d(A) = 1,---,m) 


are absolute invariants of A (and F) under non-singular m-affine linear trans- 
formations of matrix T. Y,,, s¥/, is the short circuit transfer admittance be- 
tween terminal pairs s and ¢ and Y,, is the short circuit driving point admit- 
tance at terminal pairs s. In fact, Y is an absolutely invariant matrix of A 
(and F) under 7. The ranks of A, A,’, Y are integer invariants. The rank of 
A~-'is the number of linearly independent mesh currents; the rank of Y, the 
number of linearly independent driving-point currents. 

In view of the assumption made upon the independence of currents 
I,, - - + , Im, the rank of Y must equal m. Whence (5.7) gives 


(5.9) (E)m = Z(I)m 
where 
(5.10) Z = (24) = 


Z is also known as a characteristic coefficient matrix of the network. 

Equation (5.9) may also be obtained from (5.1) by eliminating the inner 
currents -- - ,Z,, provided the rank of Ai...» is (w—m), in which case 
Im4i, °° *,Z, are linear functions of J;, - - -, Zm. The number of linearly in- 
dependent inner mesh currents is equal to the rank of A1...m. 

Evidently, each z,, is an absolute invariant of A, whence Z is an absolutely 
invariant matrix of A. In fact, z,,, st, is the open circuit transfer impedance 
between terminal pairs s and ¢; and z,, the open circuit driving point imped- 
ance at terminal pairs s. The rank of Z is equal to the number of linearly inde- 
pendent e.m.f.’s imposed across the terminal pairs 1, - - - , m. 

The various invariant matrices and their several invariants may be given 
physical interpretations. For example, A,* (k<m) is the matrix of the net- 
work derived from a network of matrix A by removing the imposed e.m.f. 
in mesh & and leaving the circuit open across terminal pairs k; i.e., the net- 
work matrix corresponding to the original network with mesh k removed. 


* Numbers refer to list of references at end of paper. 
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A.* (k>m) is the network matrix derived from A upon removing mesh k from 
the original network. 

If the terminal pairs in mesh k& are shorted, km, the network becomes 
a 2(m—1)-pole network and the corresponding mathematical theory is that 
of (m—1)-affine n-space, provided J; is no longer held invariant. If mesh 
k(k>m) be opened and an e.m.f. inserted, this increases the number of pole 
pairs by one and the mathematical theory becomes that of (m+-1)-affine 
n-space. 

If in addition to the invariance of the currents through terminal pairs 
1, - - - , m, it is required to preserve the invariance of the current in an inner 
mesh k(k>m), a restriction on T is imposed which dictates the theory used 
for (m+1)-affine n-space. 

The various theorems given in the earlier part of this paper may be inter- 
preted physically. For example, Theorem 3.6 may be interpreted as a theorem 
on the equivalence of two networks with one type of circuit parameter. The 
various canonical forms may be interpreted in terms of canonical network 
forms and the parameters appearing therein interpreted in terms of circuit 
parameters. The detailed treatment of the 2-affine case given above should 
be of particular interest because of the importance of 4-pole networks. 

Two networks may be “equivalent” and yet one or both of them may not 
be physically realizable. Necessary and sufficient conditions for the physical 
realizability of a network corresponding to forms (5.3), in the case of net- 
works containing but two types of circuit parameters, have been discussed 
by Cauer. The forms (5.3) used in existing theory have been positive definite 
because the networks considered have been passive. Other restrictions such as 
2|Ru|=>-j-1|Ri;| are necessitated by the nature of the physical problem. 

Should some future development occur that would make the study of 
non-passive circuits desirable, the generalizations of this paper are applicable. 

It is evident that two 2m-pole networks with a different number of 
meshes, of numbers # and g respectively, may be equivalent. The theory cor- 
responding to this situation is really that of one quadric in p-space embedded 
in a g-space. The theorems of this paper include this possibility. 

In conclusion, it should be noted that this paper deals essentially with 
the mathematical structure underlying the theory relating to electrical net- 
works. 
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THE POTENTIAL FUNCTION METHOD FOR THE 
SOLUTION OF TWO-DIMENSIONAL 
STRESS PROBLEMS* 


BY 
C. W. MacGREGOR 


I. INTRODUCTION 


At different intervals during the development of the theory of elasticity 
various methods of solution for two-dimensional stress problems have been 
proposed. Among these may be mentioned methods based on the use of the 
Airy stress function}; the strain energy function; the recently developed so- 
called “displacement function”§; and the potential function.|| The latter 
method was originally suggested independently by S. D. Carothers|| and by 
A. NAdai||; and although a useful and convenient one it does not as yet seem 
to have found broader application. 

In his derivation, S. D. Carothers obtained the expressions for the stress 
components from solutions of the stress equations of equilibrium and the 
identical relations between strain components, while A. Nadai derived them 
for two important special cases by a considerably shorter method which will 
be developed further in the present investigation. More recently, the po- 
tential method has also been discussed and applied to various problems by 
L. Féppl1, E. Kohl,** and H. Neuber.t{ Both Féppl and Kohl derived the gen- 
eral expressions for the stress components from solutions of the fundamental 


* Presented to the Society, April 20, 1935; received by the editors November 1, 1934. 

t For details cf. Love, A. E. H., Mathematical Theory of Elasticity, London, Cambridge Uni- 
versity Press, 4th edition, 1927, p. 88 ff. 

Timoshenko, S., Theory of Elasticity, New York, McGraw-Hill, 1st edition, 1934, p. 25 ff. 

¢ Timoshenko, S., The approxvimaie solution of two dimensional problems in elasticity, Philo- 
sophical Magazine, vol. 47 (1924), pp. 1095-1104. 

§ Marguerre, K., Spannungsverteilung und Wellenausbreitung in der kontinuierlich gestitzten 
Platte, Ingenieur-Archiv, vol. 4 (1933), pp. 332-353. 

|| N&dai, A., Darstellung ebener Spannungszustinde mit Hilfe von winkeltreuen Abbildungen, 
Zeitschrift fiir Physik, vol. 41 (1927), pp. 49-50. 

Carothers, S. D., The direct determination of stress, Proceedings of the Royal Society of London, 
vol. 97 (1920), p. 110 ff. 

{ Foéppl, L., Konforme Abbildungen ebener Sp gszustainde, Zeitschrift fiir Angewandte Mathe- 
matik und Mechanik, vol. 11 (1931), pp. 81-92. 

** Kohl, E., Beitrag zur Lisung des ebenen Spannungsproblems, Zeitschrift fiir Angewandte 
Mathematik und Mechanik, vol. 10 (1930), p. 141. 

tt Neuber, H., Elastisch-strenge Lisungen cur Kerbwirkung bei Scheiben und Umdrehungskorpern, 
Zeitschrift fiir Angewandte Mathematik und Mechanik, vol. 13 (1933), pp. 439-443. 
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elastic equations in terms of displacements. It will be shown later that these 
expressions for the general stress components may also be derived by follow- 
ing a somewhat different procedure. 

It is the intention here in particular to deal with the potential method 
more completely than has been done heretofore and in a somewhat different 
manner, and to apply it to a number of examples. 


Po, 71: 

Cen Cun Tax 
€z, €yy Yay: 
7: 

E, G, v: 
F: 

2, 2: 
,V,x,¥: 
Re: 

Z(z), H(z): 


NOTATION 


distributed normal and shearing forces per unit area. 
normal and shearing stresses in the [x, y] plane. 
strain components in the [x, y] plane. 

displacements in the x and y directions. 

moduli of elasticity and rigidity, Poisson’s ratio. 
Airy’s stress function. 

a unit of distance. 

complex variables x+-7y and respectively. 
potential functions where W(z) —i@, K(z) = 
real part of. 

functions of a complex variable where Z(z)=0+i2 and H(z) 
= Oo +7 Qo. 


II. GENERAL EXPRESSIONS FOR STRESSES IN TERMS OF POTENTIAL 


FUNCTIONS OR FUNCTIONS OF A COMPLEX VARIABLE 


Following Airy’s stress function method for the solution of stress prob- 
lems in the plane, the stresses will be completely determined if a function 
F[x, y] can be found which is a solution of the biharmonic equation 


(1) 


= 0, 


where 7? represents the Laplacean operator in two dimensions, and which 
when substituted in the expressions for the stresses 


Oz: 
Ox? 


dy? 


(2) 
satisfies the boundary conditions of the problem. The general solution of 
equation (1) may be expressed in any one of the following equivalent forms*: 


(3) F = yO + = 2102. +0; = (x? + 0s, 


where the functions 0; are various logarithmic potential functions. Hence any 


* Cf. Selected Problems in the Theor‘es of Flat Plates and Plane Stress, Dissertation, University 
of Pittsburgh, 1934. 
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one of these forms may be used to express the most general biharmonic stress 
function in two dimensions. Selecting the first form of equations (3) or 
y@+Q, and substituting in equations (2) making use of the relations 


005 
y=—,) W(s) = — id, 
oy 


we obtain 


Try = 


which are the general expressions for the stresses in two dimensions in terms 
of logarithmic potential functions only. These equations hold for a body of 
any shape stressed in its plane. Considering the special case of the semi-plane, 
equations (4) may be put in a simpler form treating the cases of normal and 
shear loading separately. For normal loading only along the line y=0 of the 
semi-plane, it follows that ¥Y =0x/dy and from the Cauchy-Riemann equations 
we find that 6= —0x/dx. Hence for this case equations (4) become 


dy dy 


which show that along y=0, ¢,=®, 7.,=0. In a similar manner for shear 
loading only along the line y=0 of the semi-plane, placing x=0 equations 
(4) reduce to 


26 + 
dy 


Try = 


indicating that for y=0, ¢,=0, r.,= —W. The stress problem for these two 
cases has thus been reduced to the first boundary value problem of the poten- 
tial theory. By computing the dilatation and rotation for the stresses given 


30 a0) 
= —» vV=—»> 
dy Ox Ox 
db ax 
= 2@ + + 
Oy Ox 
Ob dx 
(4) 4 
Ox ay’ 
v ay 
< 
Ox 
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in equations (5) and (6) it can be seen that the physical meaning of the po- 
tential functions ®(x, y) and V(x, y) is that they represent to a constant factor 
the dilatation and rotation respectively. 

There are several inherent advantages in having the stress components 
given in terms of functions of a complex variable and its derivatives. The 
advantages are (a) less labor involved in the computation of a given case; 
(b) it being unnecessary to compute the conjugate function which in most 
cases is tedious and often difficult; and (c) greater ease in recognizing 
the necessary function W(z) for a given load distribution on the semi-plane 
than its real or imaginary parts. 

The stress components in complex form may be derived either by making 
use of the stress equations already obtained, and of certain relations between 
the potential functions, or from the beginning in complex form. The latter 
method will be followed here. Following a suggestion made by Busemann* we 
may express the biharmonic stress function as 


(7) F(x, 9) = F( ) = Fue) 


where F; is real. Substituting this stress function in equations (2) and differ- 
entiating, using the relations 


— 


Ox oy 
we get, if 
i(Z — 2) 
(8) 9) = Fuls,3) = Re(H@) 
where 
H(z) = Oo iNo, Z(z) = + 12, 
and 
dH (z) 
= — K(z) = —-x- #, 
dz 
dZ(z) 


= W(z) = — i6, 
(z) 


the general expressions for the stress components in complex form as 


* Busemann, A., Schematischer Ubergang von Vectorgleichungen auf komplexe Gleichungen bei 
ebenen Problemen, Zeitschrift fiir Angewandte Mathematik und Mechanik, vol. 11 (1931), pp. 71-72. 
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dW(z) 4dK(z) 
dz dz | 

dW (z) dK 
dz dz J’ 

dW(z)  _dK(z) 
| 


oz = Re Eze -y 


oy = Rel + y 


Ta = Re |- W(z) — iy 


Using certain obvious relations between the complex functions, we get for the 
special case of normal loading on the semi-plane 
dW(z) 7 
dz 
dW(z)7 


oz = Re Ez -y 


= Re | we) +y 


Try = Re | 
and for the special case of shear loading on the semi-plane, 


dW (z) 
oz = Re| 2iW(z) — y 7 | 


dW(z) ] 
a dz 


y 


_ dW(z) 
W(z) — ty |. 


In equations (10) and (11), the boundary y=0 is loaded by normal pressure 
o,=Re[iW(z) ]y-0 and shear pressure = Re|—W(z) respectively. 


III. GENERAL EXPRESSIONS FOR DISPLACEMENTS IN 
TERMS OF POTENTIAL FUNCTIONS 


The expressions for the displacements corresponding to the states of stress 
described in the preceding section may now easily be calculated. Consider a 
function Z(z) =@+72 which is analogous to the so-called complex stream 
function of hydrodynamics. Then 

dZ(z) 


= 


dz Os Ox 


which follows from relations used in the previous section. In the latter equa- 
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tions W(z) is analogous to the complex velocity function in fluid dynamics. 
Hence it follows that 


(12) 


The general expressions for the stress components given in equations (4) may 
now be substituted in 


which hold for plane strain (e,=0). If the resulting equations are then in- 
tegrated for the displacements (£, 7) making use of (12), the general expres- 
sions for the displacements in plane strain become 


1 
2(1 — v)Q — y—+x| + aytee, 
(14) 


1 00 
n= 5, - 20 - 
dy 


2G 
By introducing the relations between the potential functions and the bihar- 
monic stress function, and through further relations between the potential 
functions themselves, equations (14) may be put in the forms 


2(1 — ~|+ + 


(15) 


G v ay C3, 


which hold for the general case of plane strain. The general displacement com- 
ponents in plane stress may then be obtained from equations (15) merely by 
replacing (1—v) by 1/(1++). 

In a similar manner, the displacements in plane strain may be obtained 
for the special cases of normal ard shear loadings on the boundary of the 
semi-plane. These become 


= 00 00 dQ 
Oy Ox’ ay 
1 
€ ax v) voy | 
On 1 
13 = — = —|a,(1 — v) — 
(13) €y ay ) ] 
On Tr 
Oy Ox 
— 
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| (1 — 2v)Q 
v y ay + Cs, 
(16) 


n 


= G v ay Ce 


for the case of normal pressure, and 


| 2(1 v)Q c +c 
é 2G ( ) 4 oy 


+ 


for the case of shear loading on the straight boundary of the semi-plane. 


IV. APPLICATION OF THE METHOD TO SPECIAL PROBLEMS IN THE SEMI-PLANE 


The expressions for the stress components derived in complex form are 
very useful in the solution of a large group of problems. In the case of the 
semi-plane, for example, the complex function W(z) can be selected for many 
pressure distributions immediately from the form of the given loading. It can 
be shown in the case of a large number of rational or transcendental functions 
of the complex variable z that the - 


Re[W(z)],~0 = ¥(x, y) |yo = W(x). 


Hence, for various load distributions W(x) applied along the straight bound- 
ary, it is only necessary to replace x by z in W(x) in order to obtain the com- 
plex function necessary to derive the corresponding stresses. 

A particular group of problems in the semi-plane are of considerable prac- 
tical importance; namely those in which only one half of the straight bound- 
ary is loaded by either normal or shear forces. For many such distributions 
f(x) of either shear or normal pressure which can be expressed by certain ra- 
tional or transcendental functions of x, it will be found that considerable use 
may be made of the function log (z/c) where ¢ isa real constant. In such cases 
it will be found that the corresponding complex function W(z) from which the 
stresses are derived will be represented by 


(18) W(z) = f(z) -log 
The function log (z/c) in this case provides that the pressure will be applied 


along one half of the boundary only. Equation (18) is quite general for func- 
tions restricted to the type mentioned, and with it various problems may be 


4 
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solved for different functions f(z). In some of the examples to be discussed in 
this section, a simple type of function will be chosen, namely a function pro- 
portional to 2”. It is shown that with this function a considerable number of 
problems may be solved. 

It will however be mentioned here that one should perhaps distinguish be- 
tween two types of loading along the semi-plane boundary; namely those 
cases in which the external forces are applied along a small finite strip of the 
boundary or tend to zero as r increases, and those cases in which the applied 
forces increase uniformly from the origin along y=0. In the former, conver- 
gence of the loads towards zero makes possible the requirement that all the 
stresses converge toward zero values as the distances from the origin become 
large. In the other case this requirement is not possible. 

A. Normal pressure varying as r”. The expressions for the stresses will be 
derived from two different complex functions W(z) depending on whether n 
is integral or fractional. For n a positive or a negative integer, let 


in equation (18). Substituting this expression for W(z) in equations (10) we 


get 


Po 
= Re | iz" log — 1+ n log — 
Tra” c 
Po 
(19) = Re | iz" log — + yz"""| 1 + n log — . 
Ta" c c 


Po s2n+1 1 
Ty = — Re | 1 + n log — }], 
Ta” 


which are the general stress components for the values of m mentioned above. 

In equations (19) are included such special cases as uniform pressure (m=0), 

linearly increasing pressure (n=1), parabolic pressure (n=2), hyperbolic 

pressure (7 = —1), and various others, the explicit expressions for which may 

be easily obtained by replacing in equations (19) by its appropriate value.* 
For n a positive or a negative fraction, let 


* For these explicit expressions in the special cases cf. footnote on p. 178. 


2” 
W(z) = Pe i?" — log —» 
a” c 
where 
a” 
|_| 
=. 
sin a” 
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and by substituting these expressions in equations (10) we get after some re- 
duction 
Re[r(cos (n—1)¢+i sin (n—1)¢)(i cos sin ¢) |, 


a” sin nr 


(20) Re[r"(cos (n—1)¢+i sin (n—1))(i cos sin ¢)], 


a” sin nr 


Re[r(cos (n—1)¢+i sin (n—1)¢)(—in sin ¢)], 
a” sin ur 

which are the general stress components for normal loading on one side of 
the semi-plane boundary with m restricted to fractional values. In equations 
(20) are included such special cases as parabolic pressure (n = 1/2), hyperbolic 
pressure (7 = —1/2), hyperbolic pressure where m= —5/16, and many others. 
The explicit expressions for the stresses in these cases may also be obtained 
in the same manner as discussed previously. 

B. Shearing forces varying as r". For the cases of shearing forces which 
vary in the same manner as the normal pressures treated in the last section, 
the stress components will be derived from two different complex functions 
W(z) depending on whether is integral or fractional as before. 

In case is a positive or a negative integer, consider the complex function 


T1 2* 
W(z) =—i log 
(—a)" 


2” 
(— a)* 
in equation (18). Substituting this value of W(z) in equations (11) we obtain 


= Re [= (I- 22 — iyn| log — ir) |, 


T1 
oy = Re Ee (1 + n log dh 
a(— a)” 


[= iz + ny] log — 

a)” 
These are the general expressions for the stress components for shear loading 
on one half of the boundary of the semi-plane where 1 is restricted to integral 
values. As for the normal pressure cases, equations (21) include such special 
cases as uniform shear (n=O), linearly increasing shearing forces (m=1), 
parabolic shear (w=2), hyperbolic shear where » = —1 and others. 


f(z) 


Tay = 


14 
where 
(21) 
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With a positive or a negative fraction, the complex function W(z) be- 
comes 


W(z) = 
which when substituted in equations (11) yields the stress components 


= + 2) sin ¢-sin (n — — 2 cos ¢-cos — 1)¢], 
a” sin nr 
n sin g-sin (n — 1)¢], 
a” sin ur 
= ——— [cos ¢-sin (n — 1) + (nm + 1) sin ¢-cos (nm — 1)¢]. 

a" sin nr 
Such special cases as parabolic shear where »=1/2, parabolic shear with 
n=5/16, hyperbolic shear where m = —1/2, and various others are contained 

in these expressions. 


V. CONCLUSION 


In this paper the potential method for determining stresses in a body 
loaded by forces in its plane was developed further than heretofore and in a 
somewhat different manner. The relations between the general stress com- 
ponents in terms of potentials for plane problems and those for the special 


cases of normal and shear loading on the boundary of the semi-plane were 
brought out. The expressions for the stress components in both the general 
and special cases were developed in complex form, and the displacement com- 
ponents were determined for both the general case and the special cases of 
normal and shear loading on the boundary of the semi-plane. The application 
of the method to various simple cases was discussed, and solutions were given 
for a number of more important examples of both shear and normal loading 
on one side of the straight semi-plane boundary. 
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CYCLOTOMY WHEN e IS COMPOSITE* 


BY 
L. E. DICKSON 


1. Introduction. This paper is a sequel to two earlier ones.f Let p be a 
prime and e a divisor of p—1=ef. We seek the e? cyclotomic constants 
(k, h). The difficulties increase roughly as e increases, but more exactly with 
Euler’s function ¢(e). We have ¢(e) <4 only when e=1-6, 8, 10, 12; for each 
of these e’s a simple complete theory was given in D. It is known that ¢(e) 
is even if e>2. We have ¢(e) =6 only when e=7, 9, 14, 18; ¢(e) =8 only 
when e= 15, 16, 20, 24, 30; ¢(e) =10 only when e=11, 22. The case in which 
e is a prime or a double of a prime was treated in T. 

Here we give a simple complete theory for e=9 and the further facts suffi- 
cient for a complete theory for e=18. We have overcome difficulties which 
did not arise in the earlier papers. We treat briefly the five cases having 
¢(e) =8; there is now trouble in the determination of a unit factor. 

2. Subdivision of periods. Let d be any divisor of e and write E=e/d. In 
the definition of the e periods :, replace e by E and f by df; we get the E 
periods 


(1) Vi = Do E— 1). 


7=0 
By T, (3), 


E-1 


YoY. = >. (k, const., VYa=mt+ 
The general term of the product is 
e—1 


iE = y (k + jE — tE, + const. 
n=0 


Let O<k<E, OSh<E. By the terms in 7, 


d-1 
(k, = (k + jE — tE, h — t£). 


t,j=0 


Since the two arguments may be reduced modulo e, 


* Presented to the Society, April 20, 1935; received by the editors March 18, 1935. 
+ These Transactions, vol. 37 (1935), pp. 363-380, cited as T. American Journal of Mathematics, 
vol. 57 (1935), cited as D. 
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d-1 
(2) (k, = (k + rE, h+ sE). 

r,e=0 
This proof is much simpler than that in D, §14, for the case d =2. 

The primitive eth roots of unity satisfy an equation of degree ¢(e) with 
integral coefficients. Its roots are 8*, where 0<k<e and k is prime to e. For 
the field of rational numbers, the general substitution of its Galois group G 
is induced by the replacement of 8 by 8*. Hence the latter yields a true rela- 
tion when applied to a known one. But this may not be the case when & is 
not prime to e. 

In T, (7), take e=dE, m=dM. In the terms with j - - - ,tE+E-—1, 
take 7 =/J++#E and apply 64" =1 and (1). We get 


E-1 


E-1 d—1 
= BMV, = 9(B), 


J=0 J=0 


where B=8¢ is a primitive Eth root of unity. Evidently ¢(B”) is derived 
from F(8™”) in T, (7), by replacing e by E, B by B, n by Y. Hence F(62”) 
=(B”). Then T, (8), gives 


(3) R(dr, ds, B)e = R(r, 5; B*)z. 


Part I. THEORY FOR e=9 

3. The functions R(m, n). If p=9f+1=prime, ¢ is even. When B is re- 
placed by 8’, where j is prime to 9, it is known that R(m,n) becomes R(jm, jn), 
which is called a conjugate to R(m, n). If m is prime to 3, we can choose j so 
that jm=1 (mod 9). Hence unless m and n are both multiples of 3, R(m, nm) 
is conjugate to a certain R(i, —). But R(1, 1)=R(1, 7) is conjugate to 
R(4, 28) =R(1, 4). Also R(1, 6) =R(1, 2) is conjugate to R(5, 10) = R(1, 5) 
= R(1, 3). Hence every R(m, n) is conjugate to one of R(1, 1), R(1, 2), R(3, 3). 

We readily find R(3, 3). By (32)-(34) of D, 
(4) 2R(1,1)3 = L+3M+68M, M = (0, 1)s — (0, 2)s, 
(5) 4p = L? + 27M?, L =9(0,0);- ~+8=7 (mod 9). 
By (3), R(3, 3)»=R(1, 1, 6*)s, whence 
(6) 2R(3, 3) = L+ 3M + 66°M. 


Jacobi* noted that if a®-!=1, a1, and if y is an imaginary cube root of 
unity, then 


(7) F(a)F(ya)F = 3 = (mod 9). 


* Journal fiir Mathematik, vol. 30 (1846), p. 167. 
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We may take =6°, p= F(6*)F (65). We get 
R(1i, 7) = B?™’R(3, 5); R(1, 1) = R(1, 7), 
R(3, 5, 6?) = R(6, 1) = R(1, 2), 
(8) R(1, 2) = R(1, 1, B?). 
4, Determination of the 81 cyclotomic constants (k, 4) =kh. The equali- 
ties T, (4), between the (, h) become for e=9 
11 = 08, 18 = 12, 22 = 07, 23 = 17, 27 = 24, 28 = 13, 33 = 06, 
34 = 16, 35 = 26, 37 = 25, 38 = 14, 44 = 05, 45 = 15, 46 = 25, 
47 = 26, 48 = 15, 55 = 04, 56 = 14, 57 = 24, 58 = 16, 66 = 03, 
67 = 13, 68 = 17, 77 = 02, 78 = 12, 88 = 01, kh = hk. 
The linear relations T, (5), now become 


7 
0,4)=f-—1, 014084 2(12)+ > (1, &) =f, 
h=3 


h=O 
02 + 07 + 12+ 13 + 17 + 2(24) + 25+ 26 =f, 
03 + 06+ 13+ 14+ 164+ 17+ 25+ 26+ 36 =f, 
04 + 05 + 14+ 2(15) + 16 + 24+ 25 + 26 =f. 
The sum of the last four less the first is 
3(12 + 13 + 14+ 15 + 16 + 17 + 24+ 25 + 26) 
= 3f + 1+ (00) — (36). 
In (4) and (5) we have by (2), 
(11) (0, 0)s = (0, 0) + 3(0, 3) + 3(0, 6) + 2(3, 6), 
(12) M =01— 02+ 04 —05 + 07 — 08 + 2{13 —14 + 16 — 17 + 25 — 26}. 


(10) 


Using T, (8), and checking by T, (16), we get after using 
(13) 


(14) R(t, 1) = 2) = 


i=0 
co = (00) — 3(06) + 2(36), 
c, = O1 + 04 — 2(07) + 2(13) — 4(16) + 2(25), 
c, = 2(02) — 05 — 08 + 4(14) — 2(17) — 2(26), cs = 3(03) — 3(06), 
ce = — 01 + 2(04) — 07 + 4(13) — 2(16) — 2(25), 
cs = 02 + 05 — 2(08) + 2(14) + 2(17) — 4(26); 
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bo = 00 — 01 — 04 — 07 + 13+ 16 + 25 — 36, 

b; = 01 + 05 — 07 — 08 + 12 — 2(15) + 16 — 17 + 24 — 25 + 26, 

be = 01 + 02 — 04 — 08 — 12 + 13 — 14+ 2(15) — 24 — 25+ 26, 

bs = — 01 + 02 — 04+ 05 — 07 + 08 + 13 — 14+ 16 — 17 + 25 — 26, 

bg = 02 + 04 — 07 — 08 + 2(12) — 13 — 14 — 15 + 16 — 24+ 26, 

bs = — 04+ 05 + 07 — 08 + 12+ 13 + 15 — 16 — 17 — 2(24) + 26. 

These twelve equations with the five in (9), and (11), (12), uniquely de- 
termine the nineteen “reduced” (&, 2) involved in them and hence all the 81 
cyclotomic constants. 

We first give combinations which involve 01 and 08, 02 and 07, 04 and 


05 only in their sums, which we eliminate by (9). Then 2b)—); is seen to in- 
volve the left member of (10), whence 


(15) 2bo — bs = 1 + 3(0, 0) — 3(3, 6). 
From this, (11), co and c; we get 
9(0, 0) = 2(2bo — bs — 1) + (0, — + 


(16) 
9(0, 6) = (0, 0)s — co — cs, 


(17) (0, 3) (0, 6) + 3¢3, (3, 6) (0, 0) 3(2bo 1). 


These known (0, 3¢) and (3, 6) are allowed in later answers. The new com- 


binations are 
by — be = 3(1, 2) — 6(1, 5) + 3(2,4), be + bs — br = 3(1, 2) + 3(1, 5) — 6(2, 4), 
C1 — co = 3(1, 3) — 6(1, 4) — 3(1, 5) — 6(1, 6) + 3(1, 7) + 3(2, 4) 
+ 3(2, 5) + 3(2, 6), 
= 3(1, 2) — 3(1, 3) + 6(1, 6) — 3(2, 4) — 3(2, 5), 
= 3(1, 4) + 3(1, 5) + 3(1, 7) — 3(2, 4) — 6(2, 6), 
= 3(1, 2) + 6(1, 3) — 3(1, 6) — 3(2, 4) — 3(2, 5), 
4{M + 260+ f — 1 — 3(0, 0) — 03 — 06 + 2(3, 6)} 
2(13 + 16 + 25) — 14 — 17 — 26. 
From these and the fourth in (9), we get 
(18) 9(2,6)=2B—C, 9(1,6)=B+C+3D, 
(19) 9(11,3)=B+C+3D+G, 92,5)=B+C-—6D-G, 
B= H —3(C; — bi) + f — 03 — 06 — 36, 
C=A—H+H(cs—bi), D = — — + bs) — 240, 
G=atbs—bta, bs — bi — (bi — = 15 — 24. 
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Next, (10) yields 
3(15 + 16 + 26) = f+ 3(1 + 00 — 36 + de — Bb; — os + By) 
+H+D, 
which gives (1, 5). Then H gives (2, 4). Then b; — be gives (1, 2). We get (1, 4) 
from 
(21) 2H +4(c: — co — cs + by) = 13 — 3(1, 4) — 2(1, 6) + 25 + 3(2, 6). 
Then c;—; gives (1, 7). Finally, 01 and 08, 02 and 07, 04 and 05, whose sums 


are known by (9), are determined by them and (, ¢4, bo. 
5. Congruences. After reductions by 6*=1, but not by (13), let 


(20) 


8 
R(1, n) = >> Bi. 
t=0 


By* T, (17) and (18), 


(22) > iB; = 0, > 7B; =0 (mod 3). 


t=O 


We now reduce by (13) and get 


5 
R(1, = >>  Co= Bo— Be, Ci = B, — Bz, C2 = Bz — Bs, 


C3 = Bs — Be, Ca = Ba — Bz, Cs = Bs — Bg. 
Hence (22) give 


(23) ic, =0, > PC; = 0 (mod 3). 


i=0 i=0 
These are equivalent tof 
(24) Co+C;=-1, C.+C,=090, C2+C; =0 (mod 3). 
For R(1, 1), cs=0 (mod 3). By the fourth and first of (9), 


— = (0, + (3,6) = (3, 6) — (0,0) = 0 (mod 3) 


h=1 
by (10). Using also (24) in small letters, we see that for R(1, 1) 


(25) co= — 1, = 0, (mod 3). 


* Our conclusion is not altered by the fact that if 7, s is 3, 6 or 6, 3, the six numbers in T, (20), 
now coincide in sets of three. The last two in (22) are multiples of 9. 
{ For R(1, 2) every linear congruence modulo 3 is a combination of (24). 
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In Lemmas 1, 2, and their proofs, the summation index takes the values 
i,---,% 


Lema 1. Let (mod 3) in Then +6*P satis- 
fies the first two congruences (23) for a single choice of the sign and for a single 
determination of n modulo 3. 


We have BP =>_S;8‘ where 
So = — Ds, Si = Do, S2 = Di, Ss = D2 — Ds, Se = Ds, Ss = Da, 
= UD, =D = iD; + YD; (mod 3). 
Hence in 6*P 
DD, = dD; =0 (mod 3) 
by choice of m, uniquely modulo 3. 


Lemma 2. Let C =)>C,' satisfy the first two congruences (23). By Lemma 1, 
also B°C and B°C satisfy the same congruences. At most one of C, B°C, B°C satisfy 
also Cs =0, C14 0. 


In =D TS, 


To = —C3,T, = — Cs, T3 = Co — C3, Ty = C1 — Ca, T5 = C2 — Css. 
Hence in B°C UB‘, Us = —Co. If two of Cs, Ts, Us are multi- 


ples of 3, then Co=C;=0 (mod 3) and the coefficients of both 6° and 6° in 
C, B°C, B°C are all multiples of 3. 
Lemmas 1 and 2 yield 


THEOREM 1. At most one of +8*P satisfies congruences (25). 


6. Class number. If g is any prime, the field defined by exp 277/q" has the 
discriminant* D = +q™, where m =q*—!(hqg—h—1) and the sign is plus except 
when g*=4 or g=3 (mod 4). But Minkowski proved that every ideal class 
contains an ideal whose norm is <(+D)"?. For q*=9, the latter is < 140.3. 
Tablest show that every prime <1000 is a product of actual complex primes, 
whence every integer < 1000 is a product of principal ideals. Thus every ideal 
is a principal ideal. 

THEOREM 2. The field of the ninth roots of unity has the class number 1. 


7. Complex factors of primes p=9f+1. To p corresponds a polynomial 
L(8) with integral coefficients which is a complex prime such that 7p is the 
* Kummer. See Hilbert’s Report on algebraic numbers, Jahresbericht der Deutschen Mathemati- 


ker-Vereinigung, vol. 4 (1894-95), p. 332. 
t C. G. Reuschle, Tafeln Complexer Primzahlen, 1875, pp. 173-75. 
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product of a unit and the L(6*) for i=1, 2, 4, 5, 7, 8. Evidently the only pos- 
sible factorizations 


(26) p = uf(6)f(e"), u = unit, f(8) with factor L(8), 
have the following four forms of f(8): 
(I) L(B)L(6*)L(8*); (II) L(6)L(6*)L(6*); 
(III) L(6)L(6*)L(6"); (IV) L(6)L(6*)L(8"). 


Since (IV) is unaltered when 8 is replaced by * or 8’, it corresponds to 
R(3, 3). When B is replaced by §?, (III) becomes (II), (II) becomes (I), and 
(I) becomes the complement L(8*) L(6*) L(6*) to (III). 

8. Diophantine equations determining R(1, 1). Asin T, §13, «=1 in (26), 
while v = + is the only unit such that 

5 


(27) p =F(6)F(6), = of(8) = 


t=O 


By (13) this product is the sum of (28) and 
(6 + + (6? + B*)B + (64+ = — — 
where 


5 
(28) Dic? — cos — — A=C, B=C, 
t=0 


(29) A = + + Calg + C304 + 
(30) B = + €1€3 + Cola + C05, C = + C105 + Cots. 


By Theorem 1 there is at most one choice of v in (27) such that the c; 
satisfy congruences (25), which must hold if F(8) serves as R(1, 1). Replace 
B by 6? and write F(6?) Then 


(31) bo = Co — Cs, bi = Cs, ba = — Ca, = Cs, bg = C2, = — 


Evidently (28)—(30) hold when the c; are replaced by these b;. If the c; satisfy 
congruences (25), also the b; satisfy them. 

We saw that R(1, 1) is the product of a unit by (I), (II), (III), or one of 
their complements, the six being permuted when £ is replaced by 6. 


THEOREM 3. Equations (28) have exactly six sets of integral solutions satisfy- 
ing congruences (25). These sets are derived from any one set by applying the 
powers of substitution (31) of period 6. Any of the six sets may be chosen as the 
coefficients of R(1, 1) =) c,8*. Then (8) gives R(1, 2). Except for the double sign 
of M, R(3, 3) is defined by (5) and (6). Then all the cyclotomic constants are 
determined as in §4. 


= 
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The ambiguity in R(3, 3) may be removed by using* 
(32) R(3, 3) = R(1, 1)R(1, 2, 6*)/R(1, 2), 
viz., 
= F(6)F(6*), 


which follows from (8). 

Theorem 3 permits a six-fold choice for R(1, 1). This is in accord with the 
fact that 8 may be chosen as any of the six roots of (13). The cyclotomic con- 
stants themselves have a six-fold ambiguity involved in the choice of the 
primitive root g of p. When g is replaced by a new primitive root g’, R(1, 1) 
becomes R(t, = R(1, 1, 8‘), where ir=1 (mod 9). But ¢ ranges with r over 
the six integers <9 and prime to 9. By (28), 

(33) 4p + C2 +C? + + c#), 
Co = 260 — C3, Ci = 2¢1 Ce = €s. 
By (25), C:=3y, C2=3z, cs =3w, where y, z, w are integers. Thus 
(34) 4p = CP + 9(y? + + + + Co=1, = cs (mod 3), 
so that the five congruences (25) reduce to two after choosing our new varia- 
bles. 

Part II. THEORY FOR e=18 


9. Unless m and m are both even or both multiples of 3, R(m, n) is con- 
jugate to some R(1, —) and hence to a single one of 
(35) R(1, 1), R(1, 2), RU, 3), RM, 4), RM, 5), 9). 
The R(3x, 3y) are conjugate to R(3, 3), R(3, 6), or R(6, 6). The R(2r, 2s) are 
given by (3). By T, §10, 
R(1, 9) = 6?"R(1, 1), R(1, 4) = (— 1)/6-*"R(1, 1), 


(36) R(2, 8) = (— 1)/6*™R(1, 1). 


We regard R(1, 1)) as known by Theorem 3. Then our R(2, 2) is known. 
Replacing 8 by 8", we get R(8, 8) = R(2, 8). Thus (36) give R(1, 1), R(1, 9), 
R(1, 4). In (7) we may take y =8*, a=", p= F(6")F(6"), and get 


(37) R(1, 13) = R(3, 11), —-R(1, 2) = 4, 6°), 


since the latter is derived from the former by replacing 6 by 6°. By the value 
of Rin terms of F, we get 


* In case M is not divisible by 9, the change of the sign of M subtracts M from A above (18) 
and hence from C, whence by (18) the solution (26) is an integer for a single choice of + M. 
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(38) R(m, t)R(n, m + t) = R(m, n)R(m + n, 2), 

(39) R(1, 4)R(1, 5) = RUA, 1)R(2, 4), R(2, 3)R(1, 5) = R(1, 3)R(2, 4). 
By the first and (362), and then by the second, 

(40) R(1i, 5) = (— 1)/8®"R(2, 4), R(1, 3) = (— 1)/8°"R(2, 3). 


We now know all functions (35) except R(1, 3). While the case R(1, 2) R(1, 3) 
= R(1, 1) R(2, 2) of (38) gives R(1, 3), it is not found linearly. 
10. We prove the following theorem: 


THeoreEM 4. If [x] denotes the least positive residue of x modulo e, we have 
the following decomposition into prime ideals: 


(41) R(h, t) = + Bl f(67), 2Z =1 (mod e), 
where z ranges over those positive integers <e and prime to e such that 
(42) [hz] + [tz] >e. 
Let r and g be primitive roots of 
= 1, = 1 (mod p), p=eft+1. 


Write =F (r-”) F(r-")/F(r-™-*), where m and are positive and <p—1. 
Jacobi noted that 


=O (mod p) ifm+n>p—1. 
Write 
g/=u (mod p), m=h2f, n=tsf (mod (p — 1)). 


Then r-"=8"*, r-"=8*, and @ is a primitive eth root of unity. Thus y/(r) 
becomes R(h, t, 8). Since m/f and n/f are positive integers <e and are con- 
gruent modulo e to hz and #z, respectively, m+n > p—1 is equivalent to (42). 
Then R(h, t, u*) =0 (mod This implies* (41). 

Since R R(h, t) =p if R=R(h, t, B-'), the solutions z of 


(43) [hz] + [tz] <e 


yield the factors of R. We pass to the factors of R(h, #) itself if we replace 


f(8) by 
11. For e=18, we use (43) and see that R(1, 3) and R(6, 6) are both prod- 


* For e a prime, Kummer, Journal fiir Mathematik, vol. 35 (1847), p. 362, where there are two 
misprints of m for u in the second line. Since we are taking his f=1, the periods 7 are the powers of a, 
and the symbolic “f(a)=0 (mod g) for n=,” on p. 339 now means f(u,)=0 (mod q) in the ordinary 
sense. For e composite, Kummer, Mathematische Abhandlungen, Akademie der Wissenschaften, 
Berlin (for 1856), 1857, p. 45, where he used (43). 
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ucts of f(8) f(8") f(6") by units Hence R(1, 3) =8*R(6, 6). Replacing 
B by 8", we get 

R(13, 3) (— 1)/R(2, 3) = B¥R(6, 6). 
Then (402) gives 12k+6m=0 (mod 18), k=m+3t. We omit the indirect de- 
termination of yielding 
(44) R(1, 3) = + B™**”’R(6, 6). 


Since we know all the R(m, m), we can find the cyclotomic constants as 
in D or T. 
Part III. THeory For ¢(e) =8, e=15, 16, 20, 24, 30 
12. Let a, b, c, d denote the positive integers <e/2 and prime to e. Then 
a’=e—a,---, d’=e—d give the integers >e/2 and prime to e. Then p is 
the product of eight prime ideals f(87), denoted by Z,-for Z=a,---, d’. 


The following give F(8) in the only decompositions p=F(8) F(@-"), where 
F(8) is a product of four of the prime ideals, one of which is f(8*): 


I, II: a, b,c, d ord’; Ill, IV: a,b, c’,d ord’; 

V, VI: a, b’, c,d or d’; VII, VIII: a, 6’, c’, d ord’. 

If F =F(8) is such a product of four, the product F(8-") of the complemen- 
tary set of four is denoted by F’. 

13. Case e=16. Every* ideal is a principal ideal (or the class number 
is 1). In §12, a=1, b=3, c=5, d=7. For the equation having the eight roots 
B*, k odd and <16, the Galois group G for the domain of rational numbers is 
generated by 

These induce the respective substitutions 
(II V’ VIII III)(I VII’ to I’)(IV)(VI to VI’), 
(II III’ VIII V)(I VII’ to I’)(IV to IV’)(VI). 

Each R(m, n) is conjugate to one and only one of R(1, 7), 7 =1, 2, 3, 6, 7, 
R(2, 2), R(2, 4), R(2, 6), R(4, 4). By T, (48)-(S1), 

(48) (- 1)/R(1, 6) = R(1, 9) = B?"R(2, 2), R(1, 7) = (- 1)/6°"R(1, 1), 
where g™=2 (mod #). Applying Theorem 4 with (42) replaced by (43), we 
see that, apart from unit factors +', 

R(1, 1) = VII, R(1, 2) = VIII, R(1, 3) = IL, R(1, 6) = IV, 

R(2, 2) = R(2, 6) = R(1, 6), R(4, 4) = R(2, 2) = VI, 


(45) 


(47) 


* Weber, Algebra, 2d edition, vol. 2, 1899, p. 808, foot-note. 
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after a proper choice of {(8) among the eight prime factors. 

Consider the Diophantine equations found as in §8. A set of integral solu- 
tions which gives rise to 8 distinct sets under the group G generated by (46) 
may be taken as the coeflicients of R(1, 3). After choice of 8 among the eight 
roots of the octic satisfied by B*, k odd and <16, we may assume that R(1, 3) 
is the product of a unit +f‘ and ITI, rather than another of II, III, V, VII 
or the complements II’, - - - in the cycles of four in (47). 

This unit is partially determined as follows. Write 


(49) R= n) = BS, 


without reduction by 6*= —1. As in T, §3, 
(50) B=p—2, iB; =0 (mod 16), >> #B; = 0 (mod 8). 
After reduction by 8* = —1, we get 


7 
(51) R=> Cr = — Bus, 


(52) = 1, = C1 + Cs: +O, =0 (mod 2). 
By the difference of the last two in (50) taken modulo 4, we get 
(53) C2+Cs+Ce+Cr =0 (mod 2). 
Consider any polynomial (51:) with })C; odd. Then 
7 
BR = Do = — Cr, D; = Cin (¢=1,---,7), 


where s=C,+C;+Cs+C:. Hence if s=1 (mod 2), BR has A=0 (mod 2). 
Hence by choice between R and BR we may assume that s=0 (mod 2) in R. 
Then 


7 
BR = >> Hei, Ho = — Ce, H,= — Cy, H; = Ci-2 (¢ = 2,---,7), 
t=0 


(mod 2), 
6= Hs t+ Het (mod 2), 
where ¢=C2+C3;+C.+C;7. Hence if ¢ is odd, 6 is even. Hence just one of 


R, BR, B?R, 6*R is a polynomial >°C,f+ for which the three congruences (52) 
and (53) hold, viz., 


(54) Cit = C3 t+ Cr = O12 (mod 2). 


15 
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These four sums remain unaltered modulo 2 when we replace R by 6*R. Thus 
R(1, 3) is determined* up to a factor 647. We have not undertaken the in- 
vestigation similar to that in §5, but much longer, to find further linear con- 
gruences which determine j. For a given p, j is probably determined by the 
formulas expressing (0, 0) or other cyclotomic constants (k, /) in terms of the 
coefficients of the R(m, n). 

The R(2x, 2y) are known by the theory for e=8 in D. Then (48) gives 
R(1, 6). We get R(2, 3) from 


(55) R(1, 6) = R(33, 22) = R(2, 3, B"). 


The above discussion yielded R(1, 3) and hence its conjugate R(11, 33) 
=R(1, 11) =+R(1, 4). We get R(1, 1) and R(1, 2) from 


(56) R(1, 3)R(1, 4) = R(1, 1)R(2, 3), 2)R(1, 3) = R(1, 1)R(Q, 2). 


Also R(1, 7) is known by (48). We now have a conjugate to every R(m, nm) and 
can find the (k, 4) by linear equations as in T. 

14. Case e=15. Let d,, dz, D be the discriminants of the fields defined by 
a primitive mth root of unity for n=3, 5, 15, respectively. Then D=d,‘d,” by 
Hilbert’s Report, loc. cit., p. 267. By §6, di= —3, d,.=5°. Thus D/?=1125. 
By Reuschle’s Tables,every integer <1000 is a product of principal ideals. 
If this were verified on to 1125, Minkowski’s theorem (§6) would show that, 


in the field of the fifteenth roots of unity, every ideal is a principal ideal. A 
complete proof may be made by use of the real subfield of degree 4 as by 
Weber, loc. cit. 

The R(m, n) are conjugate to a single one of R(1,7),j7=1, - - - , 5, R(3, 3), 
R(5, 5). The last two may be regarded as known by (3). 

Consider (7) with y =6°, or B'*, p= F(a) F(a'). We get 


(57) R(1, 3) = B-*”’ R(3, 3), R(1, 6, B84) = R(4, 9) = 63”’R(1, 2). 
Expressing the former in terms of F’s we get 
R(1, 6) = B-*”’R(3, 4). 

By the case 24-16 =12-34 of (38), we get 
(58) R(2, 4) = R(1, 2, 6?) = B°™’R(A, 2). 

In (41) denote f(87) by Z and use (43). Then, apart from factors +f’, 

R(i, 1) = 1-4-8-13, R(1, 2) = 1-2-4-8, 3) = 1-8-11-13, 
while R(1, 4) has the same factors as R(1, 2), and R(1, 5) the same as R(1, 1). 


* Likewise R(1,5). While the factor for R(1,4) is 8-, R(1,1) is uniquely determined. See the 
later formulas. 
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Hence 
(59) R(1, 5) = + 6*R(1, 1). 


Expressing the R’s in terms of F’s, we see that R(2, 5) = +6*R(1, 8). Replac- 
ing B by 6”, we get R(1, 4) = +6*R(1, 2). The case R(1, 4) R(1, 5) = R(1, 1) 
- R(2, 4) of (38), and (58) give 3x=3m’ (mod 15), whence x =m’+5y. 

In a formula due to Jacobi, loc. cit., p. 168, take \=5 and replace 6 by 6’, 
a primitive fifth root of unity. Then 


(60) F (a)F (B%a)F (B%a)F = (a) 
if 5=g™ (mod p), a?-'=1. We take 

p=F(a)F(a"), p = 
and have two equal products of three F’s. Take a =8-' and divide by F(6") 
- F(6*). We get 

R(5, 8) = B™R(1, 10), or R(2,8) = 6™R(1, 4) = + B2*BR(1, 2). 

Replacing 8 by 6? in the earlier R(1, 4), we get 

R(2, 8) = + B*R(2, 4) = + 6476*"’R(1, 2). 
Hence 5M =2x+3m’ (mod 15). Thus y=m’—M (mod 3), 

x = 6m’ — 5M. 


In §12, a=1, b=2, c=4. By the replacement of 8 by either 6? or 8’, I, IV, 
VI, VII (or their complements) are permuted in a cycle of four, while III 
and VIII are interchanged, and V is unaltered (or goes to V’). After a choice 
of 8 among the eight 6+, & prime to 15 and k<15, we may take R(1, 1) to be 
a product of a unit +* by VI (rather than I, IV or VII). An equivalent choice 
for the Diophantine equations found as in §8 is that a set of integral solu- 
tions, which give rise to 8 distinct sets under the transformations induced by 
the Galois group generated by the replacements of 8 by 6? and 6’, may be 
taken as the coefficients of R(1, 1). But the unit factor cannot be determined 
as heretofore since there exists no linear congruence modulo 3 or 5 between 
the coefficients of R(1, 1), after* reduction to a polynomial of degree 7 in 8. 

If we waive this difficulty and regard R(1, 1) as known, we have R(1, 5) 
by (59), R(1, 3) by (57), and find R(1, 2) by (562). Then R(1, 4) = +8*R(1, 2). 
We now know a conjugate to every R(m, n). 

15. Case e=20. The R(m, n) are conjugate to R(1, 7), 7=1-5, 8, 9, 

* Before that reduction by the octic in 8, we have the congruences T, (18), and see that T, 
(69)-(71), apply also here. 
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R(2, 2), R(2, 4), R(2, 8), R(4, 4), R(5, 5). The last five are found by (3). 


R(1, 8) = + B°"R(2, 8), R(1, 9) = + 1). 


By (60) with 6° replaced by 6, we get R(2, 7) =rR(1, 2), r=6®". Then (38) 
gives R(3, 6) =rR(1, 6). The factorizations into prime ideals yield only the 
facts that R(1, 3)/R(1, 1), R(1, 8)/R(1, 2), R(2, 2)/R(1, 2) are units. The lat- 
ter are found from one by use of (562), 18-19 = 12-28, and R(2, 8) =B*”R(2, 2). 

16. Case e=24. The R(m, n) are conjugate to R(1, 7), 7=1-11; R(2, 7), 
j=2, 4, 6,8, 10; R(3, 3), R(3, 6), R(3, 9); R(4, 4), R(4, 8), R(6, 6), R(8, 8). By 
(7) with a=6"", y=6°, R(1, 6) =B-*"’R(3, 6). Expressed in F’s, the latter 
gives R(1, 9) R(1, 2, 
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POTENTIALS OF POSITIVE MASS. PART II* 


BY 
GRIFFITH C. EVANS 


IV. THE SWEEPING-OUT PROCESS 


11. Decreasing sequences of potentials. As we have seen in §2.1, the 
limit of an increasing bounded sequence of potential functions of positive 
mass distributions on a bounded set F is itself a potential of positive mass. 
The limit of a decreasing sequence of such functions is however not neces- 
sarily superharmonic. Nevertheless, de la Vallée Poussin, in the memoir on 
the Poincaré sweeping-out process already cited in §1, is able to associate 
a positive mass distribution with a particular type of decreasing sequence, 
and the ideas underlying this association do not lose in force in a wider ap- 
plication. Accordingly we shall consider an arbitrary monotone-decreasing 
sequence of potential functions of positive mass distributions on a bounded 
set F, which set without loss of generality may be assumed to be closed. 

Let then Ui, U2, - - - be a monotone-decreasing sequence of potentials 


Ui+1(M) M in W, 


of positive mass distributions f,(e), fe(e), - - - , respectively, on F. Denote the 
limiting function by Uo(M). It is everywhere =0, but not necessarily super- 
harmonic. It is harmonic in T. 

The distributions f;(e) are bounded in their set, since, by §2, f:(F) <fi(F), 
i>1, and accordingly the sequence contains a subsequence {f;,(e)} which 
converges in the weak sense to a positive mass function f(e) on F or on a sub- 
set of F, that is, converges so that 


Lim f sanao J 


for every continuous function ¢(M). Let U(M) be the potential of f(e). 
In particular, 


(1) f h'le(M, P)df(ep) = lim f hilo(M, P)df;,(ep). 
Ww Jd 


* See these Transactions, vol. 37 (1935), pp. 226-253. Presented to the Society, December 29, 
1932, and September 6, 1934; received by the editors January 14, 1935. 

¢ These methods and ideas are closely related to those of N. Wiener and G. Bouligand. See G. 
Bouligand, Fonctions Harmoniques. Principes de Picard et de Dirichlet, Mémorial des Sciences Mathé- 
matiques, fascicule 11, Paris, 1926. 
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If M is distant 6 from F, the equation (1) takes the form 
U(M) = lim U;,(M), 
for an arbitrary value of p, p<6. Hence U(M) =U,(M), for M not on F. 
If M is on F, we have from (1) 


1 
f h'!o(M, P)df(er) < lim inf | —— df,,(ep) = lim inf U,,(M), 
w w MP 


and since this relation is true for all p, we may let p approach zero and obtain 
the equation U(M) <U,(M), Min F. 
Finally, equation (1) is a statement of the fact that 


1 
Avu(p, M) = lim Ay,,(p, M) = lim f U;,(P)dP, 


the last quantity being Av,(p, M) since the U;,(P) form a monotone-decreas- 
ing sequence with limit Uo(P), for all P. Hence 


Au(p, M) = Av,(p, M). 


From this equation and (17), §4, follows a similar result for the operation 
au(p, M ). 

We may speak of the process just described in terms of a monotone-de- 
creasing sequence as a general sweeping-out process, and summarize the results 
in the following theorem. 

THEOREM. For the general sweeping-out process, in which U,;(M) = U2(M) 
> --- 2U,(M)=lim (i= ©) U;(M), and U(M) is the potential of a distri- 
bution f(e) defined by the weak convergence of a subsequence of the fi(e) on F, 
we have 


(2) U(M) = U,(M), M not onF, 
(3) U(M) s U,(M), M onF, 
(4)  Au(p, M) = Av,(e, M), au(p, M) = av,(p, M), MinW. 
The potential U(M) and the distribution f(e), for sets e measurable Borel, 


are uniquely determined, independently of the subsequence on which there is weak 
convergence. 


In fact, by (9), §2.2, and this equation (4), letting p approach zero, it fol- 
lows from the uniqueness of Uo(M) that there is only one possible function 
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U(M). But given the potential U(M) its mass distribution f(e) is uniquely 
determined on all sets measurable Borel.* 

In particular, as a further consequence of (4), letting p approach zero, 
U(M) =U,(M) wherever the latter is the point set derivative of its spatial 
integral. Hence if E is any set of positive spatial Lebesgue measure, we shall 
have 


(4’) J vanau = voanaw. 


Corottary. If U;(M) =U{(M)+UY' (M), Ui (M) and UY’ (M) being po- 
tentials of distributions of positive masses on F, and the generalized sweeping-out 
process is carried out separately on U{ (M) and U{'(M), then U;(M) =U! (M) 
+U!'(M) determines a sweeping-out process for U;(M), so that U(M) =U'(M) 
+U’'(M). 


12. Poincaré sweeping-out process for continuous potentials. As a 
first case, we consider that discussed in the main by de la Vallée Poussin, in 
which a given potential U(M) of a distribution of positive mass on F is as- 
sumed to be continuous on the set 2+s of §1, with respect to +s itself. 
We define a decreasing sequence V,(M) in terms of the sequence solution for 
the domain = and the boundary values U(P), P on s, and describe the process 
of removing the mass from = as the Poincaré sweeping-out process. 

More precisely, let =, be a sequence of nested regular domains approxi- 
mating to 2,} and choose V,(M) as the following uniquely defined function: 


V,(M) is continuous in W, 

V,,(M) is the solution of Laplace’s equation in 2, which takes on the given 
values U(P) on s,, regular at © if 2 is unbounded, 

V,(M) =U(M) for M in the complement of 


Then for M in 2, Vo(M) =lim (n=) V,(M) is the desired sequence solu- 
tion, and is independent of the choice of the set of nested domains.{ 

Since V,(M) is <U(M) and is harmonic wherever V,(M) <U(M), it is, 
being continuous, superharmonic, and, by §2, a potential of a positive mass 


* F. Riesz, Memoir (2), cited in §2. See also G. C. Evans, Fundamental points of potential theory, 
Rice Institute Pamphlet, vol. 7 (1920), pp. 252-329, p. 271 and p. 285, where the determination of the 
additive function of point sets is given in terms of a uniquely determined function of curves, with 
regular discontinuities. 

{ That is, = contains 2, with its boundary, and =, contains 2,_; with its boundary; and the 
boundary of =, is regular. (Hence there is one and only one solution of the Dirichlet problem for 2, 
which takes on continuously assigned boundary values which are continuous.) Every point of = is 
to lie ultimately in some 2p. 

} O. D. Kellogg, Foundations of Potential Theory, Berlin, 1929, p. 317 ff. 
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distribution f,(e). Moreover V,4:(M) is everywhere <V,(M), since the two 
functions are identical except in 2,41, while in that region V,(M) is super- 
harmonic and V,4:(M) harmonic. The sequence is therefore a special case 
of the sequence of §11, and the mass functions converge in the weak sense 
for a subsequence {m;} to a mass distribution u(e) whose potential V(M) is 
dominated by 

If 2 is a bounded domain, the total mass f,(W) or f,(CZ,) is f(W) =f(F), 
for we have V,(M) =U(M) outside of a properly chosen sphere; if = is an 
infinite domain the f,(W) is <f(F), and some of the mass may be described 
as lost to infinity. In the limiting distribution there is no mass in 2, and 
u(s+B) =f(F) or is <f(F) according as = is bounded or unbounded; in the 
two cases the Poincaré sweeping-out process may be described as a transfer 
of the mass from = to its boundary s, or in part to s and in part to infinity.* 
In fact, from what is given above, it follows evidently that if v,(e) denotes the 
distribution f,(e-s,) and v(e) a limiting distribution in weak convergence for 
the subsequence {m;}, then 


v(s) = f(2), if = is bounded, 
< f@), if = is unbounded. 


Under this first case we may include that where U(M) is continuous in 
the part of 2+s within a distance 6 of s, for after a certain m the boundaries 


S, Will all lie within that neighborhood of s. 

The following statement is immediate, as a property of the sequence solu- 
tion. Given two potentials U’(M), U’'(M) of the kind just specified such that 
U'(M) =U"’(M) for all M; then the corresponding functions Vj(M), Vi'(M) 
satisfy the relation 


(5) Vo(M)2Vo'(M), for all M. 


12.1. Sweeping out of discontinuous potentials. Turn now to the general 
case, U(M) being the potential of an arbitrary distribution of positive mass 
on F, and take a sequence of nested domains 2, as in §12. Since U(M) is 
lower semicontinuous and positive there exists a sequence U‘)(M) of not 
negative functions, defined and continuous on s, and tending to U(M) at 
every point of s,. Let U,,‘”)(M) be the function which is defined and continu- 
ous in 2,+5s,, harmonic in 2,, regular at © if 2 is unbounded, and takes 
on the values U‘)(M) continuously on s,. Define 


* In de la Vallée Poussin, loc. cit., the process is described in terms of an actual transfer of mass 
for a domain of sufficiently smooth boundary, based on its approximation by a domain consisting of 
a finite number of spheres. 


E 

fe 
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V.(M) = lim u(M), MinX, 


(6) = U(M), M in C2,. 


The function V,(M), in =,, is independent of the choice of the monotone- 
increasing sequence U‘)(M); this is in fact well known. We note that if we 
define U‘»)(M), for all M, as the average U(p, M), p=1/p, it follows by §2 
that U‘»)(M) is a (continuous) potential of a distribution of positive mass on a 
set bounded independently of , the total mass being f(F). The function 
V,.(M), equal to U,(M) for M in =, and equal to U‘(M) for M in 
CX.,, is therefore a potential of positive mass on a set which is bounded inde- 
pendently of , ». But the functions V,(M) form a monotone-increasing 
sequence with respect to p, and V,(M)=lim (p=) V,(M) for all M. 
Hence by §2.1, V,(M) is a potential of a distribution of positive mass on a 
bounded portion of CZ,, and the total mass is in value f(F) or <f(F), ac- 
cording as 2 is bounded or unbounded. The same remark applies to a mass 
distribution to which these converge weakly as m tends to infinity. 

The functions U, Vi, V2, - - - constitute the decreasing sequence of §11. 
In fact, V,(M) <V,(M) (M) for every 


THEOREM. The functions Vo(M), V(M) and the mass distribution p(e), for 
sets e measurable Borel, are uniquely determined, independently of the choice of 
the sequence of nested regular domains for 2, and of the subsequence over which 
the weak convergence is established. 


Consider first two regular domains 2;, 22 such that 2 contains 22, which 
contains 2;. We note that the corresponding potentials Vi, V2 satisfy the 
relation 


Vi(M)=V(M), MinW. 
In fact, given M, and choosing U™(M)=U(, M), p=1/, as above, 


= forall p. 

Let now {2,/}, {2,./’} constitute two sequences of nested regular do- 
mains for 2. We may construct a third sequence of such domains, { 2}}, which 
contains an infinite number of domains of each of the sequences { =, }, 
{>./’ }; for, given any 2,’, there is a 2,/’ which contains 2, and its bound- 
ary. In fact, for every m the set (2, +s,’)-(C2«’) is closed and contains its 
successor when m is replaced by m-+-1; but since there is no point belonging 
to it for all m it must become empty for m sufficiently large. 

It follows that the limiting functions Vj (M), V¢’ (M) are identical. In 
fact, 
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Vo (M) = lim Vx (M) = lim V;°(M) = lim (M) = Vo'(M). 


n=@ 


Hence the function Vo(M) is unique. 

But also, if V(M) is the potential resulting from the weak convergence 
on any subsequence { 2,,} of any sequence { 2,}, we have, by (9), §2.2, and 
(4), §11, 

(6’) V(M) = lim Ay(p, M) = lim Ay,(p, M), 
p=0 p=0 


where the function V(M) is unique. Hence V(M) is unique. Finally, if V(M) 
is unique, the mass distribution u(e), of which it is the potential, is uniquely 
determined on all sets measurable Borel. 

We note finally that the inequality (5) is still valid. That is, if the po- 
tentials U’(M), U’’(M), of positive mass distributions, are given, with 
U’(M) =U"’(M), for all M, then Vj (M) =V¢'(M) for all M. Moreover, for 
the resulting potentials V’(M), V’’(M) we have, by means of (6’), 


(5’) V’(M) 2 V"(M), M in W. 


12.2. Alternative procedure for sweeping-out of discontinuous potentials. 
The following method also extends the Poincaré sweeping-out process to ap- 
ply to an arbitrary potential, and is more in line with the procedure of de la 
Vallée Poussin for continuous potentials. We write the given potential U(M) 
in the form 


U(M) = U’(M) + U’"(M), 
U’(M) = f df(ep-2) = f + B)) 
w MP w MP 


and carry out the process on U’(M). For this purpose we form a monotone- 
increasing sequence of continuous potentials U’“”(M) of positive distribu- 
tions on a bounded set (or potentials each continuous in a portion of =+s 
neighboring s), such that 

lim U')(M) = U(M), MinW. 

pro 
Let Vi ‘(M), V’‘)(M) be the function and potential, respectively, gen- 
erated by the sweeping-out of the mass from = of the continuous potentials 
U')(M). 

The functions V/ (M) form a monotone-increasing sequence dominated 

by U’(M). Hence there exists the function 


(7) V.(M) = U’(M) + Vé(M) 
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with 
(7’) Vj (M) = lim Vj(M). 

pro 
Moreover the total mass for U’‘”)(M) is bounded, <f(Z), and lies on a set 
which is bounded independently of p, and any closed set contained in B, ulti- 
mately, for sufficiently large p, bears no mass. Consequently the mass func- 
tions for V’(M) converge in the weak sense, as p tends to © on a subse- 


quence, to a positive mass distribution a(e) which lies entirely on s. We de- 
fine V(M) as the potential 


(8) V(M) = U"(M) + 7") 
with 

1 
(8’) V'(M) = tater). 


Lemma I. The function V.(M) is independent of the choice of the sequence 
U’®)(M). 

This lemma is verified by means of the relation (5) when the monotone- 
increasing sequence U’‘»)(M) has been replaced by the strictly increasing se- 
quence of potentials (1—1/p) U’‘”)(M). Two such sequences may then be 
compared in the customary manner. In fact, let U’“(M) be a strictly in- 
creasing sequence of such continuous potentials, u’(M) a strictly increas- 
ing sequence of such potentials, each continuous in a closed region ¢, com- 
prising s and the points of = not distant from s by more than some 6,>0. 
For f; given, since «’‘”)(M) is lower semicontinuous the set of points where 
u'®)(M) < U’)(M) is closed, and hence, for # sufficiently great, will vanish. 
Similarly for p2 given, the set of points in ¢,, where U’)(M) <u’?)(M) is 
closed, and hence, for # sufficiently great, will vanish. Accordingly, for the 
corresponding V’‘)(M), vc ‘(M), obtained by the sweeping out, we have 
the analogous relations, by (5), and both sequences V¢ ‘)(M), v¢ ”)(M) have 
the same limiting function V»(M). 


Lema II. The equation (4), §11, remains valid for the procedure of the 
present §12.2. 


In fact, we have merely to repeat the proof already given of (4). 


THEOREM. Given U(M), the potential of an arbitrary distribution of positive 
mass on F, the limiting functions Vo(M), Vo(M), determined by the processes 
of §§12.1, 12.2 respectively, are identical: 


(9) =V.(M), forall MinW. 


= 
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The statement is true for M in s+B. For, for M in s+B, 
Vo(M) = U(M), 
Vi (M) = lim Vj (M) = lim U’)(M) = U'(M), 


Vo(M) = Vg (M) + U’"(M) = U’(M) + U"(M) = U(M). 
For M in 2, we have 
U"(M) + Vé(M) U"(M) + Vi@(M) s V,(M), n, p arbitrary, 
Vo(M) = U’"(M) + Vo V,(M), n arbitrary. 


Hence 
V(M) S Vo(M). 
In order to establish the complementary inequality, let a; be the portion 


of > at a distance from s not greater than 6, and 2, the remaining open set. 
Write 


U'(M) = Ux(M) + 
where 


t 1 
w w 


MP 


Given e>0, and Q a fixed poirt in 2, distant an amount x from s, we choose 
a positive 5<x so that f(o,)/x shall be <e; this is possible, since, 2 being an 
open set, lim (6=0) f(¢s) =0. But, evidently, with notation corresponding to 
that just used, 


Vo(Q) = U"(Q) + Vao(Q) + Vo'’(Q) < U"(Q) + Vao(Q) + 
Vo(Q) = U"(Q) + Vso(Q) + = U"(Q) + 


Now if we denote by U;‘”)(M) the average of U;(M) over a sphere of radius 
p=1/p, and take p>1/6, we shall have U;*(M) =U;(M) for M near enough 
to s. Hence, for the corresponding harmonic functions determined by their 


continuous values on S,, 


= V;,(Q), great enough, 


whence 


(p) 


Vio (@) = Vao(Q) = lim Var (Q) = Vue(Q). 


Consequently, substituting in the above inequalities, 


4 
} 
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= + Vso(Q) > Vo(Q) — «. 


This however yields the desired complementary inequality V.(Q) =V.(Q), 
whence V.(Q) = V.(Q) for Q in =. 


Coro.iary. The potential V(M) is uniquely determined, and is the same as 
the potential V(M) of §12.1, 


(10) V(M)=V(M), Minw. 
In fact, by (4), §11, 
M) = Av(p, M) = Ay,(p, M), 


whence the conclusion follows by letting p approach zero. 

In particular, the process of §12.2 is instanced in the sweeping out of a 
general positive distribution on 2 by sweeping out successively the portions 
within the domains 2,, where these constitute a sequence of nested domains 
for 2. 

13. Consistency theorems. We may compare the potentials resulting from 
the succession of a generalized and a Poincaré sweeping-out process, or of 
two Poincaré sweeping-out processes. 

Lemma. Let U;, U2, - - - be a monotone-decreasing sequence of potentials of 
positive mass distributions on F, with limit U.(M); let f(e) be the mass distribu- 
tion to which a subsequence of the mass distributions f(e) of U;(M) converges in 
the weak sense, and U(M) its potential. Let Vi.o(M), V2.0(M),---, Vo(M) 
be the limiting functions obtained by the sweeping out of the mass distributions 
file), fole), »S(e) from 2; then 
(11) Vo(M) = lim M in. 


By (5), the functions Vio(M) form a monotone-decreasing sequence, with 
limit, say, Vo(M). We show that Vo(M) = Vo(M), M in 2. With the aid of (2) 
and (3), §11, we have 


U(M) S$ U(M) i=1,2,---,Min®&. 
Hence Vo(M) S$ Vi,0(M) and 


(12) Vo(M) < V.(M), Mind. 


In order to establish the complementary inequality, let 2, be a set of 
nested regular domains for 2, with the boundaries s, of the 2, taken smooth 
enough so that A,(M, P), the normal derivative of the Green’s function for 
the 2,, with pole at M, will be continuous in P, for P on s,. We carry out the 
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Poincaré process of §12.1 in terms of this set of nested domains, taking the 
monotone-increasing sequences U;‘”)(M) of that section as continuous po- 
tentials of positive mass. But for M in =,, 


1 
Vie (M) = ff PUL? (PAP, 
us 8n 


whence 


13 Vin(M) (M, P)U«P)dP 
( ) t,n\- 4 i . 


Similarly for the same process carried out on U(M), 


V,(M) = f P)U(P)dP. 


We note that we have also 


(13’) V,(M) = _f{ An(M, P)Uo(P)dP 


In fact, if ¢ is any regular surface element, 


f U\(P)dP = lim | U,P)dP, 


J U(P)dP = J df(er) J 


The inside integral of the right hand member is however the potential at R 
of unit density distribution on a, and is therefore continuous in R, for Rin W. 
Hence by the weak convergence property there is the subsequence {i’} of 
{z} such that 


1 1 
d f li f ser. 
J, Kew) DR J, 
Accordingly, 


f U(P)dP lim U;(P)dP 
and /,U(P)dP = {,U.(P)dP; from which (13’) follows. 
We have now what we need. Given Q in = and e>0, we can find a stage 
m, of the Poincaré process, such that for m =m, we have 
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Vo(Q) > V»Q) — «. 
Consequently, since by (13), (13’), V.(Q) =lim (¢= ©) V;,,(Q), 
Vo(Q) > lim Vi,n(Q) — «, 


and thus 
Vo(Q) > lim Vi,0(Q) — 


for Vio(Q) SVi,n(Q), the forming a monotone-decreasing sequence 
in 2, according to the definition of the Poincaré process as applied to U;(M). 
But then, Vo(Q) > V.(Q) —e and 


= VQ), Q 
This is the complementary inequality, and the lemma is therefore established. 


THEOREM I. Let Ui, U2,--- be a monotone-decreasing sequence of po- 
tentials of positive mass distributions on F, generating a potential U(M) by the 
generalized sweeping-out process, and let v;, v2, - - - , V be the potentials arising 
from the sweeping out of the above masses from 2. Then 2, v2, - ++ also con- 
stitute a generalized sweeping-out process of monotone-decreasing potentials, 
generating the same potential V(M), for all M. 


By (5’), §12.1, the potentials v,(M) constitute a monotone-decreasing se- 
quence. Let then E be any bounded set of positive spatial Lebesgue measure. 
With reference to the notation of the lemma, and writing G=C2, as before, 
we have by (4’), §11, 


J = f 


= Vio(M)dM + Vio(M)dM. 
E-= 


E-G 


We denote lim (i= ©) v,(M) by vo(M) and the corresponding potential by 
v(M), and by means of (4’), we obtain 


f = f = lim v;(M)dM 
E E E 


= lim Vio(M)dM + lim Vio(M)dM. 


i=@ E-G i=o E- 


But in E-G, Vio(M) =U;(M), and in E- lim (¢= ©) Vio(M) = Vo(M) by the 
lemma of this section. Hence, since we are dealing with monotone sequences, 
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-f U.(M)dM + Vo(M)dM. 
E E-G 


But now again we may apply (4’), and write 


=f vanaw=f  voanam, 


J = f = f vanam. 


In particular, 
M) = M), 
whence, letting p approach zero, 
v(M) = V(M), MinW. 


This is what was to be proved. 

In particular, we may take, for the potentials U;(M), the sequence of po- 
tentials obtained by sweeping out a given potential U;(M) from = by means 
of a sequence of nested-regular domains 2; for =, and for the v;(M), the se- 
quence of potentials arising from the sweeping out of the U;(M) from a do- 
main ¥’ of which the boundary s’ is a closed subset of G=C. By the theorem 
of §12.1 the functions 2,(M), m(M),--- are all identical. We deduce then, 
from the theorem of the present section, that the potential arising by sweep- 
ing out U,(M) from 2’ is the same as that obtained by first sweeping out 
U,(M) from = and then sweeping out the resulting potential from 2’. 


THeEorREM II. Let g be a closed subset of G=C2, and s’ the external frontier 
of g, so that s’ is the boundary of an infinite domain >’ which contains X. Let 
U(M) be a potential of a positive mass distribution f(e) on F. Then the potential 
arising from the sweeping out of f(e) from >’ is everywhere the same as that ob- 
tained first, by sweeping out f(e) from =,and second, by sweeping out the resulting 
distribution from >’. 


14. Sweeping out of unit mass. Consider a distribution y(e, Q) arising 
from a sweeping out of unit mass at Q from the domain = of §1, and denote 
by %(M, Q), v(M, Q) the corresponding limiting and potential functions. For 
definiteness we take = as bounded; the unbounded region may be treated in 
the same manner. 

As a first case we assume that = is normal for the Dirichlet problem (that 
is, corresponding to arbitrary continuous values assigned on s we assume that 
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there exists in 2 a solution of Laplace’s equation which takes on continuously 

the assigned boundary value at every point of s), and that the boundary s is 

sufficiently smooth for applications of Green’s theorem; in fact, that the nor- 

mal derivative of the Green’s function for 2, with pole at Q in 2, is continuous 

on s. We denote this derivative by \(Q, P). It is harmonic in Q for Q in =. 
The function* 


is harmonic as a function of M for M not on s, and is continuous in M for all 
M, vanishing continuously at ©. For M fixed in C(2+s) =B, I is the value 
at Q of the function, harmonic in 2, which takes on the value 1/(MP) as Q 
tends to a point P on s. Hence for Q in 2, M in B, 


I = 1/QM), 
and since both members are continuous, the same equation holds for M on s. 
Consequently, in 2, as a function of M, I is the harmonic function which 


takes on continuously the values 1/(QP) as M tends to P on s. We deduce 
then that 


(15) Q) = »(M,Q) = P) dP, MinwW. 


MP 


The distribution of mass is uniquely determined on every set measurable 
Borel, if its potential is everywhere given. Hence, for our surface s, we haveft 


15’ = : P)dP 
(15’) = 2) 


This is an absolutely continuous distribution of mass on s whose surface den- 
sity at a point P of s is the normal derivative of the Green’s function with pole 
at Q, divided by 47. From (15), the Green’s function itself is given by the 
equation 


1 


Let now f(e) denote an arbitrary distribution of positive mass, lying on a 


* A generalization of the corresponding function for the circle; see Picard, Traité d’Analyse, 
vol. 2, Paris, 1905, p. 91. 

t The corresponding relation in two dimensions interprets the fact that the method of conformal 
mapping applies to the sweeping out of unit mass in the same way as to the normal derivative of the 
Green’s function. See C. de la Vallée Poussin, Extension de la méthode du balayage de Poincaré, et 
probléme de Dirichlet, Annales de |’Institut Henri Poincaré, vol. 2 (1932), pp. 169-232, at p. 190. 
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closed set in =, with a potential U(M) which is therefore continuous on 
C(2)=s+B. The function V»(M) which is harmonic in identical with 
U(M) in C(=+s) =B, and takes on continuously the values U(M) on s, for 
approach from 2, is therefore, by the mean value property (3), §11, identical 
with the potential V(M) of the swept-out mass yu(e). This mass lies entirely 
on s. We have 


1 1 
V(M) = Vo(M) = — J NQ, P) — aP 


J var, Q)df(ea). 


In fact, this last integral is a continuous function of M, 0(M, Q) being a 
continuous function of M in W and of Q in the closed set on which f(e) lies. 
Moreover, for M in s+B, 0(M, Q) is 1/(MQ), so that the given integral re- 
duces to U(M). It is also harmonic in M for M in &, since 0(M, Q) has that 
property. 

The function \(Q, P) is not negative, and therefore we may change the 
order of integration in (16) and write 


‘17) V(M) f fix P)df(eg) 
That is, V(M) is the potential of the distribution of positive mass 


1 
a f AQ, P)df(eo) 
(18) 4a J 


1 
ate) Jr. P)dP = ate) P)dP. 


The mass distribution is absolutely continuous on s, of surface density 


1 
J 
and from (15’), (18) 


(19) = u(E, Q)éf(eo). 


This last equation includes as a special case the following, where s; is a 
regular surface bounding a domain 2%; interior to 2, uz(e, Q) and pz,(e, Q) 
denoting the respective swept-out unit masses :* 


* Equation (19’) is given in the case «f smooth boundaries by de la Vallée Poussin, loc. cit., p. 
182. 
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(19’) u2(E, P) = f u2(E, Q)dux(eo, P). 
> 


We are able to extend the equation (19), and therefore of course (19’), to 
a general domain 2, whose boundary is a closed bounded set. For the sake of 
definiteness we retain the hypothesis that = is a bounded set. 


THEOREM. Let f(e) be a distribution of positive mass on a general (bounded) 
domain = whose boundary is s. If w(e), u(e, Q) are the mass distributions ob- 
tained by the sweeping out of f(e) and of unit mass at Q, respectively, then (19) 
is valid. 


Suppose first that f(e) is a distribution lying entirely on a closed set F 
interior to 2; without loss of generality we may suppose F to be perfect. Let 
z, be a sequence of nested regular domains for 2, and un(e), wale, Q) the 
sweeping-out distributions satisfying (19); let 


= fue Q)df(ea).. 


Lemma I. If the mass distribution f(e) is swept out of 2, by means of the 
domains then, for o(P) continuous, 


(20) lim o(P)dun(ep) exists, and equals f o(P)du(ep). 
Ww 


Otherwise there would be a subsequence {m;} such that /wody,; would 
approach some value different from the right hand member. But this is im- 
possible, since there would be a subsequence of the {,;} for which the mass 
distributions would converge weakly to a swept-out distribution, and the 
swept-out distribution is unique. 


Lemma II. For each set E, measurable Borel, the function p(E, Q) is har- 
monic in Q, for Qin 2, andis <1. 


In fact, for 2, as above and ¢(P) continuous, from Lemma I, 


n= w w 
The right hand member is harmonic in Q, for Q in 2, for each continuous 
¢(P); for the integral of the left hand member is harmonic in Q, Q in 2,, 
and converges to the right hand member, remaining bounded. 

Consequently if ¥(P) is any bounded function, measurable Borel, the J- 
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integral /wy(P)du(ep, Q) is harmonic in Q, Q in ~. In fact, such a function 
is a (transfinite) limit, starting from continuous functions ¢(P). In particular, 
if we take y(P) =1 on E and 0 elsewhere, the J-integral reduces to u(E, Q), 
and this quantity is therefore harmonic in Q, Q in =. 

Finally, u(Z, Q) <1, since Q) <1. 


Lemna III.* A sufficient condition that u,(e) converges to a(e) weakly is that 


lim (P)dun(ep) = f $(P)dg(ep) 
w w 


for every continuous $(P). 


Consider in fact a rectangular net the boundaries of whose meshes bear 
none of the mass distribution 7(e). Let w be one such open mesh, @ its closed 
cover. Let ¢:(P) =1 in Q and 0 at a distance =>1/k from w, being continuous, 
<1, in W. Given e>0, by taking & large enough, we have 


f $:(P)dg(e) < 
w 


lim sup wa(@) S lim | ¢1(P)dun(er) < + €. 
JW 


On the other hand, if we take ¢2(P) continuous and <1 in W, zero outside w, 
and unity in w at a distance =>1/k from Cw, we have similarly, taking k large 
enough, 


f > — e, 
w 


lim inf un(w) = lim | ¢2(P)dua(ep) > — 
w 


In other words, u,(e) converges on each mesh of the net to a(e). 
To return to the theorem, we take ¢(P) continuous in W, and obtain 


J = mater Q)df(eg) ] 


But u,(W, Q) <1, ua(e, Q) is continuous in Q for Q in F, and ¢(P) is continu- 
ous; hence we may change the order of integration and writeT 


* See §2.1, footnote to (7). 
t G. C. Evans, Functionals and their Applications, New York, 1918, p. 103. 
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J df(eo) J Q). 
Similarly, 
J df(ea) J Q). 


But this again, from the weak convergence on {1}, is equal to 


ff tim 0). 
F w 


The function /wo(P)dun(er, Q) is bounded, irrespective of , is harmonic in 
Q for Q in F, and in fact approaches its limit uniformly for Q in F. Hence 


ii = lim ? 
J in J J Q) 


= lim $(P)dpn(er) 
w 


By Lemma III then, u,(e) converges weakly to a(e), and therefore f(e) 
and u(e) are identical, and u(e) is given by (19). 

In order to complete the proof of the theorem, let now f(e) be any positive 
mass distribution, finite in total amount, on 2. We have 


fle) = fle-Fs) + [2 — Fs)) 


where F; is the portion of = distant from s by at least as much as 6. For suffi- 
ciently large n, the region 2, contains in its interior any given F;, and there- 
fore if we denote by us(e) the mass distribution obtained by the sweeping out 
of the distribution f(e- Fs), we shall have 


= icc Q)df(eq:Fs). 


But, according to the process of §12.2, the swept-out distribution for f(e) is 
given by the formula 


u(e) = lim ys(e) 


f ule, O)df(ea-Fs); 
é=0 


and since 


1 
¥ 
i; 
“thy, 
| | 
' 
i 
| 
i! 
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f ule, Q)df(ee) — f ule, Q)dfleo-Fs) = f ule, Q)d[f(eo) — fleo-F)] 
w w w 
< — f(2-Fs), 


this limit is precisely 


f ule, Q)df(eo), 


which is the fact which was to be proved. 


V. CAPACITY AND KELLOGG’s LEMMA 


15. Conductor potential and capacity. Let s be a closed bounded set, the 
boundary of an infinite domain >. Let >; be an infinite domain contained in 
>, of which the boundary s; is bounded and regular, and let £,(M) be the 
function which is continuous in W, harmonic in 2; (vanishing continuously 
at ©) and equal to 1 on Cd;. Then £,(M) is evidently superharmonic, and, 
by §2, the potential of some distribution of positive mass. This mass lies en- 
tirely on 

Let no(M) be the limiting function obtained by the sweeping out of the 
mass of £,(M) from ~; that is, in 2, mo(M) is the sequence solution for the 
values 1 on s. Let »(M) be the potential of a distribution of positive mass 
v(e) arising from the sweeping out, and K the total mass of this distribution. 
Both o(M) and n(M) are independent of the choice of the sequence of nested 
regular domains and n(M) =70(M) in =. Moreover, K depends merely on 
the values of n(M) in &, and is therefore uniquely determined. 

The distribution »(e) may be called a conductor distribution, and its po- 
tential a conductor potential. The quantity K is called the capacity of the 
closed set s and of the closed set G=s+B, in fact, of any closed set g whose 
external frontier is s. This is the value of the capacity as defined by Wiener.* 
In order to complete the definition for sets EZ which are bounded and measur- 
able Borel, but not necessarily closed, we may write 


K(E) = K(E), 


where E is the closed cover of E. The capacity K may of course in special 
cases have the value zero. 

But other definitions of capacity are possible. We define K.(E), K,(£), 
K.(E) as the upper bounds of total masses of positive mass distributions on E 


* N. Wiener, The Dirichlet problem, Journal of Mathematics and Physics of the Massachusetts 
Institute of Technology, vol. 3 (1924), pp. 24-51; see §4. In this paper the author discusses weight, 
capacity and conductor potential and arrives at a determination of the conductor distribution, which 
he calls the “outer charge.” 


218 
| 


1935] POTENTIALS OF POSITIVE MASS. II 219 


of which the potentials do not surpass unity on the following portions, re- 
spectively, of space: 

(a) on the complement CE of the closed cover of E; 

(b) on the complement of E; 

(c) on the whole space. 

We say that K., K,, or K. is zero if no distribution exists for which the cor- 
responding upper bound of potential is finite. The quantity K. is the capa- 
city as defined by de la Vallée Poussin.* 

Evidently K.<K,<K.,. But also, if s is the exterior frontier of E and = 
the infinite domain bounded by s, and if =, form a sequence of regular nested 
domains for 2, we shall have 

K(E) = lim K(CX,). 


But K.(E) < K.(E) < K(C2,). Accordingly 
K.(E) S lim K(CZ,) = K(E). 


Hence 
(1) K.(E) S K.(£) S K.(E) S K(£). 


The following properties may be mentioned as familiar, or directly verifia- 
ble. 
(2) If Eis a single point, K(£)=0, and similarly for K., Ko, Ke. 
(2’) If is contained in E:, K(E;) K(£:), and similarly for K., K», K.. 
(2”) If ---,and K.(E;)=0 for all z, then K.(E) =0. 
We have also the theorem of de la Vallée Poussinf that for closed bounded 
sets K.=K. 


THEOREM. For closed bounded sets E, 
(3) K=K,= K,= 


With regard to (1) it follows that we need merely prove that K.(E) 
> K(E). This fact is evident if K(Z) =0. And if K(£) >0, any conductor dis- 
tribution v(e) is itself a distribution on E of which the potential »(M) no- 
where exceeds unity; that is to say, K.(E) is at least as great as K(E). 

For sets which are not closed, however, the various definitions of capacity 
are not all equivalent. For instance, if Z; is a denumerable set of points dense 
everywhere within the sphere of radius 1/2, it follows from (2’’) that 
K.(E;) =0. Similarly K,(£:) =0. But evidently K(E;) =1/2; and also K.(Z:) 
= 1/2, since a point mass as near 1/2 in value as desired may be placed on a 


* C. de la Vallée Poussin, loc. cit., p. 225. 
{ Ibid., p. 226. 
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point of EZ; so near the center of the sphere that the potential outside the 
sphere does not exceed unity. Also if EZ, is a denumerable set, everywhere 
dense on the surface of the sphere, we have K.(E:) =0, K(E:) =1. But it is 
clear that K,(E:) =0=K.(£2), since if there is a positive mass on Ep, there 
will be a positive mass on some point Q of £2, and its potential will be greater 
than N, WN given arbitrarily, in a neighborhood of Q. This neighborhood in- 
cludes points not in the closed cover of £2. Similar reasoning establishes the 
fact that if E = £,+ £2, then 
0 = K.(E) = Ki(E) < K.(E) = } < K(E) =1. 
15.1. Capacity of sets measurable Borel. We prove the following 
THEOREM. For any bounded set E measurable Borel, K,(E) = K.(E). 


On account of (1) it is sufficient to show that K.(Z)=>K,(E), where 
K,(E)>0. Suppose the contrary, that K,(Z)>K-.(£). Then there exists a 
distribution of positive mass v(e) on E such that v(Z) > K.(E) and such that 
the potential V,(M) of this mass is <1 on CE. For K,(£) is the upper bound 
of such 

There exists a closed set F, contained in E, such that v(F) differs as little 
as we please from »(£); for EZ, being measurable Borel, belongs to a normal 
family for v(e) in the sense of de la Vallée Poussin.* We may assume then 
that »(F)>K-.(E£). Let u(e) =v(e-F) and let V,(M) be the potential of y(e). 
Then V,(M) <1 on CE, but is not everywhere <1. For in that case we should 
have v(F) =yu(F) <K.(F) K.(E). 

The open set e) on which V,(M) >1+-7, where 7 is chosen >0 and so that 
v(F) > K.(E)(1+7), lies in E. It is composed of at most a denumerable infin- 
ity of domains D;, and is not vacuous. In fact, there is at least one of these 
domains whose boundary contains a point of CE. For otherwise, by sweeping 
out from these domains successively, we should obtain a monotone-decreasing 
sequence of potentials, and a potential corresponding to the limiting function 
would everywhere, by §11, be <1+7. Let the corresponding distribution 
be v’(e). Its total mass would remain u(F) =r(F), since this quantity remains 
fixed during the weak convergence. Hence the distribution v’’(e) = v’(e)/(1+7) 
would lie on E and would have a potential everywhere <1; its total mass 
would therefore be < K.(E). But the total mass is v(F)/(1+ 7) >K.(E). 

Let D then be so chosen from the D; that its boundary contains a point 
Q of CE. Then Q does not lie in F and V,(M) is continuous at Q. Conse- 
quently there is a neighborhood of Q in which everywhere V,(M) <1+7, 
since V,(Q) <1. But this neighborhood contains points of D. And this is a 
contradiction. Thus the proof is complete. 


* C. de la Vallée Poussin, Jntégrales de Lebesgue, Paris, 1916, p. 85. 
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We may digress at this point to indicate still another possible definition 
of capacity, and the value may be determined at once in terms of Maria’s 
result,* that if a positive mass is distributed on a closed bounded set F the 
upper bound of its potential on F is at least as great as its upper bound on CF. 

We define, in fact, Ka(E) as the upper bound of u(E), where u(e) is a dis- 
tribution of positive mass on E, of which the potential V,(M) is <1 on E. 

Obviously K.4(Z) =>K.(£). But also K4(Z) <K.(£). In fact, given such a 
distribution yu(e), V,(M) is <1 on E, the closed cover of E; for since V,(M) 
is lower semicontinuous the set where V,(M) <1 is closed. Hence, by Maria’s 
result, V,(M) <1, everywhere. 

Our results may be summarized in the equation 


(4) K «(£) = K.(£) = K.(£) SK(£), 


where £ is a bounded set measurable Borel, the equality signs being valid 
throughout if £ is closed. 

15.2. Capable points. A point Q is said to be a capable point of a bounded 
set EZ, measurable Borel, if no matter how small p>0, the portion of Z within 
a sphere of radius p and center Q is of positive capacity. The subset E’ of 
incapable points is open with respect to Z; that is, there is a neighborhood 
about an incapable point Q’ of E which contains no points of E which are 
not points of EZ’. The set E, of capable points is therefore closed with respect 
to E. We shall have possibly different definitions of the subsets E’, E; accord- 
ing as we use one definition or another of capacity. 


Lemma. If every point of a subset E’ of a bounded set E, measurable Borel, 
is an incapable point (according to any of our definitions of capacity), then 
K.(E’) =0. 

In fact, as de la Vallée Poussin remarks, in the memoir cited, each such 
point may be enclosed in a sphere of rational radius with center of rational 
coordinates, which contains no capable points; and there are only a denumer- 
able infinity of such spheres. 

If the set £ is closed, the definition of capable point is independent of the 
choice among the definitions of capacity, and therefore the subsets EZ’, E; are 
also. The set E; is likewise closed. It is called the reduced set. If the set Z 
bears any distribution of mass for which the potential is bounded, the mass 
lies entirely on the reduced subset E;. It does not follow that K,(Z’) =0 or 
K(E’) =0. 

We return now for the rest of this section to the closed bounded set g, 


* See §6, Remark IIT. But Maria’s result depends on using Kellogg’s Lemma, so that considera- 
tion of it in this paper would properly come after §18. 
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whose external frontier is s, and give a brief proof of Vasilesco’s theorem :* 


THEOREM. If Q is a capable point of g and n(M) is a conductor potential 
for g, then 


(5) lim sup 7(M) = 1, for M inW. 
M=Q 


Let g, be the closed cover of the portion of g within a sphere I'(p, Q) of 
center Q and radius p, and let 2, be the domain which is bounded by s,, 
the external frontier of g,. Part of the mass for the conductor potential »(M) 
of g may lie on &,; if so, we sweep it out, and obtain by Theorem II, §13, 
the conductor distribution on g,, of total mass K(g,). We denote the conduc- 
tor potential of g, by 7,(M). 

The set g,, by hypothesis, is of positive capacity. It follows that the upper 
bound of 7,(M) is 1; for if the upper bound were r <1, the set g, would sustain 
a mass of total amount K(g,)/r, such that the upper bound of its potential 
would be =1. But throughout W, 7,(M) <1, and since it is not constant, we 
must have n,(M) <1 for M in moreover 7,(M) <n(M). Hence 


u.b. = 1, M in Q). 


And this proves the theorem. 
We note that if g reduces to s, the boundary of 2, and Q is a capable point 
of s, it follows from the lower semicontinuity of n(M) that 


(6) lim sup n(P) S lim sup 7(M), Pins, Min=>+B, 
P=Q M=0Q 


so that the second member of the inequality must have the value 1. 
Coro.rary. If g is of positive capacity there is at least one point of g where 
the conductor potential n(M) for g has the value unity. 


In fact, the reduced set g; of g is not vacuous and has no isolated points, 
and in the neighborhood of any point P of g, there is a point Q of g:, where, 
by Corollary II of §5.1, 7(M) is continuous. But then 


n(Q) = lim n(M) = 1. 


16. Points where a conductor potential has the value unity. We prove 
the following 
THEOREM. Let n(M) be the conductor potential of s, as before, and let H be 
the subset of G=s+B where n(M) =1. Then 
K.(H) = KG) = K(s). 


* F. Vasilesco, Sur les singularités des fonctions harmoniques, Journal de Mathématiques, vol. 9 
(1930), pp. 81-111; see p. 101. 
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In fact, »(M) =n0(M), no(M) being the limiting function of the sweeping- 
out process, except for M on s. Hence n(M) =1 in B, if B is not vacuous. Let 
then ¢ be the subset of s where n(M) <1—e, 1>e€>0. If ¢ is not vacuous it is 
closed and bounded. We shall prove that K.(¢) =0. 

Suppose that K.(¢) is not zero. Let 7.(M) be the potential obtained by 
sweeping out from the domain exterior to ¢ the mass distribution of which 
n(M) is the potential. Then 7,(M) is the conductor potential for ¢, and 
n:(M) <n(M). By the Corollary of §15, there is a point Q of ¢ such that 
n:(Q) =1. Hence (Q) =1, which is a contradiction. Accordingly K(t) = K.() 
=0. 

The portion of s where n(M) <1 is the sum of a denumerable infinity of 
(overlapping) sets ¢, corresponding to decreasing values of e, and therefore 
must have zero capacity K.. Hence all of the mass of the conductor distribu- 
tion must lie on H, and K.(H) = K(s), which was to be proved. 


Coro tary. If n(M) is a conductor potential for s, the conductor distribution 
lies entirely on that portion of s where n(M) =1. 


17. Uniqueness of capacity potential. We shall speak of a capacity dis- 
tribution yu(e), for the moment, as any distribution of positive mass on G 
(G supposed to be of positive capacity), in total value equal to the capacity 
of s, provided that the upper bound of its potential v(M) is less than or equal 
to unity. It cannot, in fact, be less than unity, from the definition of K., since 
K.(G) = K(G) = K(s). In particular, a conductor distribution for G is a capac- 
ity distribution. The following theorem was surmised by de la Vallée Pous- 
sin.* 

THEOREM. The potentials of all capacity distributions for G are identical in 
W;; the capacity distributions are all identical on every set measurable Borel. 


We note first the following fact, which we may state as a lemma. 


Lemna I. If E is a bounded set, measurable Borel, of positive spatial meas- 
ure, K.(E) >0. 


Let m/(e) be the measure of a Borel measurable set e, and define the mass 
distribution u(e) by the equation 


u(e)=m(e- E). 


The set function yu(e) is evidently additive and bounded, therefore completely 
additive, and represents a mass distribution on the bounded set E. Moreover, 


* de la Vallée Poussin, memoir cited, p. 232. 
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its potential is everywhere <27d?, where d is the diameter of E; hence 
K.(E) 21/(2rd?) >0. Thus the lemma is proved. 

Let (M) be the conductor potential for s, and v(e) the corresponding 
distribution of positive mass, and let u(e) be a capacity distribution and 0(M) 
its potential. We have immediately the following lemma.* 

Lemma II. For M in 2, v0(M)=n(M). 

In fact, if {2,} is the sequence of nested domains employed in forming 
n(M), and {n,(M@)} the corresponding sequence of potentials, we have 
v(M) <n,(M), for all whence v(M)<n(M) in 2. But then either 
=7(M),in 2, or else 0(M) <n(M), M in 2. The latter case is impossible, since 
it would follow, as in §2, that u(G) <K(G). 

Lemma III. The Dirichlet integral for a conductor potential is given by the 
equation 


(7) D(n) = 4xK(s) = pa. 


Writing H for the subset of G where n(M) =1, we have by §10 that D(n) 
exists, whence 


D(n) = J + 4r J [W — H}). 


But the second integral of the right-hand member is zero, since there is no 
mass on W —H, and the first integral, by (4) of §1, reduces to 42 fw1dv(ep- H) 
=4rv(H). This establishes the first of equations (7). In order to establish the 
second result, it is sufficient to consider the case where G is of positive meas- 
ure and perfect. The function 7(M) then has the value unity at almost all 
points of G, by Lemma I and the results of §16. 

The partial derivative dn/dx is measurable spatially in the Lebesgue sense, 
and the function 7(M) itself is absolutely continuous in x, by §3, on almost 
all lines parallel to the x-axis. On such lines the set E(y, z) where n(M) =1 
is closed, and the total variation of n(M) over E(y, z) is 0. Hence dn/dx =0 
for almost all x on E(y, z), and this, for almost all y, z. That is, dn/dx=0 
almost everywhere in G. Similar results hold for dn/dy and dn/dz. Conse- 
quently (V7)?=0 almost everywhere on G, and 


J pane = 


which was to be proved. 
* Ibid., p. 228. 
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Lemma IV. The quantities D(v) and D(n) are the same. 
We have 


D(v) = 4r J 


< ar 1du(ep) = 4ru(G) = 4rK(s). 
Ww 
Hence D(v) < D(n). But also 


D(v) = f 


> f (V0)%¢@M = f (Vn)2dM = D(n), by Lemmas II, II, 
z 


so that D(v) = D(n). Hence D(v) = D(n). 

We can now complete the proof of the theorem by showing that »(M/) 
and »(M) are everywhere the same; for it will then follow that the corre- 
sponding mass distributions are identical on all sets measurable Borel. 

From Lemmas II, III, IV it is evident that ( Vv)?=0 almost everywhere 
on G, and thus, that the partial derivatives of »—7 are almost everywhere 0. 
But on almost all lines parallel to the x-axis the function »—7 is absolutely 
continuous in x and vanishes outside G, so that »—7 is zero almost every- 
where. 

Accordingly, for the spherical averages of §4, 


v,(M) = »,(M), for all M, 
and by (9’), §4, 
v(M) = lim 2,(M) = lim 7,(M) = n(M), for all M. 
p=0 p=0 


This is what was to be proved. 


18. Short proof of Kellogg’s Lemma.* This lemma may be stated in the 
following form. 


THEOREM. [f g is a bounded closed set of positive capacity, s its external 
frontier, and = the infinite region of boundary s, then s contains at least one 
point which is a regular boundary point of >. 


*O. D. Kellogg, loc. cit., p. 337. The author acknowledges indebtedness in connection with 
this proof to discussion with members of the seminar of 1934~35 at the Rice Institute, particularly 
with Dr. A. J. Maria. For abstract see Bulletin of the American Mathematical Society, vol. 40 
(1934), p. 665. The same proof is given independently by F. Vasilesco, Comptes Rendus del’ Académie 
des Sciences, vol. 200 (1935), pp. 1173-1174. 
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Consider a conductor potential »(M) for s.* Its mass lies entirely on s. 
Hence the reduced set for s may be taken as the perfect set F of §5.1. By 
Corollary II of §5.1 there is thus a capable point Q of s, such that (MJ) is 
continuous at Q. Consequently 7(Q) =1, for lim sup (M=Q) (M) =1, by 
Vasilesco’s theorem given in §15.2. But it is also a theorem of Vasilesco 
that if lim (M =Q) (Q) =1, for M in &, then Q is a regular point of s for 2.f 

19. Second proof of Kellogg’s Lemma, independent of Green’s function. 
The proof of Vasilesco’s theorem, just cited, involves the result that a suffi- 
cient condition for a regular boundary point is the continuous vanishing of 
the Green’s function at the point. A method of treatment, which perhaps is 
more direct, is based on Lebesgue’s concept of barrier. A barrier for = at Q 
is a function V(M, Q) which is continuous and superharmonic in 2, which 
approaches zero at Q and has a positive lower bound in = outside any sphere 
with center Q. The construction of a barrier is immediate if the conductor 
potential at Q of the closed cover s(p, Q) of the portion of s within a sphere 
I'(p, Q) has the value unity.f 

We find such a point Q by means of the following proposition. 


Lemma. Let n(p, M) be the conductor potential of s(p, Q:), n(M) the con- 
ductor potential of s. If 0, is a capable point of s, there is a closed reduced set $,, 
contained in s(p, Q:), of capacity as near that of s(p, Q1) as we please, such that 


(8) n(p, P)=(P)=1, Pins,. 


In fact, if we sweep out the mass of the conductor distribution from the 
domain which is exterior to s(p, 01) we obtain the unique conductor distribu- 
tion, for s(p, Q1). The set of capable points of s(p, 0:1) where n(p, P) =1 bears 
all the mass of this conductor distribution, and therefore contains a closed 
subset s, on which the total mass u is as close to K(s(p, Q:)) as we please. 
But K(s,) =u. Moreover n(p, M) <n(M), and so n(M) =1 on s, also. 

With the lemma thus proved, let Q; be a capable point of s, and construct 
the sets s(p, Q:), s, with p=p;. We note, in particular, that if the conductor 
potential of a set has the value unity at a point, that point must be a capable 
point. Next take a point Q, of s,,, which is a capable point of s,, and distant 
from (Q); by less than p, and construct s(p2, Q2) from s,, in the same way that 

* Kellogg’s Lemma depends on §5.1 and known results, and might have been inserted in that 
section. Hence “a” rather than “the” conductor potential. The theorem is put late in the present 
memoir in order to separate the theorems which involve it explicitly from those which do not. 

Tt Vasilesco, loc. cit., p. 94. This theorem was wrongly cited as in Kellogg, loc. cit., at p. 331, by 
the author, in his paper A pplication of Poincaré’s sweeping-out process, Proceedings of the National 


Academy of Sciences, vol. 19 (1933), pp. 457-461. 
t O. D. Kellogg, loc. cit., pp. 227, 331. 
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$(p1, Q1) is formed from s, taking Similarly form s(px, Sp, 
from s,, ,, with the values p, tending to zero. Of the closed sets s,,, each 
contains the next and none is empty; hence there is at least one point 
common to all of them, say Q. The conductor potentials n(p;, M) all have 
the value unity at Q. 

Let now p be any value >0. The set s(p, Q) contains the sets s(p;, Ox) for 
k sufficiently large. Hence the conductor potential of s(p, Q) dominates those 
of the sets s(p:, Qx), since the latter may be obtained by sweeping out the 
former. Hence the conductor potential of s(p, Q) has the value 1 at Q. This is 
what was to be proved. 


VI. APPLICATIONS 


20. Necessary and sufficient condition for regular point. We prove the 
following 


THEOREM. A necessary and sufficient condition that Q be a regular point of s 
for = is that for every distribution of positive mass on a bounded set, the potential 
at Q be unchanged by the sweeping out of the portion of the mass in >. 


That the condition is sufficient is seen by the instance of the conductor 
potential, if 2 is an unbounded domain. If = is a bounded domain it is suffi- 
cient to consider the sweeping out of unit mass at a point M of 2. From(15’’), 
§14, if g.(P, M), v,(P, M) are respectively the Green’s function and swept- 
out potential of unit mass at M, for 2,, {2,} being a sequence of nested regu- 
lar domains for 2, and if g(P, M), 0(P, M) are the corresponding functions 
for 2, 


1 


1 
g(P, M) = >a o(P, M). 


In fact, by definition, for P in 2, g(P, M) =lim g,(P, M); and the definition 
may be suitably extended to P in C= by the above equation. But for P in 2, 
v(P, M) <1/(PM), so that if 0(Q0, M)=1/(QM) it follows that 


1 
lim o0(P, M) = — lim g(P, M) = 0, 
P=Q ( ) QM : P=Q 
which is a sufficient condition for a regular point.* 


* As is seen by means of a Kelvin transformation of the region into an infinite domain with 
bounded boundary. Or one may, with G. Bouligand (loc. cit), proceed directly from an analysis of the 
Green’s function. 
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In order to prove the necessity of the condition, consider first the case 
where U(M) is continuous on s and in its neighborhood. Then Vo(M) is con- 
tinuous at Q, being equal to U(M) for M in G=C%, and taking on continu- 
ously the value U(Q) as M tends to Q from , as a property of the sequence 
solution at a regular point. But 


(1) V@Q) = V(e,Q) = Vole, Q) = Vo(Q) = UQ). 


In the more general case, where U(M) is not necessarily continuous or 
bounded on s, we may write, recalling the notation of §12.2, 


V’Q) = = U’)(Q) = U'(Q), 


VQ) = U"@Q) + V’Q) = + U’Q) = VQ), 


which was to be proved. 
Our theorem may be summarized by the equation 


(2) VQ) = V.Q) = VQ), Q a regular point of s for, 


since for all M, V(M) SV0(M) U(M). 

21. The Dirichlet integral and the sweeping-out process. The following 
theorem is a generalization of the statement that the value of the Dirichlet 
integral for the conductor potential is 47 times the capacity of the boundary 
set. 


Tueorem. Let {>,} be a sequence of nested regular domains for =, and 
U(M) be a bounded potential of positive mass on a bounded set. If the sweeping- 
out process is carried out by means of the domains =,, then the relation 


(3) D(V) = lim D(V,) 


holds for the Dirichlet integrals. 


Lemma. The theorem is true if U(M) is continuous for M on s and in its 
neighborhood. 


In fact, the irregular boundary points of 2 are points where the conductor 
potential has a value <1, and therefore, by §16, form a subset of zero capac- 
ity K., and can sustain no portion of a mass distribution of which the po- 
tential is bounded. Hence if we denote by G» the set of points of G=C2, 
which are not irregular points oi s, we shall have 


n=o 
+ 
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D(V) = ar = ar V(P)duGo-er) + ar V(P)du(CGo- ep) 
Ww Ww Ww 


where CGp=2+(CG»)-s, so that u(CGo) =0. But by the theorem of §20, 
V(P)=U(P) on Go-s, and as a result of the sweeping-out process V(P) 
= U(P) on B=C(=+5), so that, by the relation (4) of §1, 


D(V) = J = J 


Now u(e) converges weakly to u(e) and U(M) is continuous on s and in 
its neighborhood, whence 


f U(P)du(er) = lim U(P)dun(er). 
w w 


But U(P)=V,(P) on C2,, so that and finally 


D(V) = lim 4x f Va(P)dun(er), 
w 


which was to be proved. 

Returning to the theorem, we may assume without loss of generality that 
the mass distribution lies entirely in =. 

The quantities D(V), D(V,) converge, since V(M), V,(M) are bounded 
(see §10). Moreover, since V(M) <V,(M) it follows by Corollary II of §10 
that D(V) <D(V,); consequently 
(4) D(V) < lim inf D(V,). 

In order to obtain the complementary inequality, let 2; be the portion 
of = distant from the boundary s by as much as 4, ys,(e) the distribution 
obtained by sweeping from 2, the portion of mass in 2, and V;,(M) the 
potential of the distribution yu;,(e). Then by (9), §10, 


D(V,) = D(V in) ar ar f V 


= 4r V in) + J Min)+ 


But the first integral, which is D(V.—Vn, Vin) =D(Vn, Vin) —D(Vsn), may 
also be written in the form 47 fwV snd(un—psn), SO that 


1 
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’ 
ir} 
q 
3 


230 G. C. EVANS ‘ [September 
D(V D(V sn) ar f (V, + V sn)d (un Min). 
w 


Let m; be a value of m such that 2, contains 2;. Then, for every n>nz, 
Un(e) [uan(e), by the process of §12.2. Hence WN exists so that 


0 < D(Vn) — D(Vin) < 8eN(un(Z) — msn(Z)), 
and given e>0 we can choose 6 >0 so that 
0 s D(V,) — D(Vsn) < €, n> N35. 
Let V;(M) be the potential obtained by sweeping out from = the portion 


of the original mass distribution in 2, according to the process of §12.2. By 
the lemma, we have 


D(V3) = lim D(Vin), 


since V;,(M) is continuous on s and in its neighborhood. Hence 


D(V) 2 lim D(V;,) = lim sup D(V,) — e, 


and 
(5) D(V) = lim sup D(V,). 


From (4) and (5) we have (3), which is the statement to be proved. Inci- 
dentally, the inequality (4) shows that D(V,) is a decreasing function of n. 

The theorem of this section is no longer true if the qualification “bounded” 
is removed from the hypothesis. In fact, if = is the domain exterior to a 
sphere and we are given a collection of point masses in = with limit point on 
the boundary s, such that the potential remains bounded on s, we shall have 
D(U) =D(V,.) =~, while D(V) is finite. 

22. Condition that a function be a potential of positive mass. We 
prove the following 


TueoreM.* Let u(M) be harmonic in a domain = (with bounded boundary 
s), not identically zero, and, if = is an exterior domain, vanishing continuously 
at infinity. Let =’ be a regular domain contained with its boundary s’ in =, and 
let V'(M) be the function constituted by the solutions of the Dirichlet problems 
(interior or exterior, as the case may be) for each of the domains comprising 
B’ =C('+s’), with boundary values u(M) on s’. 


* Incidentally, this theorem provides an answer for G. Bouligand’s Problem 2 (loc. cit., p. 16). 
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A necessary and sufficient condition that u(M) be given for all M in 2 as a 
potential of some distribution of positive mass is that, for each >’, 


(6) V’(M) S u(M), Min=—?’. 
The mass may be distributed entirely on s. 


If u(M) is a potential of positive mass, the distribution lying accordingly 
on C2, it is superharmonic in each of the domains comprising C(2’ +s’). Since 
the equation V’(M)=u(M) is satisfied on each portion of s’ which is the 
boundary of one of these domains, it follows that (6) is satisfied in the interior 
of the domain. Hence (6) is necessary. 

In order to show that (6) is sufficient, consider a sequence { 2,} of nested 
regular domains for 2, and let v,(M) denote the corresponding functions 
V’(M). We extend the definition of 7,(M) by writing it equal to u(M) in =,. 
It is thus continuous in W. It possesses evidently the supermean property 
(see §2) for M in 2, and for M in C(z,+s,). For points Q on s,, we have, 
making use of (6), 


%n(Q) = u(Q) = Q) 2 A2,(0, Q) 


so that the supermean property holds there also. Hence v,(M) is superhar- 
monic, and since it is not identically zero, is harmonic outside a bounded set 
and vanishes continuously at infinity, it is the potential of a positive dis- 
tribution of mass. This mass is located entirely on s,. 

The functions v,(M) form a monotone-increasing sequence, their masses 
lie on sets which are bounded independently of m, and the limit function 
v(M) =lim 2,(M) is not identically infinite. In fact, 


= »,(M), if n’ > n, 


for v,(M) is harmonic in C(Z,+s,) and v,-(M) is superharmonic there, the 
two functions being identical in =,+s,. Moreover, the sets s, are bounded, 
independently of m. Finally, the functions v,(M), forming an increasing se- 
quence, are dominated by u(M) in =, by hypothesis, and hence v(M) is finite 
at every M in 2. 

It follows, by the theorem of §2.1, that the function v(M) is a potential 
of positive mass, and since it is harmonic except on s the mass distribution 
must lie entirely on s. But, by construction, »(M) is identical with u(M) in >. 
This completes the proof. 

23. Sets of positive capacity. Among other conditions, Wiener* gives the 

* Wiener, loc. cit.; also Wiener, The Dirichlet problem, ibid., pp. 127-146. For a survey of this 


kind of problem and its extension to other special equations of elliptic type, see M. Brelot, Le probléme 
de Dirichlet sous sa forme moderne, Mathematica, vol. 7 (1933), pp. 147-166. 
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following sufficient condition for the regularity of a point Q of s with respect 
to 2. With our notation, G for the complement of 2, C(p, Q) for the spherical 
surface of center Q and radius p, and I'(p, Q) for the domain interior to 
C(p, Q), it is expressed by the following statement: 

The point Q is a regular point of s for = if there exists a sequence of values 
of r tending to zero and a constant k>0 such that the capacity of the set G-C(r, Q) 
is 2kr. 

Likewise, it follows easily from the well known necessary and sufficient 
condition for a regular point, given by Wiener in the second of the memoirs 
just cited, that Q is a regular point of s for = if 


KG:-C(r, Q) + G-T(r, Q)) P kr 


for a sequence of values of r tending to zero. 

A point which satisfies this last condition may be called a point of positive 
capacity density in G. In particular, it follows from this capacity-density 
criterion that a point of s of positive spatial density in G is a regular boundary 
point with respect to 2; and we have also the fact that if G is of positive 
capacity and contains a subset, similar to G, of diameter less than that of G, 
then it contains a point of positive capacity density, and its exterior frontier 
contains a regular boundary point for >. If it were true that every G of 
positive capacity contained a point of positive capacity density, we should 
have an independent proof of Kellogg’s lemma. 

In this section we content ourselves with proving the following theorem. 


THEOREM. Let g be a closed bounded set, go its projection on any plane. If go 
is of positive capacity (that is, with reference to Newtonian potential) then g is of 
positive capacity. 

The theorem will be proved if we can find a distribution of positive mass 
on g for which the potential is bounded. There exists such a distribution on go, 
by hypothesis; we represent it by u°(e). We take the plane of go as the x, y 
plane. 

Form a rectangular space net L, composed of a system of superimposed 
rectangular space lattices L,, made by planes x =const., y=const., z=const., 
the meshes of L, being mutually distinct point sets of diameter < 6,, where 
lim (n=) 6,=0. The projection of L, on the x, y plane is a lattice L,?, and 
these lattices form a plane net L°. To each mesh of L, wé let belong the faces 
of lowest algebraic values x, y, z respectively, and the single vertex of lowest 
algebraic values x, y, z. Thus L,° is composed also of mutually distinct meshes. 

Let w{, be a mesh of L,° which contains a point of go, and w;,, a mesh 
of L,, of which w;, is a projection, which contains a point of g; for definite- 
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ness, w;,, may be the one with least z-coordinate for its vertex. To the face 
z=const., of this mesh, of least z-coordinate, transfer the mass distribution 
p°(e-w;,), forming on this face a distribution u;,,(e). We write 


= Dos 


and thus obtain in space a bounded additive function of point sets measurable 
Borel. 

There is a subsequence of these distributions y,(e) which converges in the 
weak sense to a distribution u(e), and u(e) lies entirely on g. In fact, if M 
is not on g, there will be a sphere of center M which contains no mesh w;,, for 
n sufficiently great. Without loss of generality we may restrict to the se- 
quence of the weak convergence. 

Let M, P be points of space, Q, R their projections on the x, y plane, and 
write, with the notation of §1, 


v°(Q) = lim } R)dy%(er), 
N=0 


V(M) = lim hN(M, P)du(ep), 

admitting the value + ©, for the present, as a possible value of V(M). Since 

QR=<MP, h*(M, P) sh*(Q, R), we note that 


ff wat, f (0, = lim f h*(Q, R)dun(ep) 


lim | R)dui,n(er) 


lim | (en-wi,n) 


lim | R)du®(er). 


Hence, since u°(e) does not involve n, 


f hY(M, P)dulep) < f #¥(Q, R)du"(er) 
and 


V(M) Ss V°Q), 
so that V(M) is bounded for M in W. This is what was to be proved. 
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24. Approximation on a closed set.* Let g be a closed bounded set, and 
let the complement of g be written as an infinite domain 2, plus possibly 
other domains B,, Bz, - - -. We speak of an exceptional point Q of g, as in 
§7.3, as a point of g such that in the neighborhood of Q there is contained in g 
a set of rectangles with sides parallel to arbitrary orthogonal directions x, y 
whose vertices constitute a set of positive spatial measure. 


THEOREM. If g contains no points which are exceptional, and U(M) is given 
as superharmonic and continuous in a region with regular boundaries which en- 
closes g in its interior, then there exists a sequence of functions U,(M), harmonic 
at all points of g, such that 


lim U,(M) = U(M), uniformly for all M in g. 


In any bounded subregion © contained strictly in the region mentioned 
in the theorem, U(M) is the sum of a harmonic function and a potential of 
positive mass, bounded in total amount and distributed on Q (Riesz’s theo- 
rem, §4). This potential function may be taken as continuous in all space. 

In fact, if we take a subregion Q) contained strictly in Q, the potentials 
due to the masses on Q) and 2—Q, respectively are continuous in Q; for, 
since each potential is lower semicontinuous, the sum cannot be continuous 
at a point unless both terms are also. Hence the potential due to the mass on 
Qo is continuous throughout all space; and, since the potential of the mass on 
Q—Q) is harmonic in Qo, the desired resolution is obtained for the region Qo. 
There is no loss in generality in substituting Q for Qo. 

There is thus no loss in generality in assuming that U(M) of the theorem 
is a potential of positive mass on a bounded set F, and is continuous through- 
out all space. For, having proved the theorem for the potential U(M) we 
may add again the harmonic function to U(M), U,(M), U2(M),--- and 
thus obtain the original theorem. 

The points of g may be enclosed in a finite number of spheres, and there- 
fore in a finite number of regions with regular boundaries, constituting in 


* J. L. Walsh, The approximation of harmonic functions by harmonic polynomials and by harmonic 
rational functions, Bulletin of the American Mathematical Society, vol. 35 (1929), pp. 499-544. 
Walsh’s principal theorem for three dimensions is for bounded closed regions, such that every ray 
from some point of the interior contains a single boundary point (the boundary therefore is of spatial 
measure zero), assuming that the given function is continuous over the region and harmonic in the 
interior. See also C. T. Holmes, The Approximation of Harmonic Functions in Three Dimensions by 
Harmonic Polynomials, Dissertation, Harvard University, 1931, Theorems I and III. 

Replacing a continuous function by a superharmonic one is a well known device. Likewise, a 
potential which is harmonic in a bounded open region 2» can be approximated uniformly in any 
closed region contained in 2» by a harmonic polynomial (see Walsh, loc. cit., p. 542.) 


| 
| 
= 


1935] POTENTIALS OF POSITIVE MASS. II 235 


this way a finitely multiple open region, say g:, with boundary s;. Similarly we 
complete a sequence of finitely multiple open regions g:, ge, - - - , with bound- 
aries 51, S2,*-~-, Zn41 to be contained strictly in g,, and with lim (n=) 
gn.=g. We form the functions U,(M) as follows: 


(i) U,(M) is to be a solution of the Dirichlet problem in the regions compos- 
ing gn, with boundary values U(M), 


(ii) U,(M) = U(M) for M in Cgp. 


Then U,(M) is continuous in W and superharmonic; in fact, the supermean 
property is satisfied at every point. Since it is harmonic outside a bounded 
set, vanishing continuously with U(M) at ©, it is a potential of positive 
mass distributed on a bounded set. The functions U,(M) are dominated by 
U(M), for all m, and form a monotone-increasing sequence with 1; in fact, 
Uni1(M) is identical with U,(M) in Cg, and 2U,(M) in gp. Moreover 
none of the mass distribution for U,(M) lies outside a sufficiently large 
sphere, independent of . Hence by the theorem of §2.1 the limit function 


u(M) = lim U,(M) 


is itself a potential of a distribution of positive mass on a bounded set. 

We note that ~(M) is identical with U(M). In fact, both functions are 
identical in Cg since every point of Cg is ultimately a point where U,(M) 
remains equal to U(M) for all values of » sufficiently great. Moreover, by the 
theorem of §7.3, of which the proof applies when the set s is replaced by g, 
if Q is a point of g and M tends to Q from Cg, then 


u(Q) = lim inf u(M) 
M=Q 


lim inf U(M) = U(Q), 
M=0 


so that u(Q) = U(Q). We have therefore 


U(M) =lim U(M), MinW. 


Since U,(M), U(M) are continuous and since the sequence is monotone- 
increasing, the limit must be uniform on any bounded region. Moreover 
U,(M) is harmonic at all points of g. This completes the proof. 

It is to be noted that any bounded closed set of spatial measure zero 
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satisfies the conditions of the theorem: for example, a spherical surface with 
an isolated point in the interior, or a spherical surface supplemented with a 
Lebesgue spine, or a set consisting of a single point. The conditions that are 
given, however, are merely sufficient conditions. It is not presumed that the 
treatment of this problem is exhaustive, but merely that it shows an interest- 
ing application of the general methods. 
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SOME GENERALIZATIONS OF PALEY’S THEOREMS ON 
FOURIER SERIES WITH POSITIVE COEFFICIENTS* 


BY 
MICHAEL FEKETE 


1. Introduction. Let f(x) be a real-valued function of a real variable ~x, 
periodic with the period 27 and Lebesgue integrable. These properties will 
be assumed throughout, without being explicitly stated. Let, in addition, for 
all x, 


(1.1) om. 
Let 
(1.2) f(x) ~ ag + > (a, cos vx + 3b, sin vx) 


be the Fourier series of f(x), 

(1.3) so(x) = do, Sn(x) = ag + > (a, cosvx-+b,sinvx) (nm = 1,2,3,---) 
v= 1 

the partial sums of (1.2), and 


(1.4) on(x) = ag + (: ~) (a, cos vx + b, sin vx) (n = 1, 2,3,---) 
n 
their arithmetic means. 
It is a classical result of the theory of Fejér and Lebesgue that the se- 
quence {¢,(x) } is uniformly bounded and satisfies 


(1.5) |on(x)| SL, 


and that, as n>, o,(x)—>f(x) uniformly over (—7, 7) provided f(x) is con- 
tinuous in (—7, 7). As to the partial sums (1.3) themselves, as may be shown 
by suitable examples, they need not be uniformly bounded even when (1.1) is 
satisfied, and the sequence {s,(x)} need not converge uniformly to f(x) even 
when f(x) is continuous in (—z, 7). 

Under these circumstances special attention should be given to a recent 
result of Paleyf according to which the non-negativeness of the Fourier coeffi- 

* Presented to the Society, February 23, 1935; received by the editors April 17, 1934. 

t R. E. A. C. Paley, On Fourier series with positive coefficients, Journal of the London Mathe- 


matical Society, vol. 7 (1932), pp. 205-208. On the basis of (1.1) Paley derives the estimate 
| sn(x)| S10Z. 
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cients an, 6, of f(x) combined with (1.1) implies the uniform boundedness of 
{ sn(x)}, while combined with the continuity of f(x), it implies the uniform 
convergence of s,(x) to f(x). 

In a letter to Professor Fejér, written in the autumn of 1932,* Paley 
stated and gave a sketch of a proof of the fact that the same results hold if 
the condition of non-negativeness of a,, 5, is replaced by a less restrictive 
one, viz., 

(1.6) a, = — K/n, b, = — K/n, OS K<a~.f 


After learning of these latter results of Paley’s, the author of the present 
paper completed his proof with various improvements in the estimates{ and 
also succeeded in extending these results to the generalized Fourier series of 
almost periodic functions of H. Bohr, >> (a, cos \,++6, sin \,x). These in- 
vestigations§ of the generalized series suggested, in the case of the ordinary 
series, the replacement of (1.6) by conditions 


(1.7) a, + a, 2 0, b,+8, 20 (mn = 1, 2,3,---), 
where 
(1.8) a, 20, 8, 2 0, 


while the series > yan, pry 6, are “slowly divergent” in the sense of one of the 
definitions which follow. 


DEFINITION 1’. A series >-)°c, with non-negative terms is said to be (at most) 
slowly divergent if there exist two positive numbers P and p, and a positive in- 
teger N, such that 


SP, forn= N, pn. 


DEFINITION 1’’. A series }\{°C, with non-negative terms is said to be (at 
most) slowly divergent if for an arbitrarily given positive P there exist a positive 
number p and a positive integer N, both depending on P, such that 


* This letter is reproduced in a note by Fejér, On a theorem of Paley, Bulletin of the American 
Mathematical Society, vol. 40 (1934), pp. 469-475, especially pp. 474-475. On the basis of (1.1) and 
(1.6) Paley derives the estimate | s,(x) | SKe+M-,L where « is an arbitrary positive number while M, 
is a positive number which depends on ¢ but not on K and L. 

t Analogous results have been found independently by Sz4sz, Zur Konvergenztheorie der Fourier- 
schen Reihen, Acta Mathematica, vol. 61 (1933), pp. 185-201. 

tM. Fekete, Proof of three propositions of Paley, Bulletin of the American Mathematical 
Society, vol. 41 (1935), pp. 138-144. 

§ The previous results of Paley on Fourier series (of purely periodic functions) with positive 
coefficients have been already extended by the author in his paper On generalized Fourier series with 
non-negative coefficients, presented to the London Mathematical Society on November 16, 1933, 
forthcoming in their Proceedings. 
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n+q 


Since the harmonic series >>1/n is slowly divergent in the sense of both 
Definitions 1’ and 1’’ we thus obtain in (1.7) a generalization of conditions 
(1.6). It will be shown (Theorems 1 and 2 below) that if conditions (1.7), (1.8) 
are satisfied, the boundedness of f(x) combined with the slow divergence of 
the series }-;°an, >.1 Bn in the sense of Definition 1’ implies the uniform bound- 
edness of the sequence {s,(x)}, while the continuity of f(x) together with the 
slow divergence of >> san, >_; Bn in the sense of Definition 1’’ implies the uni- 
form convergence to f(x) of the sequence {s,(x) }. 

These results can be established in the same fashion as in the special case 
a,=K/n, B.=K/n, but the method applied here has proved, after a slight 
modification, to be adequate to cope with a more general situation as far as 
the coefficients a,, 5, are concerned. The modified, more general, conditions 
on dz, 6, are suggested by the fact that conditions (1.8) together with the 
slow divergence of )>s'an, >-1 Bn in the sense of Definition 1’ implies the 
“slow oscillation” of the series cos mx, sin mx, uniformly in x, 
in the sense of Definition 2’ below and the Remark appended, while (1.8) 
together with the slow divergence in the sense of Definition 1’’ implies the 
slow oscillation of >a, cos nx, >>, sin nx, uniformly in «x, in the sense of 
Definition 2’’ below and the Remark. 


DEFINITION 2’. A series )°1 Cn with real terms is said to be slowly oscillating 
if there exist two positive numbers P and p and a positive integer N such that 


n+q 


DEFINITION 2’’. A series >_>; Cn with real terms is said to be slowly oscillating 
if for an arbitrarily given positive P there exist a positive number p and a positive 
integer N, both depending on P, such that 


n+q 


& 


=P, forn=N, pn. 


=P, forn=N, qs pn. 


Remark. If the terms c, of the series }»;°c, depend on a parameter ¢ which 
ranges over an interval c<t<d, we shall say that the slow oscillation of 
>> sc,(é) is uniform in ¢ over (c, d) if the series oscillates slowly (in the sense 

* It is clear that slow divergence in the sense of Definition 1’’ implies that of Definition 1’, but 


the converse is not true even if the general term of the series should tend to zero, as may be shown 
by examples. Incidentally the property required in Definition 1’ is equivalent to 


2n 
< K < forall n. 


v=n 


| 
vt 
v=n 
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of either Definition 2’ or 2’’), the characteristic data of the slow oscillation 
being independent of ¢. 

This raises the question whether the results above concerning the se- 
quence {s,(x)} still hold if, without changing the hypotheses on f(x), and re- 
taining (1.7), we replace conditions (1.8) together with the slow divergence 
of >> )°an, >.1 Bn by the condition of the uniform slow oscillation over (—7, 7) 
of the series cos nx, sin mx in the sense of Definitions 2’ or 2’’. 
That this question can be answered in the affirmative is shown by Theorems 
5 and 6 below. The modified conditions deserve special attention, for they 
lead to conditions which are not only sufficient but also necessary for the 
behavior under consideration of the sequence of partial sums {s,(x)} (The- 
orems 7 and 8). On the other hand, while conditions (1.8) together with the 
slow divergence of }-;°a,, >.; 8n bear only upon the negative ones among the 
Fourier coefficients a,, 5,, our modified conditions are of a more complicated 
nature and involve all the coefficients a,, b,, negative as well as positive. 

In concluding this introduction the author wishes to state that he owes 
the notion of slow divergence to Professor Fejér, who defined and used the 
notion of slow oscillation in the sense of Definition 2’’ in his investiga- 
tions on summability.* The method used by Fejér, after suitable modi- 
fications, proved effective in deriving the sharpest result of the present 
paper, embodied in Theorems 9 and 10 below, where necessary and sufficient 
conditions for the uniform boundedness or uniform convergence of the se- 
quence of partial sums {s,(x)} are obtained in terms of the “one-sided” uni- 
form oscillation (from below) of the cosine and sine components of the 
Fourier series of f(x). 

2. The present section is devoted to a proof of the two following proposi- 
tions. 


THEOREM 1. Let conditions (1.1), (1.7), and (1.8) be satisfied and let the 
series yn, >.1 Bn be slowly divergent in the sense of Definition 1’. Then the 
partial sums (1.3) of the Fourier series of f(x) are uniformly bounded and the 
upper bound of |sq(x)| can be expressed in terms of L and of the characteristic 
data of the slow divergence of an, >. Bn- 


THEOREM 2. If f(x) is continuous in (—7, 1) and if conditions (1.7) and 
(1.8) are satisfied with >-Pan, >-;°Bn slowly divergent in the sense of Defini- 
tion 1’’, then the Fourier series (1.2) of f(x) converges to f(x) uniformly for all x. 


* As yet unpublished; cf. a reference in the paper by M. Fekete and C. E. Winn, On the connection 
between the limits of oscillation of a sequence and its Cesdro and Riesz means, Proceedings of the London 
Mathematical Society, (2), vol. 35 (1933), pp. 488-513, especially p. 490. Since receiving the proof 
sheets, I have noticed that conditions equivalent to those required in Definitions 1’, 1’’, 2’, 2’’ oc- 
curred also in investigations of Landau and Schnee. Cf. Schnee’s paper in the Proceedings of the 
London Mathematical Society, vol. 23 (1924), pp. 172-184. 
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The proof of these propositions is based on the following 


Lemma. If, under conditions (1.1), (1.7), and (1.8), the series }>Pan, 
dor Ba Satisfy the conditions 


k+q 
(2.1) Law SA, 
fork=~ N21, pk, p>0O, 
k+@ 
(2.2) > B, 


then the partial sums (1.3) admit of the estimate 
(2.3) | sa(x) | S (5 + 2/p)L + 3(A + B), provided that n => N(1 + ). 
To prove this lemma we start with the identity used by Paley* 


S,(x) = { non(x) mom(x)}/(n — m) 


2.4 
+ (v — m)(a, cos vx + b, sin vx)/(n —_m), 1S m<n. 
In view of (1.5) we have for the first term of the right-hand member of (2.4), 
(2.5) | non(x) — mom(x)| /(m — m) S (n+ m)L/(n — m). 


To evaluate the second term we consider, following Fejér and Paley,* the 
(n—m)th arithmetic means of the Fourier series of the functions [f(x) 
+f(—x)] cos mx and [f(x) —{(—x)] sin nx, for x =0. Thus we obtaint 


(2.6) (v — m)a, + (an —m—v)a,| S 2L(n m), 
(2.7) > (v — m)b, + SF (2n —m— v)b,| S 2L(n — m). 
Consequently, in view of (1.7) and (1.8), 
(— m) an) + (n — m— + 
(2.8) 
< (n- m)( 20 + Da, ), 
(2.9) 0s > (v — m)(a, + a) S (n — m) (2 + > a). 


* Loc. cit., footnote { on p. 238. 
+ Cf. our note referred to in footnote t on p. 238 where more details are given. 
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On combining (2.9) with (1.7), (1.8), we get 


n 
> (@ — m)a, cos vx 


n 
> (& — m)a, cos vx 


> (v — m)(a, + ay) cos vx 


v=m+1 


(vy — m)(a, + a) + (v — m)a, 


v=m+1 


= 


(2.10) 


< (n — m) (22 + > 


v=m+1 v=m+1 


and similarly 


— m)b, sin vx 


(2.11) 


< (n —m) (2 +38, 


y=m+1 


Now assume that the integers m and m satisfy the conditions 
(2.12) n= p), m= [n/(1+ p)],i.e.,n/(1+ p) -1<mS n/(1+ p). 
Then 
m=N21,msn-—-1, 
n—m—1< p(m+1) < p(n +1). 


This enables us to apply (2.1) and (2.2) to estimate the sums of the right- 
hand members of (2.10), (2.11), with the result 


(2.13) 


(2.14) ~ (v — m)a, cos vx| S (nm — m)(2L + 3A), 
(2.15) i (v — m)b, sin vx| S (n — m)(2L + 3B). 


Furthermore, for the values of m and in question, (2.5) gives 
(2.16) | non(x) — mom(x)| /(n — m) S (1 + 2/(n/m — 1))L S (1+ 2/p)L. 


Inequality (2.3) follows by an easy combination of (2.4), (2.16), (2.14), and 
(2.15). 

The proof of Theorem 1 is now easily derived from the lemma above, 
whose conditions obviously are satisfied on the hypotheses of Theorem 1. 
If n= N(1+>)) we use the estimate (2.3) directly. If »<N(1+ )) then by the 
Cauchy-Schwarz inequality and Parseval’s theorem, 


| sn(x) | S (1 + < {1 + (2N(1 + p))?}L. 


n 
v=m+1 
| 
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Thus we obtain our final estimate 


(2.17) sa(x)| S {5 + 2/p + 2(N(1 + p))?}L + 3(4 + B), 


valid for all values of n=0. 

We pass on to the proof of Theorem 2 and first observe that estimates 
(2.3) and (2.17), in view of the hypotheses of Theorem 2, will hold for an 
arbitrary choice of A >0 and B>0, provided N and » are suitably fixed as 
functions of A and B. Next we remark that the Fourier coefficients of 


f(%) — on(x) ~ (v/n)(a, cos vx + b, sin vx) 
(2.18) 
+ > (a, cos vx + b, sin vx) 


satisfy inequalities like (1.7) with the same a,’s and 8,’s that accompanied 
the Fourier coefficients a,, b, of f(x). Hence, on putting 


M,= max | f(x) on(x) |, M, = max | f(x) — Sn(x) a 


we derive the estimate corresponding to (2.17) for the mth partial sum of 
(2.18), namely 


(2.19) | — on(2) | = (v/n)(a, cos vx + 6, sin vx) 


IIA 


3(A + B) + {5 + 2/p + 2(N(1 + My. 


Since 


lA 


| — sa(x)| S | f(x) — on(x)| +| — on(x)|, 
and, by Fejér’s theorem, M,—0 as n—, we see that 


0 < lim supm, S 3(A + B). 
As A >0 and B>0 are arbitrary, we get finally m,—0 as n—~ , which proves 
Theorem 2. 
3. From Definitions 1’ and 1’’ of slow divergence it is immediately seen 
that, if there exist at all sequences {a,} and {8,} satisfying the requirements 
of Theorems 1 or 2, then the particular sequences 


will evidently satisfy these requirements. Consequently our Theorems 1 and 2 
may be restated in the following form: 


| 
} 
| 
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THEOREM 3. If f(x) satisfies condition (1.1) and if the series 


(3.1) an), — dn) 
n=1 


n=1 


are slowly divergent in the sense of Definition 1’, then the partial sums s,(x) of 
the Fourier series of f(x) are uniformly bounded. 


TuHeoreM 4. If f(x) is continuous and the series (3.1) are slowly divergent 
in the sense of Definition 1'', then the Fourier series of f(x) converges to f(x) uni- 
formly. 


4. We now pass on to the generalizations of Theorems 1 and 2 mentioned 
in the Introduction. Using the notion of the slow oscillation of Definitions 
2’, 2”’ and of the uniform slow oscillation of the Remark following these 
definitions, we can enunciate the generalizations in questions as follows. 


THEOREM 5. Let f(x) satisfy condition (1.1) and let its Fourier coefficients 
satisfy conditions (1.7) where the sequences {an} and {Bn} are such that the 
series >; Qn Cos nx and >.;°B, sin nx are slowly oscillating (uniformly in x) in 
the sense of Definition 2’. Then the partial sums s,(x) of the Fourier series of f(x) 
are uniformly bounded and the upper bound of | s,(x)| is expressible in terms of L 
and of the characteristic data of the slow oscillation of the series >-y an COS nx, 


> sin nx. 


THEOREM 6. If f(x) is continuous and if its Fourier coefficients satisfy con- 
ditions (1.7) where the sequence {an} and {Bn} are such that the series 
Dd Pan cos nx and >-;°B, sin nx are slowly oscillating (uniformly in x) in the sense 
of Definition 2"’, then the Fourier series of f(x) converges to f(x) uniformly. 


The proof of these propositions is based on a lemma analogous to that of 
§2. 


Lemma. If, under the assumptions of Theorem 5, the trigonometric series 
> Pan cos nx, >-7°B, sin nx satisfy the conditions 


k+q 


(4.1) da, cos SA, 


fork>~N21,08q8 fk, 
sin vx 


(4.2) < B, 


then the partial sums s,(x) admit of the estimate 


(4.3) | sa(x)| S (5 + 2/p)L + 6(A + B), provided that n = N(1 + ). 


| 
| 
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Using the notation and proceeding in the same fashion as in the proof of 
the lemma of §2, we now have, instead of (2.9), 


0s > (vy — m)(a, + a) 


(4.4) ars n 2n—m 
< 2(n—m)L+|] > — + (Qn — m — 
In view of (2.13) conditions (4.1) yield 
n 2n—m 
> a, cosvx| < A, > a, cosvx| S A, 
whence it follows that 
2n—m 
(4.5) > a, cos vx} < 2A. 
v=m+1 


On applying estimate (2.6) to the trigonometric polynomial of the left-hand 
member of (4.5) we have 


(4.6) — ma, + (2n — m — v)a,| S 4A(n — m). 
v=m+1 y=n+1 
Being combined with (4.4) this gives 
(4.7) 0< > @—m)(a, + a) < 2(n — m)(L + 24). 
Hence 
> (v — m)a, cos vx 
< > (vy — m)(a, + a,)+ > (v — m)a, COS vx 
(4.8) 
S 2(n — m)(L + 2A) + > (vy — m)a, COS vx}. 


We now consider Paley’s identity (2.4) with f(x) replaced by the trigo- 
nometric polynomial 


t(x) = a, cos vx. 


If we denote by 7,(x) the vth arithmetic mean associated with é(x), we have 


| 
n 2n—m 
| 
n 
‘ 
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1 


> (v — m)a, cos vx = t(x) — (n7,(x) — mtm(x))/(n — m). 
nN yoom+1 


In view of (2.13) and (4.1), 


n—m—1 m+1+q 


> acosvx 
q=0 


| nrn(x) — mrn(x)| = < (n—m)A. 


Since also | ¢(x)| <A, we have 


n 


> (v — m)a, cos vx 


(4.9) < 2(n — m)(L + 3A), 


and similarly 


>» (v — m)b, sin vx 


y=m-+1 


(4. 10) < 2(n — m)(L + 3B). 


From this point on the argument proceeds in precisely the same fashion j 
as in §2, and the proof of our lemma is complete. Theorem 5 now follows from { 
the above lemma in precisely the same way as Theorem 1 was derived from i 
the lemma of §2. In the present case we obtain the estimate 


(4.11) | sn(x)| S [5+ 2/p+2(N(14+ 


As to Theorem 6, it will be also proved on the basis of our lemma, but the 
method used in §2 to prove Theorem 2 can not be applied here and we have 
to resort to the original argument of Paley, which he used in discussing the 
uniform convergence of a Fourier series with positive coefficients.* Let ¢,(x; m) 
denote the partial sums of the Fourier series of 


— on(%) ~ > (v/n)(a, cos vx + sin vx) 


(4.12) 
+ >> (a, cos vx + b, sin vx). 


Under the hypotheses of Theorem 6 the series >>;°a, cos vx, >-;°8, sin vx are 
slowly oscillating in the sense of Definition 2’’. It follows that the series 


n 
(n) 
> cos = (v/n)a, cos vx + > COS vx, 


v= 1 


sin vx = >> (v/n)B, sin vx + >> B, sin vx 


* Loc. cit. in footnote ¢ on p. 237. 
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are also slowly oscillating in the sense of Definition 2’’ and that the constants 
y-™, 6,™ play the same part relative to the series (4.12) as a,, 8, do relative 
to the Fourier series of f(x). Indeed, for an arbitrary choice of A >0, B>0, 
there exist an integer NV = (A, B) and a positive p= p(A, B) such that 


k+q 


(4.13) cos vx| SA, 
for k => R = max (n, N),0 Sq & pk. 
k+q 

(4.14) | > asin vx| < B, 


On applying the lemma above to the series (4.12) we conclude 
(4.15) m)| S (S+2/p)M,+6(4+B), r2>(1+p)R, 
where, as before, 

M, = max | f(x) — o,(x) |. 


Since 


t.(x; 2) = Sis (v/n)(a, cos vx + B, sin vx) + yo (a, cos vx + B, sin vx), 
v=1 
r>n21, 
we have 


| — s,,(x)| S$ (10+ 4/p)M, + 12(A +B), (1+ p)R. 


Now, given any e>0, set 484 =48B=e, which fixes also p and N. 
Choose so that (10+4/p)M,<e€/2 when n=mo. Then |s,,(x) —s,,(x)| <e, 
provided r2>7,;=> (1+ )Ro, Ro=max (mo, N). Thus the Fourier series of f(x) 
converges uniformly. The fact that its sum is f(x) is implied by the classical 
theory of Fourier series. The proof of Theorem 6 is now complete. 

5. It is clear that the uniform boundedness of the partial sums (1.3) im- 
plies the uniformly slow oscillation of the series 


(5.1) ao + >> an cos nx, 
n=1 

(5.2) 6, sin nx, 
n=1 


in the sense of Definition 2’, while the uniform convergence of the series (1.2) 
implies the uniformly slow oscillation of (5.1), (5.2) in the sense of Definition 
2’’. This leads to the following two propositions, the proof of which is ob- 
vious in view of Theorems 5 and 6. 


4 
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THEOREM 7. The uniformly slow oscillation of the series (5.1) and (5.2), in 
the sense of Definition 2’, is necessary and sufficient for the uniform bounded- 
ness of the partial sums of the Fourier series of a bounded (measurable and real- 
valued) function f(x). 


THEOREM 8. The uniformly slow oscillation of the series (5.1) and (5.2), in 
the sense of Definition 2’, is necessary and sufficient for the uniform convergence 
of the Fourier series of a continuous function f(x). 


6. Our final generalization of the results obtained heretofore is based on 
the notion of the one-sided slow oscillation (from above or from below) of a 
series. 


DEFINITION 3’. A series >-1° Cn with real terms is said to be slowly oscillating 
from below if there exist two positive numbers P and p and a positive integer N 


such that 
k+q 


(6.1) = —P, frk=N, OSqS pk. 


DerFinitTion 3’’. A series >; Cn with real terms is said to be slowly oscillating 
from below if for an arbitrarily given positive P there exist a positive number p 
and a positive integer N, both depending on P, such that (6.1) holds. 


It is clear how these definitions should be modified in order to characterize 
slow oscillation from above, and also uniform slow oscillation, from below or 
from above. 

We are in a position to state and prove 

THEOREM 9. A necessary and sufficient condition that the partial sums of the 
Fourier series of a bounded (measurable and real-valued) function f(x) be uni- 
formly bounded, is that the series (5.1) and (5.2) be slowly oscillating from below, 
in the sense of Definition 3’, uniformly in x. 

THEOREM 10. A necessary and sufficient condition that the Fourier series 
of a continuous function f(x) converge uniformly to f(x) is that the series (5.1) 
and (5.2) be slowly oscillating from below, in the sense of Definition 3'’, uni- 
formly in x. 

The necessity of the conditions of Theorems 9 and 10 is obvious. The proof 
of sufficiency is based on the following 


Lemma. Assume that the series >-{°c, satisfies (6.1) and, in addition, that 
the arithmetic means of its partial sums $,=C:+C2+ 


Sn = (51 + + +++ + 5n)/n, 


satisfy 


‘ 
é 
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(6.2) 
Then the partial sums themselves satisfy 
(6.3) | sn] S (3+ 2/p)L +P, provided that n = N(1 + 
To prove this lemma we use the identities 
(6.4) + M)Snim — — = Sagi t+ + Satm — 
= Cnt (Cn + Cra) + (Cn + 1Smsn. 
Now, assuming 
(6.6) n2(1+p)N, pn/(1+ 
we have 


n>N, n/m<1+1/p, 
pn/(1+ p) < p(n +1), 
m—2< p(n—m+2). 


We then may apply (6.1), which, being combined with (6.4), (6.5), gives 
(6.7) (2 + m)Snaim — — MS, = — mP, 


(6.8) MS, —NS, + (n — M)Sn-m = — (m — 1)P > — mP, 
respectively. From (6.2), (6.7), (6.8) we derive 
— P— (1+ 2n/m)L < — P+ (n/m)S, — (n/m — 1)Sn—m 

Ss (1+ — (n/m)S, P+ (1+ 2n/m)L. 


Since n/m<1+1/p the desired inequality (6.3) follows at once. 

The proof of Theorem 9 is now readily obtained from this lemma, since 
series (5.1) and (5.2), in view of (1.1) and Fejér’s theorem, clearly satisfy all 
the requirements of the lemma. For s,(x) we get an estimate of the type (4.3). 
As to the proof of Theorem 10, it is easily obtained by an argument analogous 
to that used in proving Theorem 6, the details of which may be left to the 
reader. 


(6.9) 


THE EINSTEIN INSTITUTE OF MATHEMATICS OF THE HEBREW UNIVERSITY, 
JERUSALEM, PALESTINE 


ut 
| 
7 
| 


ON FOURIER TRANSFORMS. 


BY 
A. C. OFFORDt 


1. Introduction. In this paper we are concerned with functions connected 
by the relations 


(1.11) F(x) = f 


(1.12) f(x) = 


The integrals will usually be interpreted in the sense of Cesaro, i.e., the in- 
tegral { (u)du is said to be summable (C, k), k>0, if 


tends to a limit as w tends to infinity. 
DEFINITION 1. Write 


(1.2) F(x, w) = f f(uje—**"du. 


Suppose that F(x,w) is in L?(—«, ©),§1< p<, for all w and that there is a 
function F(x) such that, if 1<p<~, 


lim f | F(x) — F(x, w) "dx =0, 


or in case 


lim essential upper bound | F(x) — F(x, w)| = 0. 


Then we say that F(x) is the Fourier transform in L? of f(x). 


This definition is shown to be consistent with the usual one] except in 
the cases p=1, ©. 


Tt Presented to the Society, February 23, 1935; received by the editors April 2, 1934. 

t Keddey Fletcher-Warr student of the University of London. 

§ A measurable function ¢(x) is in L7(a, b), 1S p<, if (x) is finite. It is in L*(a, b) 
if it is equivalent to a function which is bounded in (a, b). 

|| Cf. Wiener, 12, p. 67; Berry, 2, p. 227. (See Bibliography, on p. 266, for references.) 
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DEFINITION 2. A measurable function f(x) is said to belong to the class H?, 
1<p<~, when it is integrable L in every finite range and such that 


(1.3) f | F(x, w) |"dx < M?, 


where F(x, w) is given by (1.2) and Mf is a number independent of w. The func- 
tion f(x) belongs to the class H' if it satisfies (1.3) for p=1 and in addition 


(1.31) flee, w)|dx Se 

whenever the measure of the set e is less than some positive number 5(€). When 
p= the condition (1.3) is to be interpreted as 

(1.32) | F(x, <M, 

for all x and w. 


DeriniTI0n 3. A measurable function F(x) belongs to the class L,* if it is in 
©),1< p<, and such that 


f 


— 


converges to an indefinite Lebesgue integral. The class L,* is the class of all the 
bounded functions F(x) for which the expression 


1 
eizu -1 eizu 
+f - F(w)du + - F(wdu 
1 


is summable (C, 1) to an indefinite Lebesgue integral. 


DEFINITION 4. A measurable function belongs to the class H7L1,1<ps~, 
if it belongs to both and 


The results of this paper can now be summarized as follows: 

(i) If f(x) belongs to H?, 1S p< ~, then it has a Fourier transform F(x) in 
L» and the inverse formula (1.12) holds (Theorems 1 and 2). 

(ii) If F(x) belongs to L,*, 1<p< ©, then it is the Fourier transform in 
L? of a function f(x) which belongs to H? (Theorem 5). 


{ Throughout this paper we shall use M to denote a number not necessarily the same at each 
occurrence but always independent of the variables under consideration. 


| 


252 A. C. OFFORD [September 


(iii) If f(x) belongs to H»L+, then it has a Fourier transform F(x) in L?. 
F(x) belongs to H¢ and f(—x) is the Fourier transform in L¢ of F(x) (Theo- 
rem 10). 

(iv) Thereis complete reciprocityin the class <p < © (Theorem 12). 

It is not assumed in (i) that f(x) belongs to a Lebesgue class and this need 
not be the case. Hence although the inverse formula (1.12) holds it does not 
follow that f(—x) is the Fourier transform of F(x) in the sense of Definition 1. 
The result (ii) is the converse of (i). It is also shown in Theorem 6 that if f(x) 
belongs to H” then its Fourier transform F(x) belongs to L,*. 

The results of (iii) and (iv) complete those of (i). A result of particular 
interest in the Plancherel-Titchmarsh theory of Fourier transforms is the 
reciprocity in the class L?. In (iv) we assert the existence of other classes of 
functions which also possess this reciprocity. When 1</<2 the class H?L” 
is contained in L? but for p>2 this need not be the case. 

There is an interesting connection between the case p= © and functions 
which are bounded and harmonic in a half plane. We have already discussed 
this case from this point of view.t However, the arguments there employed 
are hardly suited for the case 1<p< ©. Accordingly, in this paper we em- 
ploy an entirely different method using the notion of weak convergence where 
before we used Fatou’s theorem. We shall, however, refer to our previous 
paper for the proofs of some of the theorems concerning the case p= © when 
they differ from the case 1< p<. 

One further point requires explanation. It is the substitution of Definition 
1 for the definition of the Fourier transform ordinarily given. There are two 
reasons for this. First, with the ordinary definition, some of the results of 
this paper, noticeably Theorem 5, would not be true in the case p=1 as has 
been shown by Hille and Tamarkin.{ Secondly, with Definition 1, not only 
does F(x, w) converge in mean to F(x) but it also converges in the ordinary 
sense almost everywhere. This enables us to avoid using convergence in mean 
which is in some respects an advantage. In fact some of the functions we em- 
ploy do not belong to Lebesgue classes and so the notion of convergence in 
mean is not always applicable. However, it can be shown by the argument 
used by Hille and Tamarkin§ that the two definitions are equivalent except 
when p=1, «©. This we show in Theorem 7. 

2. The class H®. In this section we shall prove some of the fundamental 
results of the paper. In each case we shall have recourse to a series of lemmas. 

t Offord, 7. The classes H® and L% were described in this paper as the classes H and B* respec- 
tively. Some of these results have been extended to Hankel transforms. See 8, and 9. 


t Hille and Tamarkin, 4, p. 773. 
§ Loc. cit. 


4 


1935] ON FOURIER TRANSFORMS. III 


1. If f(x) belongs to H?, then the integral 
(2.1) f 


is summable (C, 1) almost everywhere, to a function F(x) which belongs to the 
class L?(— ©, ©). The function F(x) is the Fourier transform in L? of f(x) and 


fla) = f (C, 1) 
almost everywhere. ite 
THEOREM 2. If f(x) belongs to H®, then the integral (2.1) is boundedly sum- 


mable (C, 1) almost everywhere to a bounded function F(x) which is the Fourier 
transform in L® of f(x) and 


(2.2) f(x) = f F(u)e**"du (C, 1) 


almost everywhere. 

Theorem 1 follows from Lemmas 3 and 4. The proof of Theorem 2 is given 
elsewhere. Possibly the most important result in this connection is Parseval’s 
theorem which takes the following forms according to the value of . 

THEOREM 3. Let f(x) belong to H?, 2<5ps~. Let G(x) belong to L”’ 
©), where p’=p/(p—1). Let g(—x) be the Fourier transformt in of 
G(x) and let g(x) be bounded in every finite range. Then 


f = f x)dx, 


where the first integral is convergent and the second summable (C, 1). 


4. Let f(x) belong to 1<p<2. Let g(x) belong to L? (—~, ~) 
and let g(x) be bounded in every finite range. Let G(x) be the Fourier transformt 
in L»’ of g(x). Then 


where the first integral is convergent and the second summable (C, 1). 


+ Offord, 7, Theorem 1. This theorem only asserts that (2.2) is summable (C, 2) almost every- 
where. The complete result is given in Offord, 10. 

{ In the ordinary sense. It is, of course, a classical result that, if G(x) belongs to L?’, 1S p’ $2, 
then G(x) has a Fourier transform in L?. A similar remark applies also to Theorem 4. 
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The proofs of Theorems 3 and 4 are given after Lemma 3. We employ 
these theorems in establishing the inverse relations in Theorems 1 and 2. 


Lema 1. Let f(u) belong to H®, 1<p<~, and let 


Then there exists a sequence {v;} such that F(x, v;) converges weakly, with ex- 
ponent p, to some function F(x) of the class L”. 

By the definition of the class H” the functions F(x, v) are uniformly 
bounded in LZ”. The lemma is thus a classical resultf of the theory of weak 
convergence. 

In the following lemma we consider a function G(x) which is bounded and 
integrable L in (— ©, «). This function belongs to every Lebesgue class and 
so has a Fourier transform g(—z) in the classical sense. 

Lemma 2. Let f(x) belong to H?, 1S p<, and let a sequence {v;} and a 
function F(x) be defined as in Lemma 1. Let G(x) be integrable L and bounded 
in (—2%, ©) and let g(—x) be the Fourier transform of G(x). Then 


f F(u)G(u)du = lim (1 isl) f(u)g(— u)du. 
joe J»; Vj 


Since G(x) belongs to L(—, «), 


"i | | 
wa 


= (1 | ) = fr v)G(x)dx. 


Vj 
Now G(x) is bounded and belongs to L(— «). Hence it belongs to 
(—2, ©), p’=p/(p—1). Therefore, by Lemma 1 and the general conver- 
gence theorem of Hobson and Lebesgue,f 


f F(x)G(2)dx = lim fiu)e(— 


Vj 


The reader will observe that, in the proof of the case p=1, it is at this stage 
that we require (1.31). 


t Cf. Hobson, 5, p. 253, and Banach, 1. 
t Hobson, 5, p. 422, and Lebesgue, 6, p. 52. 
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Lemma 3. If f(x) belongs to H?, 1S p< ©, then the integral 


(23)-1/2 f S(ue**"du 
is summable (C, 1) almost everywhere to a function F(x) which is the Fourier 
transform in L? of f(x). 
In Lemma 2 take 


0, 


mm (x— y)? 
The function G(y) obviously satisfies the hypotheses of Lemma 2. Hence, if 
F(y) is defined as in Lemma 1, we have 
w 2 cin2 
f (: tet) flue**du = — sin? — y) F(y)dy. 
w Tod. (x — y)? 


Now this is Fejér’s integral and it is well known that for 1<p<© the inte- 
gral tends to F(x) almost everywhere as w tends to infinity. Hence 


F(x) = lim (1 ist) 


almost everywhere, the convergence being in L?. This is the desired result. 
We can now complete the proofs of Theorems 3 and 4. 
Proof of Theorem 3. By hypothesis, f(x) belongs to H? and G(x) to L*’. 
Hence, by Lemma 3, 
| «| 


f G(x)F(x«)dx = lim f f “(1 


= (2r)-!/? lim lim ‘(1 G(x)dx (1 f(ue-**"du 


all 


= lim 7, 


in virtue of the consistence theorem for Cesaro summation. We use J as an 
abbreviation. 

Now G(x) belongs to L”’, 1<’<2. Hence G(x) has a Fourier transform 
g(—z) in L?. Alsoft 


T This follows from a classical argument due to Plancherel. See Hobson, 5, pp. 748-49. The proof 
for bounded convergence is of course the same as the proof for uniform convergence. 
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X 


x 


Further the convergence is bounded in every interval in which g(—) is 
bounded and so, by hypothesis, in every finite range |u| <w. Therefore 


Hence 


fi G(x)F(x)dx = jim (1 - f(u)g(— u)du 


and this is the desired result. 

Proof of Theorem 4. The proof of this theorem is very similar to that of 
Theorem 3. Here g(u) belongs to L?, 1< <2. Hence, with the usual termi- 
nology, g(u) has a Fourier transform G(x) in L”’. Further, by Plancherel’s 
argument,f the relation (2.21) holds, the convergence being bounded in every 
interval in which g(—) is bounded. The desired conclusion therefore follows 
by the preceding argument. 

The following lemma together with Lemma 3 completes the proof of Theo- 
rem 1. 

Lemma 4. If f(x) belongs to H®, 1S p<, and if F(x) is defined as in 
Lemma 3, then 


fla) = (C, 1) 
almost everywhere. ~ 
In Theorems 3 and 4 take 


(u) —-xsusd, 
u)= 
0, 0<4u. 


Then 


7 2 


G(y) = Qn) (=) 


and the hypotheses of Theorems 3 and 4 are obviously satisfied. 
Hence 


t Hobson, 5, p. 750. 
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(2.31) f = -) f F(y)dy. 
0 —o 


Consider first the case p =1. In this case F(y) belongs to L(— ©, ©) and the 
second member of (2.31) may be written in the form 


f au f 
0 


The desired conclusion now follows at once. 
Now suppose p>1. From (2.31) and Hélder’s inequality, 


z 2 1/2 bed sin xy 1/p’ 1l/p 
(2.32) f(u)du| < (— dy | F(y) 
Take 
G(u) = < w 
0, uS—-w,w 
Then 


2 sin? $w(x — y) 
= — 
mo (%— y)? 


and the hypotheses of Theorems 3 and 4 are again satisfied. Hence 


f (1 tet) F(u)e***du 


sin? 


(2.33) 


dy C, 1). 


Tw J y? 


But it is easy to see that, in virtue of (2.32), the integral in the second mem- 
ber of (2.33) exists as an improper Lebesgue integral. For, writing 


fly) = J f(u)du 


we have 


Y 4 1 
f fla sin? dy = fix + Y) sin apa) 
0 y? Y 4 


Y d in2 w 
-f fet (= *) dy, 
0 


and by (2.32) this obviously tends to a limit as Y tends to infinity. 
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Divide the integral in the second member of (2.33) into three terms, viz., 


2 —K K 
f + +f b-ntnen, 
K 


where K is a positive constant such that —K <x<K. Then 


sin? sin? swy 
Iz = — — ——— fi(x + K) + — =f + y)dy 


TW 


sin 
nay. 
K 


Now, by (2.32), 


| f(a + y)| M| 
Therefore, if K and x are fixed, 


sinwy 


filx + y)dy = 0 


wo wr K 


by the Riemann-Lebesgue theorem. Similarly lim,,../1=0 while J; is Fejér’s 
integral and so tends-to f(x) as w tends to infinity. This yields the desired re- 
sult. 

3. The class L,*. The fundamental property of functions of this class is 
given in the following theorem. The corresponding result for the case p= © is 
given elsewhere. f 

THEOREM 5. If F(x) belongs to L*, 1<p<~@, and if 

d c*—1 
(3.1) f(x) = f F(u)du, 
dxJ _. iu 


then f(x) belongs to H” and F(x) is the Fourier transform in L» of f(x). 
We begin by showing that f(x) belongs to H». Since F(x) belongs to L,*, 


1<p< ©, the integral 
| 
f ———— F(u)du 
iM 


converges uniformly in every finite range. We have 


F(x, = f ist) f(uje-**"du 


t Offord, 7, Theorem 5. 
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(3.11) 


o d itu | 


2 (sin? 


TwJ_. 


Consider first the case 1<p< ©. By Hélder’s inequality 


| F(x, 0) |? (=)"[ ar 


< Mar» f | + x) |” 


sin sin wt 


p’ p/p’ 


sin 3wt |? 


Hence 


| F(x, w)/?dx f 
M f 


the desired result. Now suppose p=1. Then 


4 2 sin? wt 
f | F(x, dx s— f af x)|dx <M. 
TH J _ 


Pp 


a f | F(t + x) |pdx 


sin 


t 


A 


sin 


6 


IIA 


do f | = M, 


We have further to show that F(x, w) satisfies (1.31). Let e be any measurable 
set in (— ©). Then 


2 ut 
e THOS 


But since F(x) belongs to L(— ©, ©) it is possible to find a 6 independently 
of ¢ such that, if m(e) <6, then 


flr@tolase. 


Hence f(x) belongs to H' as desired. It only remains to show that F(x, w) 
tends to F(x) almost everywhere. This, however, follows at once from the last 
equality in (3.11). This completes the proof of the theorem. 


THEOREM 6. If f(x) belongs to H®, 1< p< ~, then its Fourier transform F(x) 
belongs to L;*. 


——— F(t + x)dt. 
| 
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The proof for the case p = © is given elsewhere.f When 1 <p< ©, we have 


f 


u 


- f 


This is the desired result. 

The next theorem connects the theory developed here with the ordinary 
theory of Fourier transforms. 

THEOREM 7. Let f(x) belong to H®, 1<p<~, and let F(x) be its Fourier 
transform in L” as defined in Theorem 1. Write 


I(x, w) = 
then ~ 


(3.12) jim f | F(x) — I(x, w) |\pdx = 0, 


i.e., F(x) is the Fourier transform in L” of f(x) in the ordinary sense. Conversely 
if f(x) is such that (3.12) is satisfied, then f(x) belongs to H? and F(x) is its 
Fourier transform in L” in the sense of Definition 1. 


To prove the first part of the theorem, in Theorems 3 and 4, take 


(2a) — < u < w, 
g(u) = 
0, u<—-w,w<4. 
Then 
1 sin w(x — y) 
Gy) = — ———=. 
Hence 


I(x, = (2r)-1/2 —f F(y) sin y) 


Now Hille and Tamarkinf have shown that the integral in the second mem- 
ber converges in mean of order p, 1<p<, to F(x) as w tends to infinity. 
This proves the first part of the theorem. As regards the second part, we have 


t Offord, 7, Theorem 2. 
t Hille and Tamarkin, 4, pp. 770-771. 
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F(t) = l.i.m 


Hence, if 1<p<o, 


= 


Therefore F() belongs to L,* and so, by Theorem 5, f(x) must belong to H?. 
Again, by Theorem 5, it follows that F(#) is the Fourier transform in L? of 
f(x). This is the desired result. 

We now give some sufficient conditions for functions to belong to the 
classes H? and L,*. 


THEOREM 8. If F(x) belongs to L?(—» ,), 1S and if 
(3.2) (2x)-1/2 f F(u)e***du 


converges everywhere to a function f(x) which is everywhere finite and integrable L 
in every finite range, then F(x) belongs to L,* and is the Fourier transformin 


L? of f(x). 
Since F(x) belongs to ©), 
| F(x) | 
(3.3) 


is finite. Now Pollard} has shown that if (3.2) converges everywhere to a 
function f(x) which is everywhere finite and integrable L in every finite range 
and if (3.3) is finite, then 


z t 1 eizu = 1 1XxU 
Jaf f(u)du = (27) nf — F(u)du 


=f 


-1 izu 
f +f F(u)du + constant. 
1 u* 


Hence, since F(x) belongs to L?(—», ©), 1<px<~m, 


d eizu — 1 
dxJ_. imu 
which is the desired result. 


t Pollard, 11, p. 455. 


oe 

{ 

| 
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The following theorem also follows from Pollard’s methods. 
THEOREM 9. If f(x) is such that 
(3.41) f dx 
1 + x? 


is convergent and if 
f 


converges everywhere to a function F(x) which is everywhere finite and belongs to 
Lx(—%, ©), 1<p<~, then f(x) belongs to H” and F(x) is its Fourier trans- 
form. 


Without loss of generality we may suppose f(u) =0, 0<u <1. Then it fol- 
lows by Pollard’s theorem that 


u? VY 


F.(y) = f = ‘dt J F(u)du. 


Now Pollard has shown that 
(3.43) F.(y) > 0 


where 


as y tends to infinity. Again, since F(y) belongs to L?, 1< p<, 
« 
(3.44) "| f "= o(3). 


Hence, from (3.41), (3.42), (3.43) and (3.44), 


Y a? eu — ew 


Y-o 


eity ew a? 
= (2r)-'/? lim 
Yoo J_y iy dy? 


= f J 
iy 


ty 


F(y)dy — f F(y)dy, 
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the integrals being convergent. It follows that F(x) belongs to L,* and con- 
quently, by Theorem 5, f(x) belongs to H». This is the desired result. 

4. The class H?Z*. Consider the class H?L¢ of all the functions which 
belong to both H?, 1<p<, and L*,1<qs«. The following theorem 
holds for functions of this class. 


THEOREM 10. Jf f(x) belongs to 15 then it has a 
Fourier transform F(x) in L*. F(x) belongs te H*L” and f(—<x) is the Fourier 
transform in L¢ of F(x). 

Consider first the case 1 < p< 0, 1<q<.Wecan apply Theorems 3 and 
4 with 
1, Osusx, 


G(u) = { 


0, elsewhere. 


Then 
z 1 — e~izu 
(4.1) f F(u)du = j f(u)du. 


But f(x) belongs to L? and so by (4.1) to L¥. Hence, if 1<q<~™, it follows 
from Theorem 5 that F(x) belongs to H*. Again, if g= © then F(x) belongs to 
H® by the analogue} of Theorem 5 for this case. Now f(x) belongs to H? and 
so must have a Fourier transform in L?, i.e., F(x) belongs to H?L”. Also, 
since F(x) belongs to H°, it has a Fourier transform f(—x) in L*. This proves 
the theorem for the case 1<p< ©. Now suppose p= ©. Then 


aoe 


The convergence is bounded so that 
z o | e7izu 
f F(t)dt = (27)-'/? lim (1 


The desired result now follows as before. 
From this result we can deduce at once the following theorem. 


THEOREM 11. If f(x) has a Fourier transform F(x) in the class ps, 
then the necessary and sufficient condition that f(—x) should be the Fourier trans- 
form of F(x) in L1,1 <q, is that f(x) should belong to L*. 

It must be remarked that this theorem is true only when the Fourier 
transform of a function is defined as in Definition 1. 


t Offord, 7, p. 208. 
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5. The reciprocal class H?L”. A very interesting special case of the class 
HL? is the class H?L? of all the functions which belong to both H? and L?. 
We obtain the following theorem by putting g= 7 in Theorem 10. 


THEOREM 12. If f(x) belongs to H?L®, 1S p<, then its Fourier transform 
also belongs to H?L?. 


We have already discussedf the case p= © under name of the class HB. 
We now add an example of a function which is bounded and belongs to H* 
but does not belong to any Lebesgue class. Take 


1, O<u<2r, 
2x cos nu, Su < 2(n + 
We shall show that 


cos xu du 


for all x and w and from this it follows that 


i.e., f(u) belongs to as desired. Suppose that 2(m+-1)4 
and that r—}<x*<r+}4. Then, using O(1) to denote an expression which is 
uniformly bounded in x and w, we get 


= M, 


m 2(n+1) 
f f(u) cos xu du = >> cos xu cos mu du + O(1) 
— 
1 > E 2(m + 1)rx — sin 2nrx 
2 n=0 n + x 
n#ér—l,r 
sin 2(m + 1)rx — sin 2nrx 
os | + O(1) 
n— 
1 ~ 1 
=— sin 
2 n=1 (n + x)(n + x — 1) 
n#r—1,r,r+1 


1 


— 2)(n — x —1) 


+ O(1). 


Therefore 


t Offord, 7, p. 211. 
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f f{(u) cos xu du 

0 
1 heed 1 1 

+ +00 
to. = 1 


1 


+ O(1) 


It is easily verified that 


F(x) = f 


u 
COS COS [=| uh du 
0 


cos (2m + 1)rx 
= (2r)-/?2x sin rx 


x? — n? 


Corresponding to each class H?L? there is a class of self-reciprocal func- 
tions and we conclude this paper by giving two theorems for these functions. 
Suppose that x(#) is integrable LZ in every finite range and such that 


(5.1) f f (1 =) dx = M, 
T 
for all 7=0. Further let 
t 
(5.2) x) = even function of ¢. 


+ dit) 
THEOREM 13. A necessary and sufficient condition that an even function f(x) 


of H*L?, 1S ps, should be its own Fourier transform is that it should be of 
the form 


1 
(5.3) fla) = J x0: 


where the integral is summable (C, 1) almost everywhere and x(t) satisfies (5.1) 
and (5.2). 


2 (x — n)(x — n +1) 
<—> —+0(1) 
2 aml 
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THEOREM 14. A necessary and sufficient condition that an even function f(x) 
of L?, 1<p<~@, should be a solution of the equation 


d © ,icu — 1 
f(x) = (2a)? f —— f(u)du 


is that it should be of the form (5.3), where the integral is summable (C, 1) almost 
everywhere and x(t) satisfies (5.1) and (5.2). 


These theorems are the analogues for the class H?L” of the theorem of 
Hardy and Titchmarsh for the class L*. They can be proved by their argu- 
ment and we shall not give the proof here. It is interesting to notice that the 
function x'/?J_,,4(3«?) is a self-reciprocal function of the class H?L?, for all 
p>2, but it does not belong to L’. 
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DIE DIFFERENTIALGEOMETRIE DER UNTER- 
MANNIGFALTIGKEITEN DES R, 
KONSTANTER KRUMMUNG* 


BY 
WALTHER MAYER 


EINLEITUNG: DIE STELLUNG DES PROBLEMS 


Wie eine Strecke durch ihre Linge, ein Dreieck durch seine Seiten und 
eine Kurve durch ihre Bogenlinge und die Kriimmungen bis auf eine Kon- 
gruenz-Transformation im R, konstanter Kriimmung bestimmt sind, so ist 
auch die e-dimensionale Fliache (F,, e=1, 2, - - - , des R, konstanter 
Kriimmung durch ein System von invarianten Formen bis auf ihre Lage im 
R,, festgelegt. 

Wir meinen damit den Kongruenz-Satz: 

Kongruente F,, haben gleiche Formen-Systeme und umgekehrt. 

Zu der Aufgabe der Herstellung eines die F, vollstindig bestimmenden 
Formen-Systems tritt ganz natiirlich die, die Bedingungen dafiir anzugeben, 
dass es zu einem gegebenen System von Formen eine F, dieses Formen-Systems 
gibt. (Fiir die F2 des euklidischen R;: die Gauss’schen resp. Codazzi’schen 
Relationen.) 

Die beiden so skizzierten Probleme wurden 1924 von C. Burstin und dem 
Verfasser gelést (das zweite Problem fiir das vollstandige System der “Mass- 
tensoren”); die Darstellung (siehe Duschek-Mayer, Lehrbuch der Differen- 
tialgeometrie, in der Folge als Lehrbuch zitiert) benutzt aber Hilfs-Beine, die 
die Normal-Vektorraume der F, aufspannen, und die zwar ohne Schaden 
eingefiihrt werden kénnen, aber als “fremdes Element” einen Schénheitsfeh- 
ler fiir die Darstellung bedeuten. 

In der nun vorliegenden Arbeit wird dieser “Schénheitsfehler” beseitigt.t 
Die neue Darstellung hat damit den Vorzug, mit den Koordinaten des 
Raumes R, und den Parametern der Flache F, allein auszukommen: Bein- 
Indizes gibt es keine. 

Es ist natiirlich klar, dass sich in dieser Darstellung dann alle geometri- 
schen Verhiltnisse im Formalismus klarer zu erkennen geben, unverwischter, 
da zwischen Objekt und Symbol sich nichts fremdes mehr einschiebt. 

* Presented to the Society, April 20, 1935; received by the editors December 12, 1934. 

t Es soll damit nicht behauptet sein, dass die urspriingliche Darstellung (Lehrbuch) nun iiber- 


fliissig geworden ist, da gerade fiir die Behandlung spezieller Probleme sich die Einfiihrung von 
Hilfs-Beinen als zweckmissig erweist. 


267 


268 WALTHER MAYER [September 


Die vorliegende Arbeit hat bereits einen Vorginger: Eine mit C. Burstin 
gemeinsam verfasste, aber vom Schreiber allein ausgearbeitete Schrift 
(Monatshefte fiir Mathematik und Physik, vol. 35 (1928), pp. 87-110: Uber 
das vollstindige Formensystem ...) enthilt eine solche Hilfs-Bein-freie Dar- 
stellung der Theorie. 

Methodische Unzulianglichkeiten aber, aus dem natiirlichen Bestreben 
entstanden, fiir die Darstellung der Vektoren von Vektorriumen ausschliess- 
lich unabhdngige Basis-Vektoren zu verwenden, hatten eine Unsymmetrie in 
der Behandlung gleichartiger Objekte zur Folge, die nicht in der Natur des 
Problemes liegt. 

Es galt also das Widerstreben zu beseitigen, eine nicht linear unab- 
hingige Vektor-Basis fiir die Beschreibung zu verwenden, und damit jenes 
Basis-Bein voll zu benutzen, das sich vollig natiirlich dem Geometer dar- 
bietet. 

Eine Neubearbeitung der erwaihnten Schrift erschien uns auch umso er- 
strebenswerter, als die hier gebotene Theorie keine triviale Verallgemeinerung 
der Verhiltnisse des Dreidimensionalen darstellt, sondern im Gegenteil ganz 
neue Erkenntnisse vermittelt. 

Dies klar hervortreten zu lassen war auch unser Hauptbestreben. Wir 
gingen daher auch viel genauer ein auf die geometrische Natur aller auftre- 
tenden Grdéssen, als dies in der erwahnten Schrift und in der Darstellung des 
Lehrbuchs geschah. 

Es war dabei nicht immer leicht, sich der Lockung eines allzuliebevollen 
Eingehens in die Details zu entziehen, doch geschah dies im Interesse der 
Einheitlichkeit der Darstellung. 

Was das verwendete Formen-System betrifft, so kann eine solches auch 
fiir die F, eines beliebigen Riemannschen Raumes definiert werden (Schluss- 
paragraph).* 

Da es aber in einem solchen Raume den Begriff einer Kongruenz nicht 
gibt, so hat das so definierte Formen-System keine besonders tiefe Bedeu- 
tung. 

Aus didaktischen Griinden werden in der vorliegenden Arbeit (wie im 
Lehrbuch) zuerst die Verhialtnisse im Euklidischen besprochen. Der Leser 
braucht dann, sobald rechtwinklige kartesische Koordinaten eingefiihrt 
werden, von einem “verallgemeinerten Ricci-Kalkiil” nichts zu wissen. 

Es geniigen gerade jene Kenntnisse des Tensor-Kalkiils, die dem feld- 
theoretisch orientierten mathematischen Physiker heutzutage geliufig sind. 

Den R, konstanter Kriimmung erledigen wir im Schlussparagraphen. 


* I. A. Schouten und E. R. van Kampen, Uber die Kriimmung einer Vm in Vn, Mathematische 
Annalen, vol. 105 (1931). 
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1. Dre ScHMIEG- UND NORMAL-VEKTORRAUME DER F, IM EUKLIDISCHEN R,, 


Wie in der Einleitung erwaihnt, benutzen wir in unserer Darstellung die 
sogenannten rechtwinklig-kartesischen Koordinaten zur Beschreibung des 
euklidischen R,. Die zulassigen Koordinatentransformationen, namlich die, 
welche den Masstensor 


0, iX¥k, 
1 = 6; 
(1) Sik k 


numerisch invariant lassen, nennt man ortogonale Transformationen. Als 
Punkt-Transformationen aufgefasst, stellen sie die Kongruenz-Transforma- 
tionen des euklidischen R,, dar. 

Die F, liege in der Parameterdarstellung vor 


(2) = Ve) (¢=1,---,m). 


Was Stetigkeit und Differenzierbarkeit der in der Folge auftretenden Funk- 
tionen betrifft, so setzen wir sie voraus, soweit unser Problem es erheischt. 
Es ware ja von gar keinem Nutzen, den Gedankengang jedesmal zu unter- 
brechen, um diese differentialgeometrisch unwesentlichen Voraussetzungen 
an jeder Stelle genau zu fixieren. 

Wir betrachten nun den beliebigen Punkt P der F,; in ihm sind durch die 
e Raum-Vektoren* 


Ox; 


ein /-Bein aufgespannt: der erste Schmieg-Vektorraum oder Tangential-Vek- 
torraum I, der F,. 

Der Tangential-Vektorraum J; hangt von der Wahl der Flachenparameter 
Ye) nicht ab. Ist namlich 


(3) (p = 1,---,) 


Yop = Fn(M1, Ye)s 


4) 
Yo = » Fe) 


* Wenn wir von einer geometrischen Griésse als Raum-Tensor sprechen, so meinen wir den 
Transformationscharakter bei Verinderung der Raumkoordinaten allein (also bei Fixierung der 

Ebenso wollen wir von einer Grésse als Flichen-Tensor sprechen, sobald wir ihren Transfor- 
mationscharakter bei Verainderung der Flachenparameter allein beschreiben. 

So werden wir ein und dieselbe Grésse je nach Notwendigkeit einmal als Raum-Tensor und ein- 
mal als Flichen-Tensor ansprechen. 

Wenn der gemeinte Tensorcharakter aber ohne weiteres einzusehen ist, werden wir die nahere 
Angabe (Raum- resp. Flichentensor) spaterhin unterlassen. (Also besonders bei jenen Gréssen, die 
nur Raum- oder nur Flachenindizes enthalten.) 
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eine Parametertransformation, so folgt aus 


Ox; Ox; OY, Ox; Ox; OF, 


(5) — = — — = — 


sofort die Identitat der Vektorriume 


Ox; Ox; 
(6) { und 

IF» 
Als Flachengréssen aufgefasst, d.h. bei Transformation der y, sind die 
Ox;/dy, (i=1, - - - , m) ein System von m kovarianten (Flachen) Vektoren. 


Der zweite Schmieg-Vektorraum /;2 im Punkte P der F, ist definiert durch 
Gesamtheit der Raum-Vektoren 


Ox; 0° x; 
(7) { , 
Wie der Tangential-Vektorraum J, ist auch dieser Vektorraum von der Wahl 


der Flachenparameter unabhingig. 
In der Tat gilt ja neben (5) das durch Differentiation von (5) abgeleitete 


System 


x¢ Ox; OV, OY, 
07x; Ox; 0° x; Ov, OVs 


OF, IVp IVq 
Aber aus (5) und (8) folgt die Invarianz des J:2 gegen Parametertransforma- 


tionen. 
Die Relationen (5) und (8) sind nur Spezialfille einer durch Rekursion 


herzuleitenden allgemeinen Formel 


Ox; Oy, Oy, O*x; 
- —= —... + 
Ox; Ox; Ov, O* x; 
Definieren wir als kien Schmieg-Vektorraum I2..., den Vektorraum 
Ox; 07x; O* x; 
(10) 
so folgt aus (9) fiir k=1,2,---. k die Invarianz des J2..., gegeniiber Para- 


metertransformation. 
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Nachdem wir so die (invarianten) Schmieg-Vektorraume im Punkt P der 
F, definiert haben, kommen wir zu weiteren (invarianten) Vektorriumen, 
den Normal-Vektorriumen der F.,. 

Die Schmieg-Vektorraiume sind so definiert, dass der den 
enthilt. 

Die Gesamtheit der Vektoren des Iy2.... die auf den Iy2... 4-1 normalstehen, 
bildet ebenfalls einen linearen Vektorraum, den wir den Normal-Vektorraum I, 
der F, nennen. 

So ist der J, definiert als der grésste Unter-Vektorraum des Jz, der auf 
den Tangential-Vektorraum J; normal steht u. s. w. 

Wir fiihren jetzt die folgende Bezeichnung ein: 

Die Projektion irgend eines im Punkte P der F, definierten Raum-Vektors 
A; (¢=1, - - - , m) in den Vektorraum Inz...x (resp. Ix) bezeichnen wir Mis... 
(resp. di,). 

Den Raum-Vektor 

O*x; 
OY 


aber werden wir in der Folge stets ohne das am Querstrich angehingte k, also 
O*x; 
* 


schreiben. 

Betrachten wir jetzt die Relation (9) als eine zwischen den Raum-Vek- 
toren, die in ihr auftreten, so ergibt die Projektion in den 7,-Vektorraum, da 
dieser zum J;2...,-1 normal steht: 

Ox; 


(11) 
Ox; Ox; 


Die Raum-Vektoren 


(12) 


* OY py 


die ersichtlich den I.-Vektorraum aufspannen, verhalten sich also in bezug auf 
die Transformation der y wie ein System von m (i=1, - - - , m) symmetrischen 
kovarianten Flachentensoren hter Stufe. 

(Die oben gegebene Konstruktion der Normal-Vektorriume der F,, 


fy 

t 

» 
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durchgefiihrt fiir die F; (Kurve), fiihrt natiirlich auf ihre Normal-Vektoren.) 
Bei der Konstruktion der J12...,-Schmieg-Vektorriume werden wir einmal 
zu einem J,2...m gelangen, der Eigenschaft 

Th2...m I12...m—15 b 
(13) 12 12 1 aber 


Wir nennen dann I...» den “letzten” oder “grissten” Schmieg-Vektorraum der 
F.. In der Tat folgt aus (13) 


(14) Th2...m+2 The... = u. S. W. 

Ist J12...m der letzte Schmieg-Vektorraum, so folgt aus der zweiten Gleichung 
(13) 

(15) Tati = 0, 


d. h. der In4: ist leer, er existiert nicht. Ebenso folgt aus (14) Ims2=0 u. s. w. 
Wir kénnen statt (15) auch schreiben 
(16) =0 


und in der Folge 
Or x; 
(17) ——-=0 firN 
* OV py 


Das Raum-Vektorbein 
Ox; 07x; 


(18) 


nennen wir kurz eine Basis der Schmieg-Vektorréume der F,. In Bezug auf 
die Transformationen der Parameter stellt die Basis ein System von ko- 
varianten und symmetrischen Flachentensoren erster bis mter Stufe dar. 


2. DAs SYSTEM DER GRUNDFORMEN DER F,; DIE MASSTENSOREN 
DER J,-RAUME 


Ein Raum-Vektor, der ganz im J, liegt, hat als Darstellung 
Ox; 


Pa, 


(1) 


Die Darstellungsgréssen /?1---?s, die wir symmetrisch in allen Indizes wahlen, 
bilden ihrem Transformationscharakter nach einen symmetrischen kontra- 
varianten Flichentensor hter Stufe. 
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h ) 


verschiedene Komponenten. 
Da im allgemeinen die den J, aufspannenden Raumvektoren 


Ein solcher Tensor hat 


Ox; 
* 


nicht linear unabhiangig sein werden, hat auch der Nullvektor (A; =0) Dar- 
stellungen 


(2) 


mit 971°--s, die nicht alle verschwinden. Die Anzahl linear unabhingiger 
Lésungen von (2), dy, ist gegeben durch 


(3) d,=L,—k, 
wenn /, die Dimension des J; ist, d. h. der Rang der Matrix 


OY 


In der Darstellung (1) des Vektors \; des J, sind die /?1'--» bis auf eine addi- 
tive Null Lésung 0?1---» von (2) bestimmt. 
Fiir die Lange (A,A,)"? des Vektors X; gibt (1) 
On; 
AA = 


wo der kovariante Flachentensor 
Ox; Ox; 


(5) 


nach (4) der Masstensor fiir die durch die /71---* dargestellten Vektoren des 
I, ist. Der Masstensor (5) enthalt nur Flachen-Indizes mehr, er ist in den 
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(durch den Querstrich getrennten) beiden Indizes-h-Tupel symmetrisch 
und ausserdem symmetrisch in bezug auf die Indizes eines jeden der beiden 
h-Tupel. Da er zudem als inneres Produkt zweier Raum-Vektoren bei orto- 
gonalen (Kongruenz) Transformationen invariant bleibt, so folgt, dass kon- 
gruente Flachen F, dquivalente Masstensoren der I, Riume haben (d. h. bei 
geeigneter Wahl der Parameter gleiche Masstensoren). 
Multiplizieren wir (2) mit 
dy ai’ * 
so gewinnen wir 


(6) O = 


Somit ist jede Null Lésung 07°-:* von (2) eine Lésung von (6). Ist dann 
umgekehrt der Tensor 6”!"*-”* eine Lésung von (6), so folgt nach Multi- 
plikation mit nach (5) 


0 = | Ph 


n - 2 
im1\OVp, * 


(7) 


d. h. es gilt (2). 
Wir haben damit das wichtige Resultat gewonnen: 
Die Gleichungen (2) und (6) fiir die 0”:'*-”* haben dieselben Lésungen. 
Das bedeutet aber, dass die Matrizen* 
Ox; 


8 


den gleichen Rang haben: Die Dimension des I,-Vektorraums 1, ist also zu- 
gleich der “Rang” des Masstensors E,,...9,\q,---q dieses Vektorraums. Ist 
TIi2...m der letzte Schmieg-Vektorraum, so ist das vollstandige System der 
Masstensoren der F, das System der m Tensoren 


Der symmetrische Masstensor des J; 


*In der Matrix [| Znr---pyier-=-e,ll entspricht einem bestimmten -Tupel eine Zeile und einem 
bestimmten g-Tupel eine Spalte. 
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Ox; Ox; 


(10) Epiq 


ist der metrische Tensor der F, (als /-dimensionaler Riemannscher Raum 


betrachtet). 
Wir werden im Folgenden zeigen kénnen, dass die Masstensoren (9) die 


F, bis auf ihre Lage im R,, also bis auf Kongruenz, bestimmen. Aber wir 


zeigen mehr! 
Definieren wir nimlich durch 


die in allen Indizes p2, - - , pox symmetrischen kovarianten Flaichentensoren, 
die Grundtensoren By,...p,, R=1, 2, +--+, m, so kénnen wir zeigen, dass 
bereits durch die Grundtensoren 


(11) Boq = Epiqg, 5 


die F,, bis auf Kongruenz festgelegt ist. 
Der Vergleich der Koeffizienten von /*: - - - /?2* in (10) fiihrt auf 


wo in der Summe rechts die ¢1, cz, - - - , Cox alle (2k)! Permutationen von 
Pipe «Pex, also auch gleiche, durchlaufen.* 


3. Dre FRENET-GLEICHUNGEN FUR DIE F, DES R, 


Um das in der Einleitung gestellte Problem zu lésen, miissen wir ein 
System totaler Differential-Gleichungen fiir die Gréssen 


Ox; 0° x; 


als Funktionen der y, -- - , y. aufstellen: die Frenet-Gleichungen der F,. 


* In der Tat: Enthiilt 1, po, - - - , 2% der Reihe nach a, b, - - - , f gleiche Indizes, so ist 
(2k)! 


™ 


der Koeffizient von /?1 - - - /?2, in (10’) rechts. 

Der entsprechende Koeffizient links hat die Form der rechten Seite von (12), wobei aber in 
der Summe nur die verschiedenen Permutationen von 1, pz, ++ - , fo: auftreten. Da aber die rechte 
Seite diese (a! b! - - - f!)-fach enthilt, ist 

1 
der Faktor links. 
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Fiir x; gilt 
Ox; 
(2) dx; dy». 


Wir gehen nun daran, die Differentiale der iibrigen Gréssen der Reihe (1) 


zu bestimmen. 
Aus der Formel 


O*x; O*x; 


(3) + Vektor des 


gewinnen wir 


= e€ktor des /j9...%. 


Somit gibt die Projektion in den J;4: 


O*x; 
(S) = 
k+1 
und in den J;4,, r=2, 3, >, 
Oy: \OVp, * 


k+r 


Also gilt die Darstellung fiir den Raum-Vektor 


0 ( O*x; ) 


OV OVp, r1 Vrs 
(7) 


O*x; OFtly, 


0 O*x; ry Ox; rire 02x; 
dy 


>} 


Wir zeigen weiter, dass in (7) 


(7’) = fiir = 1,2,---,& — 2. 
Or, 


vil 
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Aus 


O*x; Ox; 
(8) = 0, 


fiir h=1, 2,---,k—2 (allgemein fiir 4k) folgt durch Differentiation 


( fx; ) 
OV * * OV ry 


(8’) 


O*x; 0 Ox; 
), far b= 1,2, 2, 


( ) 


ein Raum-Vektor des Ji2...14:1, also wegen h=1, 2,---, k—2, ein Raum- 
Vektor des The 
Dagegen liegt 


Nach (7) ist 


O*x; 
im J,. Da aber die Vektorriume J,2...,-1 und J; normal stehen, ist die rechte 
Seite (8’) und somit die linke Seite (8’) Null. Multiplizieren wir also (7) mit 
Ox; 
(k= 1,2,---,k — 2), 
* 


so erhalten wir 


Aus (9) aber folgt nach §2 die Behauptung (7’). 
Wir schreiben somit statt (7) 


=> Pp P 


(10) 


Fiir k =m tritt noch hinzu §1 (16) 
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(10’) = 0. 


Wir kénnen nun das System der Frenet-Gleichungen der F, anschreiben: 
Ox; 


dx; = —d ’ 
ay, Yp 


Ox; + 07x; 
pa ay, Ya» 


O*x; 


Yor 


x; 


O™x; 
+ pm 41° 


Die in (11) auftretenden Koeffizienten 


seien in den oberen Indizes symmetrisch angenommen; sie sind bis auf Null 
Lésungen resp. von 
O*x; 


ep. 


fixiert. 

Ausser der (angenommenen) Symmetrie in den oberen Indizes folgt fiir die 
Gréssen (12) die Symmetrie in den ersten k unteren Indizes aus (11). Was nun 
den Charakter der Gréssen (12) in bezug auf Parametertransformation be- 
trifft (Raumtransformationen lassen sie invariant), untersuchen wir einen 
langs eines Kurvenstiicks der F, definierten Raum-Vektor \; des J; 


[September 
Ox; 
(11) 
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Ox; 


* 


(13) Ni 


Bilden wir d\,, so gewinnen wir nach (11) 
0 
eee 


Ph 


Ox; 


(al 
+++ 


May.) 


Ortly, 


yy, 


Da dd, invariant in bezug auf eine Parameteranderung ist, und die 
O*x; 


Or, 


symmetrische Tensoren in bezug auf diese Transformationen sind, folgt, dass 
(bis auf ihre Unbestimmtheit) die 


Tensoren sind, wogegen die 


**PhPh+1 


den Charakter von Christoffel-Symbolen haben. 
In der Tat ist mit dem symmetrischen Tensor /"!***"* nach (14) 


ebenfalls ein symmetrischer Tensor, den wir das I,-Differential von |"1***"» 
nennen wollen. 

Will man die Relation (10) in eine Form bringen, die auch den tensoriellen 
Charakter der in ihr eintretenden Gréssen in bezug auf die Parametertrans- 
formationen zur Geltung kommen lisst, hat man zu schreiben 


( O*x; ) r O*x; 


(16) 


° 


(14) 

| 
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Mit der rechten Seite hat jetzt auch die linke Seite Tensorcharakter sowohl 
in bezug auf die x- als auch auf die y-Transformationen. 

Das Differential des Raumvektors ),; des J, liegt nach (14) nicht im J, 
mehr. Dagegen gilt fiir seine Projektion in den J, (14), (15) 


Ox; 
(17) a, = 
cee OVr, 


Das Verschwinden der I,-Ableitung des Darstellungstensors 1"***™» eines 
Vektors \; des I, bedeutet also, dass der Raumzuwachs dd; auf den I, normal 
steht. Einen Vektor d; des I, dieser Eigenschaft nennen wir I,-parallel. 

Die J,-Parallelverschiebung ist die von Levi-Civita. 

In derselben Art, in der wir die 7,-Parallelverschiebung definierten, kén- 
nen wir eine Parallelverschiebung fiir Raum-Vektoren beliebiger Vektor- 
raume definieren. Ist z. B. jetzt \; ein Vektor des J12...,, so definiert 


(18) dr; 
—12,..h 

das von \;. Wir nennen nun , langs einer 
Kurve der F,, wenn lings dieser das J12...,-Differential (18) verschwindet, 
also, wenn der riumliche Zuwachs von \; lings dieser Kurve stets normal 
steht zum Ji2...,. Die naheren Ausfiihrungen bringen wir im §6. 

Zuvor aber seien einige fiir diese Zwecke notwendigen Formeln her- 
geleitet. Ist in (13) \;=0, also /71---»)=§71---?4, so gibt (14) (6 bedeuten 
Nulltensoren) : 


(19) = » 
und 
(21) = 0, resp. = 0, 


* * OV 


welche Relationen fiir jede Null Lésung 61: -- gelten von 


Ox; 
(22) Ph 


ll 


< 

J 

| 
j 
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4. BERECHNUNG DER IN DEN FRENET-GLEICHUNGEN EINTRETENDEN I'-KOEF- 
FIZIENTEN UND DER MASSTENSOREN DER J;,-RAUME AUS DEN 
GRUNDFORMEN DER F,. BEWEIS DER THEOREME 


Die innere Orientierung des Basis-Beins des I,2...m 


Ox; 07x; 0 


(1) 


d. h. die Langen und Winkel der Raum-Vektoren (1) ist véllig bestimmt 
durch das System 


Ox; ky; 


=0, firk 


(2) 


Ox; 


= 


Wenn wir die Koeffizienten I der Frenet-Gleichungen und die Masstensoren 
E aus den Grundformen berechnet haben, so kénnen wir das System der 
Frenet-Gleichungen als System totaler Differentialgleichungen fiir die Grés- 


sen 
; 02x; 


betrachten mit dem System (2) als zusatzliche Bedingungen (Nebenbeding- 
ungen). Wir haben zwei Probleme zu lésen. 
Das erste ist der Beweis des Kongruenz Satzes: 


Kongruente F, haben gleiche Grundformen und umgekehri sind F, mit 
gleichen Grundformen kongruent. 


Um das zu zeigen, geniiget es zu wissen, dass die Koeffizienten der Frenet- 
Gleichungen wie die in (2) eintretenden Z-Gréssen durch die Grundformen 
eindeutig bestimmt sind.* 

In der Tat folgt aus der Definition der Grundformen als innere Produkte 
von Raumvektoren ohne weiteres, dass kongruente F, dieselben Grund- 
formen haben. Haben aber zwei F, gleiche Grundformen, und bestimmen 
diese eindeutig die I und E, so haben sie dasselbe System der Frenet-Glei- 
chungen mit Nebenbedingungen (2). 

Wir kénnen also durch eine Kongruenztransformation erreichen, dass die 


* Die natiirlich nur bis auf ihre Unbestimmtheit (Nulltensor), die in das Frenet-System wegen 
der Nebenbedingung (2) aber nicht mehr eintritt. 


| 
| 
| 

| 
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eine F, in eine solche Lage kommt, dass in einem gemeinsamen Punkt der 
beiden F, die Basis-Beine (1) zur Deckung kommen. 

Wir haben damit zwei Liésungen (die erste F, und die kongruent ver- 
pflanzte zweite) des Frenet-Systems mit gleichen Anfangsbedingungen. 

Diese zwei Lésungen miissen daher ganz zusammenfallen (die Stetigkeit 
der I’ vorausgesetzt). 

Damit ist das Kongruenztheorem bewiesen. 

Unser zweites Problem ist zu zeigen, dass es zu gegebenen Grundformen, 
wenn gewisse (in der Folge abgeleitete) Bedingungsrelationen zwischen den Kom- 
ponenten dieser Grundformen erfiillt sind, stets F, dieser Grundformen gibt. 

Um das zu zeigen, muss man aus der Theorie totaler Differentialglei- 
chungen mit Nebenbedingungen folgendes wissen: 

Unser System (2) stellt die Nebenbedingungen dar, die dem System (1’) 
der Lisungen des Frenet-Systems auferlegt sind, damit die integrierte F, die 
gegebenen Grundformen hat. 

Die sogenannten Integrabilitatsbedingungen des Frenet-Systems stellen 
wieder Gleichungen zwischen den Gréssen (1’) dar, also weitere Bedingungen, 
die, wenn (2) die einzigen Nebenbedingungen sein sollen, eine Folge von(2) 
sein miissen. 

Unter dem abgeleiteten System des Systemes (2) verstehen wir jenes, das 
durch Differentiation des Systemes (2) unter Verwendung des Frenet-Sys- 
tems entsteht. Da auch das abgeleitete System die Form von Gleichungen 
zwischen den Grdéssen (1’) hat, muss es eine Folge des Systemes (2) sein, 
wenn dieses das alleinige System der Nebenbedingungen ist. 

Aus der Theorie totaler Differentialgleichungen mit Nebenbedingungen 
aber wissen wir, dass wir, wenn sowohl die Integrabilitatsbedingungen als 
auch das abgeleitete System der Nebenbedingungen eine Folge der Nebenbe- 
dingungen sind, das System fiir solche Anfangswerte lésen kénnen, die den 
Nebenbedingungen geniigen. Die integrierte Lésung erfiillt dann in ihrem 
ganzen Geltungsbereich die Nebenbedingungen. 

Wir haben also zu zeigen, dass wir die E und T so berechnen, dass bei Er- 
fiilltsein gewisser Bedingungen zwischen den Komponenten der Grundformen, 
die Integrabilitétsbedingungen und das abgeleitete System aus (2) eine Folge von 
(2) sind. 

Wir betrachten zuerst das aus (2) abgeleitete System: 

Fiir k=h+2,h+3,--- u.s. w. erhalten wir aus dem Frenet-System §3 
(11) und (2) 


Ox; O*x; 
(3) d ) =0. 


< 

‘ 
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Das abgeleitete System dieses Teilsystems von (2) ist also von selbst eine 
Folge von (2). 
Dagegen folgt aus 


OFtly, 


a*x; a ( ) 


wegen (2) und §3 (11): 


Das System (5) ist fiir eine gegebene F, erfiillt. Wir werden es zur Berechnung 
der E and ['-Gréssen zu verwenden haben. Sofern dann die berechneten E 
und I das System nicht identisch erfiillen, stellt es Bedingungsgleichungen fiir 
die Grundformen dar. Ist (5) erfiillt, so ist die aus (2) fiir k=h—1 abgeleitete 
Gleichung eine Folge von (2). 

Wir haben jetzt noch das aus der zweiten Relation des Systemes (2) abge- 
leitete System zu betrachten. Wir erhalten aus 


0 E 0 ( OF x; ) O*x; 
Picee | eee 


(6) 


Ox; 0 


wegen (2) und §3 (11) 
t 


Diese Gleichung ist fiir eine gegebene F, erfiillt. (Sie sagt aus, dass die J,- 
Ableitung des Masstensors des J, verschwindet.) 

Wir verwenden (7) wie (5) zur Berechnung der £ und I und es gilt fiir 
(7), was wir fiir (5) schrieben. 

Ist (7) erfiillt, so ist die aus der zweiten Relation (2) abgeleitete Gleichung 
eine Folge von (2). 

Unser Resultat lautet: 


| 

(4) | 

< 

= 

4 

i 

| 

| 

‘ 

| 
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Gelten die Relationen (5) und (7), so ist das aus (2) abgeleitete System eine 
Folge von (2). 

Die Gleichungen (5) und (7) geniigen allein noch nicht zur Berechnung 
der E und I’, wohl aber zusammen mit den Integrabilitatsbedingungen des 
Frenet-Systems. 

Die Berechnung geschieht schrittweise, ausgehend von der Integrabili- 
tatsbedingung der ersten der Frenet-Gleichungen §3 (11). 

Diese Integrabilitatsbedingung wird unter Verwendung des Frenet-Sys- 
tems aus 


(0x; (0x; 
(8) —(—)-—(—)=0 

gewonnen. Sie lautet 
r Ox; 07x; Ox; 07x; 


—+ 
Oy, Ve = OY, OY 


und zerfallt als Folge von (2) in 
Ox; 


(9) _ Tap) — = 0 
und 

07x; 
(9) =0 


Die Relation (9’) ist als Folge von (2) erfiillt. In der Tat ist ihre linke Seite, 

multipliziert mit 0?x;/dy,dy,, wegen (2) und der Symmetrie Eigenschaft der 

Engrs Null. Also verschwindet auch der absolute Betrag des Raum-Vektors 

der linken Seite von (9’) und somit dieser Vektor selbst als Folge von (2). 
Multipliziert man (9) mit 0x;/dy, so gibt das nach (2) 


(Poe — = — = 0. 
Ist (9’’) erfiillt, dann gilt (§2) (9). Also ist (9) eine Folge von (2), sobald (9’’) 
gilt. Von der ersten Grundform B,,, der Massform der F, wird | B,,| #0 voraus- 
gesetzt.* 

Dann ist (9”) aiquivalent 


r 
(9’”) = 


* Eine Voraussetzung, die fiir die gegebene F, natiirlich erfiillt ist. 


| 
| 
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Diese Relation zusammen mit (7) fiir k=1 gestattet aber (bekanntlich) 
die Berechnung der 
In der Tat lautet (7) fiir =1: 


(10) DE = + 


Setzen wir 
‘It OE (pqt) 
SO g1 


(pgt) — (tpg) + (gtp) = (Toe + Vip) + (Vat — Vig) + pq — Ven) Erie 


(11) 
= ptE rigs 

Wegen | E,i,| #0 aber erhalten wir aus (11) die I, als die bekannten Christof- 
felgréssen fiir den Masstensor 


(12) = Epia- 


Wir haben damit als Resultat: 

Aus der Integrabilititsbedingung der ersten Gleichung des Frenet-Systems 
und (7) fiir k=1 konnten wir die in der zweiten Gleichung des Frenet-Systems 
auftretenden T als Funktion der B,g=E>\q allein berechnen. (Da | B,,| 
angenommen wurde, ist ||dx;/dy,|] vom Range J (§2 (8).) Wir konstatieren 
nochmals, dass die bei dieser Berechnung benutzte Integrabilitatsbedingung eine 
Folge des Systems (2) ist. 

Wir kénnten bereits hier den allgemeinen (Rekursions)-Schluss durch- 
fiihren, wollen aber des besseren Verstindnis wegen vorerst noch den zweiten 
Schritt in unserer Schlussfolge tun, d. h. die Integrabilitatsbedingung der 
zweiten Gleichung des Frenet-Systems zur Berechnung des Masstensors 
E.wyca des Iz und der I Koeffizienten der dritten Gleichung des Frenet- 
Systems heranziehen. 

Wir haben also aus §3 (11) 


ao (dx; af 


zu berechnen. Wir erhalten fiir den ersten Term in (13) 


(x! dx; )+ Ox; 


IT, + 


(14) 
07x; x; 


IV 


+ Des 


| 
| 
| 

| 
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| 
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Bilden wir (13), so zerfallt dieses System wegen (2) in 
r r r r r r Ox; 
Ove OY, 
r ss re rs 


und 


03x; 03x; 
(17) = 0 


Die Relation (17) ist eine Folge von (2). Der Beweis ist analog dem fiir die 
entsprechende Behauptung (9’) betreffend. 
Multipliziert man (15) mit dx;/dy,, so folgt wegen (5) fiir k=1 


(18) R'ptgEr\s = st|pq — 


wo die uns bereits bekannte linke Seite den ersten (Riemannschen) Kriim- 


mungstensor der F, darstellt. 
Die Relation (18) und die §2 (12) fiir k=2 


= Epgira + Eprigs + Epsire 
= + (Eprige E pairs) + (Epsire = Epgira) 


gestatten die Berechnung von E,,;,, durch die Komponenten der zwei ersten 
Grundformen B,,, Boars. 

Haben wir aus (18) und (19) die £,.),. gewonnen, so liefert die Einsetzung 
dieser Gréssen in (18), (19) entweder Identitiaten allein oder auch Bedin- 
gungsgleichungen fiir die Grundformen. (Eine nihere Untersuchung dieser 
Verhiltnisse zeigt aber, dass diese Relationen identisch erfiillt sind, also keine 
Bedingungsgleichungen liefern.) Da wir von den Relationen (15) durch Mul- 
tiplikation mit 0x;/dy, zu (18) (bei Verwendung von (2)) gelangten, so ist 
(15) eine Folge von (2), sobald (18) erfiillt ist.* 

Zur Berechnung der I), verwenden wir (16) und (7) fiirk=2. Die letztere 
Gleichung lautet 


(19) 


DE pairs ab ab 
ve 
* Wir erinnern, dass 
Tv. 
= 0 und = = = 0 
OYp,** * * * * * 


dieselben Lésungen haben. 


0, 
0, 
| 
4 
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Schreiben wir 
DE 


(21) —— = (pgrst), 
Ove 


so benutzen wir zur Berechnung das folgende Teil-System von (20): 


(parst) — (stpgr) + (grstp) — (tpgrs) + (rstpq) 


a a a a ab b 
(22) (Poet + + + Teo Deer) 
Die Multiplikation von (16) mit 


07x; 


(23) 
Vo 


fiihrt wegen (2) auf 


(24) Eavire(V — = (ote — Moet) 


Da uns aber die linken Seiten von (22) und (24) bereits bekannt sind, so 
kénnen wir unter Verwendung der Symmetrieverhiltnisse der I',,: aus (22) 
und (24) 


ab 
(25) pqtEabjre 


als bekannte Grésse in den B,,, Byars berechnen. 

Aus (25) gewinnen wir endlich (bis auf die notwendige Unbestimmtheit, 
Nulltensor 6”) die a durch die B,,, Byers allein ausgedriickt. 

Da (24) aus (16) durch Multiplikation mit (23) unter Verwendung von (2) 
gewonnen wurde, so ist, wenn (24) gilt, (16) eine Folge von (2). 

(Auch hier bleibt zu untersuchen, ob die zur Berechnung benutzten Rela- 
tionen nach Einsetzung der gefundenen Werte identisch gelten, oder als Be- 
dingungsgleichungen fiir die Grundformen anzusehen sind.) 

Zur Berechnung der I’, verwenden wir wieder das System (5) fiir k=1: 


(26) + = 0, 


und erhalten daraus die in den Gréssen Byers ausgedriickt. 
Das Resultat unseres zweiten Schritts lautet also: 


287 | 
| 
| 
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Aus der Integrabilitatsbedingung der zweiten Gleichung des Systems der 
Frenet-Gleichungen und den Relationen (7) (k=2), (5) (k=1) und §2 (12) 
(fiir k =2) konnten wir E.»-a, die Massform des I, und die in der dritten Glei- 
chung des Frenet-System auftretenden T durch die Gréssen Byg, Bygre allein 
berechnen. 

Die bei der Rechnung benutzte Integrabilitatsbedingung ist dabei eine Folge 
von (2). 

Wir beweisen jetzt das Haupttheorem: 

Haben wir aus den Komponenten der h ersten Grundformen 
(27) Bog, *** 
die Masstensoren der h ersten I, Riume,r=1,---,h: 

(28) Evia, Epairey *** 
und die Koeffizienten der (h+-1) ersten Gleichungen des Frenet-Systems 


berechnet, so kénnen wir aus der Integrabilitatsbedingung der (h+1)ten Glei- 
chung dieses Systems, ferner aus Relation (7) fiir kk =h+1, (5) fiir k=h und §2 
(12) fiir k=h+1 sowohl den Masstensor des Ins1: auch 
die Koeffizienten 

der (h+2)ten Gleichung des Frenet-System berechnen und zwar ausgedriickt 
durch die Grossen (27) und By,...p,,, alein. 


Der Beweis verliuft ziemlich analog dem des zweiten Schrittes. Wir bilden 
zuerst 


( Ox; ) 0 Oly; 


hy. 
+ 
Pi'**PhPA+1 


Ox; ) 

(30) 


DER R, KONSTANTER KRUMMUNG 


) + 
Pit**Ph+1Ph+2 


Orly; 


+T,)... 


und erhalten die Integrabilitatsbedingung als Folge von (2) gespalten in 


r Th 8 8h r Th 8 

* 


Ye, * 


81°" *8h 


| $1 


OV 


OV OV 


Ox; 
$1 


81°°°8h Sh+1 81°°°8h Sh+1 


h+1y. 
* * 


- (35) - = 0. 


Die Relation (35) ist eine Folge von (2) (vergl. (17) und (9’)). Schreiben wir 
(31) bis (34) abkiirzend 
2x; 81° 


31’ = 0, 
(31’) 
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(32’) 


(33’) 


(34’) 


so erhalt man die Gleichungen, die wir zur weiteren Rechnung verwenden 
durch entsprechende Multiplikation der obigen Relation mit 


O*x; 


OVa,*** OVay 


k= h-—2, resp. A — 1, resp. hk, resp. h+ 1, 


bei Verwendung von (2) in der Gestalt 


81°**8h—1 0 


(33’’) 


” $1°°°8h+1 
(34 ) Page 0. 


Sind (31") bis (34) erfiillt, so sind die entsprechenden Integrabilitatsglei- 
chungen (31) bis (34) eine Folge von (2). 

Die Relationen (31) und (32) enthalten nur die bereits berechneten 
Gréssen (28), (29) und stellen also Gleichungen fiir die Reihe (27) dar, die, 
wie wir zeigen werden, bereits erledigt sind. Die Relation (33’’) wieder hat 


die Form 


(35’) — = bekannt in den 


Gréssen der Reihe (27). 
Nach Formel (5), fiir = kénnen wir statt (35) schreiben 


— = bekannt in den 
Gréssen der Reihe (27). 


(35”’) 


Gleichung (12) §2 fiir k=h+1 lautet 
(36) (2h + 2)! Boy +29 


wo in der Summe rechts die ¢., - - - , C2n42 alle (2h+2)! Permutationen von 
durchlaufen. 


Ox; 
| | = 0, 
81 8h 
h+1y, 
= 0, 
* 
|| 
| 


1935] DER R, KONSTANTER KRUMMUNG 291 


Bei Benutzung der Symmetrie-Eigenschaften von kann 
man aus (35’’) und (36) den Masstensor Eo, des eindeutig, 
und zwar durch die Gréssen (27) und B,,...p,,, allein ausgedriickt, be- 
rechnen. 

Aus der eben verwendeten Formel (5) fiir k = berechnet man weiter (und 
zwar aus UNG h. also) aus den By,..-pn, 
k=1,---,h+1, die 


**PhPh+1Ph+2 


mit der ihnen zukommenden Unbestimmtheit. Um die 


(37) | 
zu berechnen, benutzen wir neben der Relation (34”’) noch die Relation (7) 
fiirk=h+1: 

Tit 


t 


Wir bezeichnen 
(39) — = (Pr | | t) 
Ove 
und bilden das aus (38) gebildete System mit bekannter linker Seite: 


(pi--- Prsi| cee | 2) — | pr Pass | 
+ | °° grt | pi) — | Prtigi | q2) 
+ | | p2) 
— + ps- 9s) 


*Th41 


E op 


Ties 


*Th+1 


it 
4 


| 
| 
| 
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Aus (40) und (34’’), welche Gleichung geschrieben werden kann 


*8h41 41 


berechnen wir unter Verwendung der Symmetrie Eigenschaften der I 


(41) = bekannt. 


Daraus wieder erhalt man (bis auf die innen zukkommende Unbestimmtheit) 
die Gréssen (37) ausgedriickt durch die Komponenten der Reihe (27) und 


B,,-++pu4. Um schliesslich zu zeigen, dass die Integrabilitatsbedingungen 


(31’’) und (32) zu keinen neuen Bedingungsgleichungen zwischen den For- 
menkomponenten fiihren, bilden wir 


apa 
O*x; 


( ) ( O* x; ) 


Der zweite Term rechts ist aber 
0 Ox; 0 ( O*x; )| 
Ox; 0 

Oy, LOY: * OV, 
Pa 


[ ( O*x; Ox; 


Also gilt 


[September 
(42) | 
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(Denn die Differenz der beiden Seiten von (43) ist nach (42) 


0 | 0 ( O*x; 


0 [= ( O*x; 


welcher Ausdruck fiir 4k verschwindet, aber auch fiir h=k, die zweimalige 
stetige Differenzierbarkeit der Masstensoren vorausgesetzt.) Die linke Seite 
der Gleichung (43) stimmt mit der linken Seite (31’’) fiir k= 4—2 und mit der 
linken Seite (32’’) fiir k =h—1 iiberein. Wir haben somit das Resultat: 


Die Gleichung (31’’), die erste aus der Integrabilitatsbedingung der (h+-1)ten 
Gleichung des Frenet-Systems hergeleitete, ist identisch mit der letzten Gleichung, 
die aus der Integrabilitatsbedingung der (h—1)ten Gleichung des Frenet-Systems 
ents pringt. Und ebenso ist (32'’), die zweite aus der Integrabilitatsbedingung der 
(h+1)ten Gleichung des Frenet-Systems hergeleitete, mit der vorletzten Gleichung 
identisch, die aus der Integrabilitatsbedingung der hten Gleichung des Frenet- 
Systems folgt. Als (mégliche) Bedingungsgleichungen fiir die Formen verbleiben 
somit die Relationen (5) und (7), weiter (33’") und (34’’) und die Relationen 
(36). 


Da die integrierte F, aber reell sein soll, eine stillschweigende Annahme, 
die in unseren Uberlegungen wesentlich verwendet wurde, so miissen die E- 
Tensoren positiv halbdefinit sein, damit die Nebenbedingungen (2) durch ein 
reelles Basis-Bein erfiillbar sind. 

Das gibt fiir die Grund-Tensoren aber Bedingungen, die anscheinend in 
eine einfache Gestalt nicht gebracht werden kénnen. 

Dagegen ist es nicht schwer, fiir die Masstensoren voll- 
stindiges “Invarianten”-System die notwendigen und hinreichenden Beding- 
ungsrelationen anzugeben: 

Ausser der oben erwaihnten Eigenschaft positiv halbdefinit zu sein, miis- 
sen sie die Relationen (5), (7), (33’’), (34’’) erfiillen. 

Im folgenden Paragraphen leiten wir einige geometrische Tatsachen ab, 
die aus dem Haupttheorem sofort folgen. 


5. EINIGE GEOMETRISCHE FOLGERUNGEN 
I. Dre EINBETTUNGSZAHL DER F, 


Wir definieren: Lisst sich eine F, in eine e-dimensionale Hyperebene E£,, 
aber nicht in eine (e—1)-dimensionale E,_; einbetten, so nennen wir e die 
Einbettungszahl der F.. 


| 
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Es gilt dann der Satz: 
Bezeichnet |, die Dimension des I,, und ist Im der letzte Normalvektorraum 
der F,, so ist 


(1) 


D. h. die Einbettungszahl der F, ist gleich der Dimension des grissten Schmieg- 
Vektorraums. 

Wir gehen, um den Satz zu beweisen, auf das Frenet-System (§3 (11)) 
und die Nebenbedingungen (§4 (2)) fiir dasselbe zuriick. 

Fiir die gegebene F, sind die dort auftretenden E und I'-Grdéssen so gege- 
ben, dass sowohl die Integrabilitatsbedingungen des Frenet-Systems als auch 
das aus den Nebenbedingungen abgeleitete System eine Folge dieser Neben- 
bedingungen sind. (Die Relationen (5), (7), (33’’), (34’”) und (36) des §4 sind 
erfiillt.) 

Wenn wir daher die Anfangswerte fiir die Reihe 


Ox; 


(2) x 


so wihlen kénnen, dass die Nebenbedingungen (2) erfiillt sind, erhalten wir 
eine F, mit demselben Formensystem wie die F,. 

Das kénnen wir aber in einem R, (d. h. einem Raum der Dimension des 
letzten Schmieg-Vektorraums der F,) und in keinem R,, v<e. Wahlen wir als 
den R, jene durch 
(3) = 0, = = 0 
gegebene ¢-dimensionale Hyperebene des R,, so liegt die integrierte F, ganz 
in diesem R,, und da sie der gegebene F, kongruent ist, liegt auch diese ganz 
in einer e-dimensionalen Hyperebene des R,. Wie die F, selbst kann sie (schon 
vermége der Nebenbedingungen (2) §4) in keiner Hyperebene niedrigerer 
Dimension liegen. 


Il. User prE KRUMMUNGSTENSOREN DER F, 
Der Tensor 
(4) 


ist (§4 (35’)) ausdriickbar durch die Komponenten der ersten  Grundformen 
der F, 


(5) 


resp. deren Ableitungen. Wir nennen ihn den hten Kriimmungstensor der F,. 


e= >i. 
o=1 
(k =1,---, h) 
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(Der erste Kriimmungstensor ist der Riemannsche Kriimmungstensor der 
F,.) 

Es gilt der Satz: 

Verschwindet fiir eine F, der hte Kriimmungstensor, so gibt es immer eine 
F., deren vollstindiges Formensystem aus den h ersten Grundformen der F, 
besteht. 

Wenn wir im Frenet-System (§3 (11)) und im System der Nebenbeding- 
ungen (§4 (2)) alle 


0'x; 


(6) 
* Ore 


Th 


fiir ¢>h und ausserdem I"")) 1p,,, Null setzen, so erhalten wir ein analog 
gebautes System totaler Differentialgleichungen mit Nebenbedingungen. 

K6nnen wir zeigen, dass auch fiir dieses die Integrabilitatsbedingungen, 
sowie das abgeleitete System der Nebenbedingungen eine Folge der Neben- 
bedingungen sind, so ist der Satz offenbar bewiesen. 

Fiir das abgeleitete System der Nebenbedingungen gilt das, da die Rela- 
tionen ((5) und (7), §4) wegen I'}""},,,, =0 erfiillt sind. 

Was die Integrabilitatsbedingungen betrifit, so kénnte sie nur die fiir die 
(4+1)te Gleichung des neuen Frenet-Systems nicht erfiillt sein, da nur diese 
Gleichung von der entsprechenden des urspriinglichen Systems abweicht. 

Die fragliche Integrabilitatsbedingung aber ist aus der der urspriinglichen 
(h+1)ten Gleichung, wie wir sie §4 (31), (32), (33) und (34) anschrieben, 
sofort ableitbar. 

Die Gleichungen (31) und (32) bleiben unverindert, (34) fallt weg, und 
nur die (33) entsprechenden Relationen unterscheiden sich um die Differenz 


Ox; 


Os, * 


(wo die I natiirlich die der gegebenen F, sind). Aber (7) verschwindet, wenn 


ist. Das aber trifft gerade zu wegen §4 (5) und der Voraussetzung unseres 
Satzes. 

Damit ist der Beweis geliefert. 

Bemerkung. Fiir = 1 hat die F, nur die erste Grundform. Sie hat also nur 
einen invarianten Vektorraum, den /;. Ihre Einbettungszahl ist also gleich 
der Dimensionszahl des J,, d. h. gleich e. 


| 
| 
| 
| 
| 
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Die F., die ganz in einer E, liegt, ist somit diese E, selbst. Damit ist die 
Abwickelbarkeit der F, in eine E, nachgewiesen, sobald der erste Kriimmungs- 
tensor verschwindet. 


III. UNTERMANNIGFALTIGKEITEN F, DER F, 


Ein Hauptergebnis des vorhergehenden Paragraphen bringen wir in Erin- 
nerung: 
Die Masstensoren Ep,...p,\9,-+-q, Wie die 
sind durch die h ersten Grundformen Bp,..-p.,, R=1, +++ , h, bestimmt. 
Wir betrachten eine in der F, eingebettete F, 


(9) Yo = Vo(21, °° Br) (p= 1,---,D 


die wir als im euklidischen R, liegend in der selben Art wie die F, behandeln. 

Der Tangential-Vektorraum der F, wird durch die r Vektoren 
(10) Ox; _ 

02, 

aufgespannt und liegt ganz im J, der F,. 

Jeder Schmieg-Vektorraum der F, liegt ebenso im entsprechenden 
Schmieg-Vektorraum der F,. 

Um die Projektionen der die Schmieg-Vektorriume aufspannenden 
Raumvektoren der F, von den entsprechenden der F, zu unterscheiden 
bezeichne 


OZa,°** 


die Projektion von ;/0z,, - in den J, der F,. Die Massvektoren der 
I, der F, bezeichnen wir F,,...2,) 5,---», und die Grundtensoren Ca, ...a.- 
Fiir den Masstensor F,), des J, der F, erhalten wir aus (10) 


(11) = Epig — 


a,b=1,---,7). 
(a, 


Wir gehen nun iiber zum zweiten Schmieg-Vektorraum. Durch Differentia- 
tion von (10) nach 2, erhalten wir aus (10): 
07x; 0x; Ox; yp 


(12) =- 


1935] DER R, KONSTANTER KRUMMUNG 297 


Bezeichnen wir die den I der F, entsprechenden Gréssen der F, mit P, so 
geben die zweiten Relationen im System der Frenet-Gleichungen aus (12) 
Ox. 07x; r Ox; 07x; Ox; 3? 
On Ke = ) 
OZ, OZ» 02,02 


oy, Ve 


OZ. 02,025 


Daraus folgt 


022025 92, OY, 


(14) 


02,025 OZ, O25 


wo der Faktor von 0x ;/dy, die “verallgemeinerte” invariante Ableitung 


(15) 
Dz,D2. 02,025 


OZq 02. 


von 0y,/dz_ nach 2 ist. (Ist r=/, so verschwindet die invariante Ableitung 
und (15) stellt das Transformationsgesetz der Christoffelklammer dar.) 
Wir haben in (14) die Projektions-Vektoren (in den J, der F,): 


07x; 


Oz 02 b 


(16) 


linear dargestellt durch die Basis des J:2 der F, mit Koeffizienten, die von 


(17) 


allein abhangen. 
In der Tat ist P%, ebenfalls durch diese Gréssen ausdriickbar, da P%, 
durch F,), bestimmt ist und (11) gilt. Es besteht allgemein die Darstellung 


B,, und Ableitungen der y nach den z 


O*x; O*x; 


(18) Oey OVp, 92a, 


k-1 O™x; 


mat 


wo die Tensoren m=1,2,---,k—1, durch die Reihe 


(18’) 


Boa, 


und Ableitungen der y nach den z allein bestimmt sind. 


— 

— 

| 
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Die Behauptung ist richtig fiir k=1 und 2. Wenn wir zeigen, dass sie fiir 
k+1 gilt, wenn sie fiir 1,2,--- , k besteht, ist sie allgemein bewiesen. 
Aus (18) erhalten wir fiir die Masstensoren die Beziehung 


= 
OZa, 020, 


(19) 
m=1 
Also ist auch durch die Gréssen (18') und B,,...p, ausgedriickt. 
Durch Differentiation von (18) nach 2.4: erhalten wir unter Verwendung 


der Frenet-Formeln §3 (11): 


1x; O*x; OFt1y; 


ly, a 
(20) 


wo die U-Tensoren jetzt neben den Gréssen (18’) noch B,,...», enthalten. 
Aber die P-Gréssen der linken Seite von (20) sind durch C,,...2,,,=1,---,k, 
ausdriickbar, also (19) durch die Gréssen (18’) und B,,...p,,. Da fiir1,2, -- -, 
k die Behauptung voraussetzungsgemiss gilt, so folgt damit aus (20) ihre 
Richtigkeit fiir 

Eine Folge des Tatbestandes (18) ist der Satz: 


Haben zwei F, die Grundformen bis zur (2k)ten Stufe gleich: 


so haben entsprechend zugeordnete Untermannigfaltigkeiten (d. h. durch gleiche 
Parameterdarstellung (9) zugeordnete) ebenfalls die ersten k Grundformen 
gleich. 

Aber auch die Umkehrung gilt: 

Wenn zwei F, so zugeordnet werden kinnen, dass entsprechende F, (r 
fixiert) gleiche Grundformen bis zur (2k)ten Stufe besitzen, so haben die beiden 
F, ebenfalls identische Grundformen bis zur (2k)ten Stufe. 

Beweis der Umkehrung. Multipliziert man (11) mit dz,dz,, so folgt, dass 
E,, @y,dy, fiir beide F, gleich ist. 


92a, 
x; 
m=1 OY», OV 
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Aber mit der Willkiir der F, ist auch 


willkiirlich. Also ist 
Ep\qdypdyq 


fiir beliebige dy, fiir beide F, gleich, woraus aber die Gleichheit der ersten 
Grundformen folgt. 

Wir denken uns nun die Gleichheit der (4—1) ersten Grundformen be- 
wiesen, dann folgt aus (19) fiir k= und der Voraussetzung des Satzes, dass 


fiir beliebige dy, fiir beide F, gleich ist. Also gilt die Behauptung auch fiir 
die hte Grundform, und da sie fiir s=1 gilt, ist die Umkehrung bewiesen. 

Besonders interessant wird der Satz fiir die F,(r=1), d. h. fiir Kurven 
der F,. Der Zusammenhang der Formen der Kurve mit ihren Kriimmungen 
wird durch 


d*x; d*x; 1 
(21) = 


ds? = Bydy’, 


ds* ds* (pip2 * pe—1)? 


gegeben. Also sind durch die ersten k “Grundformen” die Bogenlinge und die 
(p—1) ersten Kriimmungen gegeben und umgekehrt. 

Wir verweisen fiir den Satz, der den Spezialfall des soeben bewiesenen 
fiir r=1 darstellt, auf das Lehrbuch (XI §9, p. 226). 


BEMERKUNGEN 2u III 


(A) Wir kénnen von den in die Relation (18) eintretenden Tensoren Ty."'3" 
nachweisen, dass sie nur Ableitungen der y nach z bis zur kten Ordnung inklu- 
sive enthalten. 

Verfolgt man namlich die Bildung der I'-Gréssen, so sieht man, dass 
(22) 


allein aus deren ersten Ableitungen und aus 


(unabgeleitet) gebildet ist. Daraus folgt, dass (22) mur aus den Ey,\,,°-*, 
Ep, deren ersten Ableitungen aufgebaut ist. 
Der Tensor 
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wieder hingt nur ab von den nichtdifferenzierten £,,...p\¢,---q, und 


E,,- *Gh+1° 
Diese Tatsachen aber reichen hin, um die angegebene Eigenschaft der 


Tensoren T in (18) nachzuweisen. 
(B) Aus der Formel (19) gewinnt man sofort Relationen zwischen den 
Kriimmungen der F, und der F, und den “Relativkriimmungen” der F, in 


bezug auf die F,. 
(Manhat dazunurdie Differenz Fo, . . — Fay ++ 
aus (19) zu bilden.) 


6. DER Ji... »-SCHMIEG-VEKTORRAUM, SEINE METRIK 
UND PARALLELVERSCHIEBUNG* 


h O*x; 
(1) 


ein Vektor des Ji2...,, So nennen wir die in (1) auftretenden symmetrischen 
Flachentensoren 
(2) ; 


die kontravariante Darstellung des Vektors },. 

Die kontravariante Darstellung ist bis auf die Nulltensoren 6?1---7% 
gegeben, d. h. bis auf die Lésungen von 
(3) = 
resp. 
(3’) Egy = 0 
Als kovariante Darstellung des Raumvektors ; bezeichnen wir die Gesamt- 
heit der symmetrischen Flichentensoren 

O*x; 


(4) 

Wahrend die kontravarianten Darstellungstensoren (2) keiner Einschrin- 
kung unterliegen, gilt fiir die kovarianten (notwendig und hinreichend): 


* Dazu siehe: Beitrag zur Differentialgeometrie u. s. w., Sitzungsberichte der Preussischen Akad- 
emie, 1931. Zum Tensorkalkiil in Vektorriumen Riemannscher Mannigfaltigkeiten, Monatshefte 
fiir Mathematik und Physik, 1933. 


Ist 
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(5) = 0, 
fiir jeden Nulltensor 


Das innere Produkt eines kovarianten Darstellungstensors kter Stufe mit 
einem Nulltensor kter Stufe verschwindet. 


Zwischen der kontra- und kovarianten Darstellung (2) und (4) besteht 
die Beziehung 


die man erhalt, wenn man in (4) fiir \; den Ausdruck (1) substituiert. Ferner 
folgt aus (1) 


h 
k=l 
Fiihrt man den Tensor 
Ox; 


(8) 


ein, so kénnen wir (6) und (7) auch schreiben 


h 
r=1 


resp. 


h 
(7’) AA; = > Eg 
Den Tensor (8) (fiir 7, k=1, - - - , 4) nennen wir den metrischen Tensor des 
The..-n- 

Wir nennen nun den Raumvektor d; (1) des Inz...n, der lings eines Kurven- 
stiickes C der F, definiert ist, I2...»-parallel, wenn sein Raumdifferential dd; 
stets normal ist zum I2...n. 

Aus der Definition folgt ohne weiteres, dass die J1:2...,-Parallelverschie- 
bung (von Vektoren des Jiz...,) die Langen und Winkel unverandert lisst. 

Sind namlich und jetzt Vektoren_des 
SO ist 


= Dini + dus = 0, 
da Xj, wi im und dd;, du; normal zum liegen. 


Ist A; lings C ein Ji2...,-parallelverschobener Vektor, so folgt aus (4) 
und der Definition der J,2...,-Parallelverschiebung 


| 
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(9) dl, 2 _ )a 
9 ‘ 


Unter Verwendung der Frenet-Gleichungen §3 (11) schreiben wir (9) 


x; 


(9’) 


OFtly; 
+ ) 
* OV p, 


also wegen (4) 


(k = 1, h) 
wo 


(10’) Lp 


ist (4). 
Das System (10), {10’) beschreibt die Iy2...,-Parallelverschiebung durch die 
kovarianten (Flaichen)-Darstellungstensoren des Raumvektors \, des 
Bezeichnet D (besser das absolute 


so folgt durch einfache Rechnung fiir den metrischen Tensor (§4, (5) und 
(7)) 
(12) DE =0 (r, 1, h). 


Wir hatten (12) auch aus der Tatsache ableiten kénnen, dass die J,:...,- 

Parallelverschiebung Lingen und Winkel von Raumvektoren invariant lisst. 

Das System Differentialgleichungen fiir die kovariante J,:...,-Parallelver- 

schiebung (10) ist véllig gleichgebaut jenem Teilsystem der Frenet-Gleichun- 

gen §3 (11), das man durch Streichung der ersten sowie der (h+2)ten, 

(h+3)ten, - - - bis letzten Gleichungen erhalt, wenn man ausserdem in der 
(h+1)ten Gleichung noch (10’) entsprechend 

* Ist (10) erfiillt, so folgt 

O*x; 

=0 

* * * 


also normal zum 
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x; 


(13) 


weglasst. 

Die Nebenbedingungen fiir die Lésungen von (10) sind aber die Rela- 
tionen (5). 

Wir stellen nun die Frage nach der vollstindigen Integrabilitat der I;2...n- 
Parallelverschiebung, also nach der des Systems (10) mit den Nebenbedingungen 
(5). 

Was die Integrabilititsbedingung der kten Gleichung (10) betrifft, wenn 
k=1,2,---,h-—1,so ist ihre Form 


(14) = 0, 
wenn die entsprechende der (k+1)ten Gleichung des Frenet-Systems 


(15) 
9Yp,* * * Op, 


lautet. Da (15) fiir die gegebene F, natiirlich erfiillt ist und mit dem System 


Ox; 


* Vp, 


(16) 


aiquivalent ist, so bedeutet das, dass die Koeffizienten A”1---?r Nulltensoren 
sind. Damit ist (14) als Folge der Nebenbedingungen (5) erfiillt. 

Die Integrabilitatsbedingung der ten Gleichung des Systems (10) dage- 
gen ist nur dann eine Folge der Nebenbedingungen (5), wenn (§4 (33’’)): 
ist, d. h. wenn (§4 (5), §5) der Ate Kriimmungstensor verschwindet. Denn 
auch die Integrabilititsbedingungen der Aten Gleichung (10) resp. der 
(h+1)ten Gleichung des Frenet-Systems, die wir ebenfalls in der Form (14) 
resp. (15) schreiben kénnen, haben dieselben Koeffizienten A mit Ausnahme 
des (soweit die /,,...p, auftreten). 

Diese beiden A aber unterscheiden sich §4 (33) gerade um die Differenz 
(18) +1Ph+2 +2Ph+1° 
Da aber der entsprechende Koeffizient A in der aus dem Frenet-System 
abgeleiteten Integrabilitatsbedingung offenbar ein Nulltensor ist, so kann 
der aus (10) hergeleitete nur dann einer sein, wenn (18) einer ist. 

Wir haben somit: 


} 

| 

| 

| 
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Die Integrabilitatsbedingungen des Systems (10) sind dann und nur dann 
eine Folge der Nebenbedingungen (5), wenn der hte Kriimmungstensor der F, 
verschwindet. 


Sei jetzt 
(19) M = Iy,...p,0?"""?* = 0, 


9"? Nulltensor, eine Nebenbedingung des Systems (10). Wir bilden die 
“abgeleitete” Gleichung 


= 1 


die aber (§3 (19), (20) und (21)) 


geschrieben werden kann. D. h.: das abgeleitete System der Nebenbedingun- 
gen (5) selbst ist eine Folge von (5). Somit gilt der Satz (nur fiir den eukli- 
dischen R,): 


Notwendig und hinreichend fiir die vollstindige Integrabilitat der Inz...x- 
Parallelverschiebung ist das Verschwinden des hten Kriimmungstensors der F,. 


Erste Bemerkung. Ist der J:2...,, der grésste Schmieg-Vektorraum, so ist 
die J12...m-Parallelverschiebung total integrabel. 

Dieser Satz ist eine triviale Folge des vorhergehenden. Wir kénnen ihn 
aber ohne Miihe direkt ableiten. Die Einbettungszahl ¢ der F, fallt ja mit 
der Dimensionszah] des Jz... zusammen, d. h. die F, liegt ganz in einem 
E, so, dass jeder Raumvektor \; des E,, der in einem Punkt der F, definiert 
ist, durch (seine) Flichenkomponenten (4) beschreibbar ist. 

Weiter ist die J,2...-Parallelverschiebung hier identisch mit der Parallel- 
verschiebung der E,, also vollstindig integrabel. (Da es keinen Normalvek- 
torraum zum J2..., in der E, gibt, ist d\;=0 die Gleichung der J12...m- 
Parallelverschiebung.) 

Zweite Bemerkung. Die /,2...,-Parallelverschiebung gibt Anlass zur Defi- 
nition der “J,2...,-Geoddtischen” als jenen Kurven, die enstehen, wenn ein 
Vektor A; des Jy2..., stets in der Richtung J,2...,-parallel verschoben wird, 
die durch seine Projektion in den Tangentialraum J; gegeben ist. 


(20) 
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Da wir jetzt nicht mehr den Vorteil haben, kartesische Koordinaten ver- 
wenden zu kénnen, miissen wir fiir die folgende Betrachtung das absolute 
Raumdifferential von Vektoren resp. Tensoren des R, verwenden statt des 
gewohnlichen Differential wie bisher. 

Ist also X‘ ein (kontravarianter) Raumvektor, so bezeichne #)‘ 


das absolute Differential dieses Vektors. 

Fiir den Masstensor gu des R, gilt 0gu.=0. 

Bezeichnung. Fiir Raum-Indizes seien die Buchstaben a, b, - - - , k ver- 
wendet, fiir Flachen-Indizes die iibrigen: /, m,n, - - - . (Also laufen a, 6 bis 
k von 1 bis n, und I, m bis z von 1 bis /.) Wenn wir von absoluter A bleitung 
sprechen, so denken wir vorerst nur an die Transformationen der Raumko- 
ordinaten. Wir denken uns also in der in Parameterform gegebenen F, 


(2) = Ve) (¢=1,--+,m) 
die y fest. (Wie sich dann die definierten Gréssen gegen Parametertrans- 
formation verhalten, werden wir genau wie im euklidischen Fall ohne 
Miihe konstatieren.) 

Was die Schmieg-Vektorraume /12..., betrifft, so miissen wir fiir ihre 
Definition die absoluten Ableitungen verwenden. Die Vektoren 
Ox; 
spannen den J, auf. Durch absolute Differentiation der Vektoren (3) gewin- 
nen wir die Raum-Vektoren 


(Ox; i) Ox; Ox, 


die mit den Vektoren (3) zusammen den J. aufspannen. Eine Parameter- 
transformation (§ (1), (4)) fiihrt zu 


(3) 


Ox; 

Da fiir die absolute Ableitung die Rechenregeln wie fiir die gewéhnliche gel- 
ten, folgt aus (5) 


(6) 


(S) 


wx; Oy, Oye Ox; O*Y, 


= 
Ip DY, IVp IVq 


| 
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wo 0*y,/09,09, die gewohnliche zweite Ableitung von y, nach 9, ist. (Die 
absolute Ableitung betrifft ja nur Raum-Indizes.) 

Aus (5) und (6) folgt die Invarianz der J;, Ii: gegen Parameter-Anderung. 
Wir definieren nun genau wie zuvor den J; als gréssten Untervektorraum des 
Ty. normal zum J,. Wenn dann wieder 
(7) 0x; 

die Projektion der zweiten absoluten Ableitung 3?x;/y,0y, in den I: be- 
zeichnet, so folgt wie friiher aus (6) der Flachentensorcharakter der Gréssen 
(7), die den J, aufspannen. 

Die Definition der J,2...,- resp. J,-Réume und der Nachweis der In- 
varianz gegen Parametertransformationen, sowie des Flaichen-Tensor- 
charakters der Gréssen 

ox; 
(8) 
geschieht wie im §1 und bietet keine Schwierigkeiten. 

Wir haben noch nicht benutzt, dass der R, von konstanter Kriimmung 
ist. Diese Voraussetzung wollen wir nun zur Herleitung einer wichtigen Rela- 
tion verwenden: 

Wir gehen dabei von der Relation aus 


OX, 


(9) 


R sed 


die man aus (1) sofort ableitet, und in der 
(10) Rijas = R(giagis — Sirf ia) 


der Kriimmungstensor des R, der konstanten Kriimmung & ist. Setzt man 
(10) in (9) ein, so wird die rechte Seite gleich 


Ox; 0x; OX, Ox; 
- £38 


—( ————— 


also Null fiir ¢~1. Fiir /=1 wird sie gleich 
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Ox; Ox; OX, Ox; Ox; OX_ 
k ib +k 

Ox. 


OVs 


wo 


(11) B Ox; Ox, 
=> 
Oy 


der Masstensor der F, (des J;) ist. Wir erhalten somit 


0, fiir? ~1, 


(12) 


Ox; 8 a 
— — fiir t = 1. 
Wir sind jetzt in der Lage die Symmetrie der Gréssen (8) in bezug auf die 
Indizes fi,--~-, px nachzuweisen. Aus der Definition dieser Gréssen als 
Projektion von 
oF x; 
in den J; folgt 
ox; ox; 
(13) 


+ Vektor des J12...4-1. 


Durch absolute Differentiation nach y, erhalten wir daraus 


( ox; ) Bitly, ( ) 
+ Vektor des Ji2...¢. 
Wir schreiben (14) anders 


on; 
ie) — = + Vektor des 


Daraus folgt durch Differentiation nach y, 


E ( vx; 
+ Vektor des 


| 
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und weiter durch Projektion in den J;+2 


t+2 


Aus (12) und (16) folgt die Symmetrie der linken also auch der rechten Seite 
von (16) in r und q. 
Wir erhalten weiter aus (14’), bei Benutzung von (13) (fiir +1 statt #) 


(17) ) = + Vektor des 


was durch Differentiation und darauf folgender Projektion in den J:42 


(1s) ( )] ( Httly, ) 


t+2 


gibt, also (16), 


PY 
t+2 


Haben wir gezeigt, dass 


in den unteren Indizes symmetrisch ist, so folgt die Symmetrie der rechten 
Seite von (19) in den Indizes g, fi, - - - , p:. Aber wir zeigten soeben auch die 
Symmetrie in g und r. Das heisst also, da (t=1) 3°x;/dyy, (offenbar) sym- 
metrisch ist, dass die Gréssen (8) symmetrische Flaichentensoren darstellen. 

Wir haben damit alles hergeleitet, was nétig ist, um die Verhaltnisse aus 
dem euklidischen R, auf unseren Fall zu iibertragen. Die Masstensoren der 
I,-Raume sind wie dort 


Ox; 


i 


? 


(20) 


[September 
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und aus ihnen werden die Grundtensoren wie dort durch symmetriesieren 
gewonnen. Die Frenet-Gleichungen §3 (11) ersetzt man durch ein viollig 
gleichgebautes System, nur dass fiir das gewohnliche Differential auf der 
linken Seite das absolute Differential zu setzen ist. Dasselbe gilt fiir die Ne- 
benbedingungen §4 (2), und fiir die wichtigen Formeln (5) und (7) des §4 
erhalten wir dieselben Ausdriicke. 

Was die Integrabilitatsbedingungen des neuen Systems der Frenet- 
Gleichungen betrifft, so lauten sie bis auf die zweite (nach (12)) genau wie 
die fiir den euklidischen Fall abgeleiteten. 

Nur die der Gleichung ((15), §4) entsprechende lautet jetzt etwas anders, 
da der der Gleichung (§4 (13)) entsprechende Ausdruck fiir absolute Ablei- 
tungen jetzt nicht Null ist, sondern gleich ist der rechten Seite von (12). 
Aber an den Uberlegungen, die dort zum Ziele fiihrten, ist nichts zu andern. 
Sie liefern genau wie dort den Beweis der Theoreme. 


INSTITUTE FOR ADVANCED STUDY, 
N.J. 


ON THE HIGHER DERIVATIVES AT THE 
BOUNDARY IN CONFORMAL MAPPING{ 


BY 
STEFAN E. WARSCHAWSKI 


INTRODUCTION 


Let R be a region bounded by a closed Jordan curve C, and w=f(z) a 
function which maps the unit circle |z| <1 conformally on R. As we know, 
f(z) is then continuous over the circle |z| <1. In an earlier papert we have 
investigated the conditions under which f(z) is differentiable at a boundary 
point 2; (w:=f(z:)), that is, 


S(2) — f(z) 
lim = 


f'(a) 


exists for unrestricted approach in |z| <1, #2, and in addition the condi- 
tions under which f’(z) is continuous at each point of an arc of |z| =1. In 
the present paper we consider the corresponding questions for the higher de- 
rivatives and obtain results of similar nature, of which the following are the 
principal ones. Let @(s) be an angle from the direction of the positive axis of 
reals to the tangent line, where s denotes arc length. Let 


x™(s) = d"Q(s)/ds* 
be called the curvature of order m. If further 
— 


s—s’ 


lim 


exists when s and s’ (s#s’) approach s; simultaneously, we say that C has 
an L-curvature of order m at 51.§ 


I. If C has an L-curvature of order (n—1) at wi: s=51, and if 


dt 
(+) $0) + = 
0 


converges for s=5,, and if further w,;=f(z:), then f\"-»(z) assumes continuous 
boundary values in a neighborhood of z =2:, and is differentiable at z;. (Theorem 
IV.) 

Tt Presented to the Society, October 27, 1934; received by the editors November 8, 1934. 

t Mathematische Zeitschrift, vol. 35 (1932), pp. 321-456. We refer to this as WR. 


§ The idea of the L-curvature general'zes that of the L-tangent. The idea of the L-tangent was 
introduced by E. Lindeléf, the name “L-tangent” by A. Ostrowski. Cf. p. 312. 
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II. If C has continuous curvature of order (n—1) along an open arc c, and 
(*) approaches zero uniformly with a on every closed subarc of c, then f(z) 
assumes continuous boundary values on the arc y which corresponds to c. (Theo- 
rem III (b).) 


An extension of II in the case c=C shows how the modulus of continuityt 
of f(z) on |z| =1 depends on the given function «‘*-»(s) and on some other 
simple properties of C (Theorem III (c)). Thus we obtain a result about the 
equicontinuity of the mth derivatives of the mapping functions at the boun- 
dary, for a family of curves which satisfy certain common conditions. 

As is well known, the mapping function f(z) varies continuously in |z| <1 
under a suitable continuous deformation of C. R. Courant,{ T. Radé§ and 
the author|| have given conditions under which this is true. By means of the 
above-mentioned extension of II we prove an analogous result for the deriva- 
tives (Theorem V). 

Earlier results on the higher derivatives of the mapping function were 
obtained by P. Painlevé,{ O. D. Kellogg, and W. In all these cases 
the hypotheses involve an entire arc of the complete curve, whereas in I above 
we impose conditions merely at one point. The result of Painlevé, which in- 
fers the existence and continuity of f‘"(z) at |z| =1 from the continuity of 
x‘"+)(s) on C, is a corollary of II. Kellogg’s first paper yields the result that 
if x‘"-(s) exists and satisfies a Hélder condition, then f‘”(z) satisfies such a 
condition with the same exponent at the boundary. This result does not im- 
ply any of our results, nor is it implied by any of them. However, it can also 
be obtained by a modification of our method of proving Theorem ITI.§§ On 
the other hand the results of his second paper are easily seen to entail a spe- 
cial case of II.|||| Seidel proves that, if x‘"-®(s) is absolutely continuous on C 
and | x‘"-(s)|* (p>1) is L-integrable, then f‘"—(z) assumes absolutely con- 
tinuous boundary values on | z| =1, f‘™(z) has radial boundary values, f‘” (e), 
almost everywhere on |z| =1, and |f((e%)|? is L-integrable. This result 
neither contains any of our theorems nor is it contained in any of them. 


Tt If ¢(x) is defined and continuous on a closed interval J so that for every e>0 there is a 5(e)>0 
such that | p(x) —¢4(x’)| Seif |x—x’| S6(e), for x, x’ in J, then we call the function 5(¢) a modulus 
of continuity of ¢(x) (in the interval J). 

¢ Géttinger Nachrichten, 1914, pp. 101-109, and 1922, pp. 69-70. 

§ Acta Societatis Litterarum ac Scientiarum, Szeged, vol. 1 (1923), pp. 180-186. 

|| Géttinger Nachrichten, 1930, pp. 344-369 (Theorem III). 

"| Comptes Rendus, vol. 112 (1891), pp. 653-657. 

Tt These Transactions, vol. 13 (1912), pp. 109-132, and vol. 33 (1931), pp. 486-510. 

tt Mathematische Annalen, vol. 104 (1931), pp. 182-243 (Theorems 21, 22, 23). 

§§ Cf. Géttinger Nachrichten, 1932, pp. 73-86. 

|||] See p. 326. 
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If, however, one is interested only in the existence at a given point, or only 
in the existence and continuity on an arc, of the mth derivative at the 
boundary, then the results of the present paper are the less restrictive. 


I. PRELIMINARY THEOREMS 


1. The converse of a theorem of Lindeléf. If a Jordan arc c has a tangent 
at a point P and if every cord P,P; of c (P:* P2) approaches the tangent at 
P as P; and P; approach P simultaneously, we say that c has an L-tangent 
at P. This idea was introduced by Lindeléff in the statement of the follow- 
ing theorem, due to him: Let w=f(z) be regular in the circle |< | <1 and let 
f(z) map a neighborhood {|z—1]| <r, |z| <1} of z=1 conformally on a re- 
gion bounded by a closed Jordan curve which has an L-tangent at the point 
w:=f(1). Then lim,.; arc f’(z) exists for unrestricted approach in |z| <1. 

We shall need the following converse of Lindeléf’s theorem: 


THeoreM I. Let f(z) be regular in |z| <1 and let any branch of arc f'(z) 
be harmonic in the region No {|z—1| <ro<1, |z| <1}. Let lim,.. arc f’(z) exist 
for unrestricted approach in |z| <1. Then we have 

(1) f(z) assumes continuous boundary values f(e) on an arc y of |z| =1t 
with mid-point z=1. Furthermore, 


f'(re®#) = f'(e*)§ 
exists almost everywhere on y and 


6 
— f(1) = J 


| f’(e**)| being integrable on y in the sense of Lebesgue. 

(2) For some r>0, w=f(z) is univalent in N: {|z—1| <r, |z| <1}; thus 
the boundary of N is mapped on a closed Jordan curve YT. 

(3) I’ has an L-tangent at the point w,=f(1). 


The following lemma will be used in the proof. 


Lema 1. If f(z) is regular in a convex region D and if R(f'(z)) =u(z) >Oin 
D, then f(z) is univalent in D.|| 


1 Compte Rendu du 4iéme Congrés des Mathématiciens Scandinaves @ Stockholm (1916), pp. 89-91. 
The term “Z-tangent” was introduced by A. Ostrowski, Acta Mathematica, vol. 64 (1934), pp. 81- 
185, see p. 93. 

t We say that a function f(z), regular in | 3| <1, assumes continuous boundary values on an arc 
+ of | z| =1 if there is a function f(e**) continuous on 7 such that limg_.,s0 f(z) = f(e**) for unrestricted 
approach. 

§ The symbol a f a, which was introduced by A. Ostrowski, means that a approaches a mono- 
tonically from below. 

|| See J. Wolff, Comptes Rendus, vol. 198 (1934), pp. 1209-1210. 


1935] HIGHER DERIVATIVES IN CONFORMAL MAPPING 
For, we have first 
22 
sles) — fle) = fs @ar, 


the integral being taken along the straight line from 2 to 2: in D. Set 
Zo = 2: +le*, Then 


| — f(a) | = 2 > 0, 


the last integral being zero if and only if 2: = 22. 

Proof of the Theorem I. (1) We may assume, without loss of generality, 
that lim,.; arc f’(z) =0. Let r:>0 be chosen so that |arc f’(z)| <n in Mi: 
{|z—1| <n, |z| <1}, where 7 denotes any positive number <(log 2)/(4e). 
We choose a subarc ¥ of the part of |z| =1 belonging to the boundary of 2 
with mid-point z=1, and join its end points by another Jordan arc y’ within 
9; in such a manner that y and y’ form a closed Jordan curve C with con- 
tinuous curvature. Let z=¢() map the circle |{| <1 on the interior of C 
with ¢=1 corresponding to z=1. The function ¢(¢) has continuous boundary 
values on |{| =1 and continuous non-vanishing first derivative in |¢| <1.t 

Since |arc f’(o(¢))| <7, to every positive p<(log 2)/(2en) there corre- 
sponds a constant K, depending only on # and 7, such that 


(1.1) | < K| if O<p<1.t 


t See, for example, W. Seidel, Mathematische Annalen, vol. 104 (1931), p. 217, Theorem 18, 
and p. 226, Theorem 20, or WR, p. 433, Theorem 10, or the theorem of O. D. Kellogg quoted in the 
introduction. 

t We use the following theorem (see Géttinger Nachrichten, 1930, p. 356, Lemma 1): Let 
F(z)=U(z)+éV(z), with U(0)=0, be regular in || =|re| <1 and let | V(z)| <n, »>0. Then for 
any p< (log 2)/(2en) there is a constant K(n, p) 21 depending only on 7 and 9, such that 


f exp [p| F(re!)| < K(n, 9), 


if OSr<1. We apply this to F(¢) =log f’(¢(¢)) —log |f’((0))| and obtain 


and since for any a: exp[R(a)]<exp[|a|], we have 


exp [+ log | Je S K(n, which gives (1.1). 
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As (log 2)/(2en) >2, we may take p=1 in (1.1). Since |¢’(¢)| is bounded 
in |¢| <1: |¢’(¢)| <M, we infer from (1.1) that 


f | | | o’(pe*r) | drs | f’(@(pe*")) | dr constant 
0 0 
for every p in 0<p<1. Therefore, as is well known,f 
lim = 


exists for almost every r, when ¢ approaches e* in any angle lying in |¢| <1 
with vertex at ¢ =e’. Furthermore, 


|g(r)| being integrable on |¢| =1. Since $’(¢) is continuous in |¢| <1 and 
not zero, part (1) of the conclusion then follows. 
Remark. If, for any branch of log f’(z) in No, we set 
f * log f’(u)du 


f*(z) = 


where the integral is taken along the straight line 29 z in No from a fixed point 
Zo, then f*(z) also assumes absolutely continuous boundary values f*(e) on 
the arc y of |z| =1 and 


6 
— f*(1) = log f’(e'*)idt, 


where | log f’(e**)| is also integrable. 
For since, for any z in the interior of the curve C mentioned above, 


1 
| log f'(2)| < | log | f’(z) | | | arc f'(2) | | | + Trol + constant, 


it follows from (1.1) for p=1 that the integral 


dr 
] it , ir 
| log | | | 


is,bounded for 0 <p <1, from which the conclusion follows. 

(2) Part (2) of the conclusion of our theorem is an immediate consequence 
of Lemma 1 since we have in 9%, |arc f’(z)|<”<z/2 and therefore 
R(f’(z)) >0. 


t See, for example, F. Riesz, Mathematische Zeitschrift, vol. 18 (1923), pp. 87-95. 
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(3) The existence of the L-tangent at w;=/(1) evidently follows from the 
following fact. Let e>0 be an arbitrary number. Then, for any two points 


z= e%%, in a sufficiently small neighborhood of z=1, we have, 
for a suitable branch of the argument, 


(1.2) arc (f(z2) — f(zi1)) -— | Se 


In order to prove this, we first note that we can choose 5 = 5(e) <€/2 such 
that, for z belonging to T: {| arc z| <4(e), OS1—|z| <8(6)} 


(1.3) | arc f’(z)| = 
Let z:=e, z2=e%, 0,<62, be two fixed points in T. According to Rolle’s 
theorem, to each r with 1—6(€)<r<1, there corresponds a point 29 =re*, 
0; <09<62, such that for a suitable branch of arc ({(rze) —f(rz:)) 
arc (f(rz2) — f(rzi)) = arc f’(z0) + 00 + 


Since and lie in T, |00| <6(e)<e/2. Therefore, since r satisfies 
1—6(€) <r<1, it follows from (1.3) that 


arc (f(s) — f(rs:)) — S«. 


Since 22, 2; are fixed, we may let r approach 1. Hence (1.2) is valid. 
2. On a property of certain functions. We prove the following theorem: 
TueoreM II. Let h(z) =u(z) +i0(z) be regular in the circle |z| <1, h(0) =0, 
and let lim,..0(2) =o exist for unrestricted approach in |z| <1. Suppose that 
lim,,14(r) =ho exists. Then the functions 


F(z) e*™du and G(z) = du, 
0 


regular in |z| <1, assume (absolutely) continuous boundary values on an arc 
v of |z| =1 with mid-point 2=1, and have the derivatives F'(1) =e", G’(1) 
=ho/i at z=1.T 


7 A function f(z) which is regular in || <1 and defined on | z| =1 in a neighborhood of a point 
s=2, of | = 1 is said to be differentiable at if 


lim f@) — f(a) 
im 


2-21 2% 


exists for unrestricted approach in |s| <1, 7%. 
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First we see, by applying Theorem I to F(z), that F(z) maps the interior of 
a certain region 9: {|z—1| <r, |z| <1} on the interior of a closed Jordan 
curve I’ which has an L-tangent at w; = F(1). Let z=¢(¢) be a function which 
maps the circle | ¢| <1 on in such a manner that ¢(1) =1 and that the seg- 
ment —1<{<1 corresponds to the segment 1 —r <z <1. Then ¢$(£) is analytic 
also in a neighborhood of ¢ =1, and ¢’(1) #0. The function e**¢g’(¢) tends 
to e**'(1) as ¢ approaches 1 along the radius at {=1. Therefore, F(¢(¢)) 
satisfies the hypothesis of a theorem of the writer,f according to which 


exists and is equal to e*g’(1). 
Hence also, for unrestricted approach in |z| <1, 21, 


F(z) — F(1) 
= 


s—1 


eho, 


(2.1) 


We shall now use (2.1) to prove the conclusion regarding G(z). 
According to the Remark above, G(z) is continuous on an arc ¥ of |z| =1 
with mid-point z =1, and we have, for on 


G(e®) — G(1) = h(e**)dt, 


h(e**) = u(e**) + iv(e*) = a h(re**) 
rill 


exists for almost every e* on y and | h(e*) | is integrable along y. It is sufficient 
to prove the conclusion, namely 
G(z) — G(1 1 
lim (2) (1) 
s—1 z—1 
only for the case that z approaches 1 along |z| =1 (21), that is, to prove 
that 


(2.2) tim f [h(e%*) — ho]dt = 0. 


t If w=f(z) maps the circle |z| <1 on the interior of a closed Jordan curve C in such a manner 
that z=1 corresponds to w, on C, if C has an L-tangent in w; and if lim,,: f’(r) exists, then f(z) is 
differentiable at z= 1 and f’(1)=lim,,; f’(r). This is a special case of a theorem in WR, p. 376 (Theo- 
rem 3). Compare also the paper of the writer in Compositio Mathematica, vol. 1 (1935), p. 320. 


.-where 
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For, since (2.2) implies that &(z) =(G(z) —G(1))/(¢—1) is bounded on +, and 
since =O(1/|1—z|) in a region 91 {|z—1| <n, <1} it follows from 
a well known theorem of Phragmén-Lindeléf that ®(z) is bounded in %:. 
Hence, according to a theorem of Lindeléf, it follows from (2.2) that 
lim, =ho/i for unrestricted approach in |z| <1. 

As v(e*), defined for almost every e” on 7, is continuous at @=0 we have 


1? 
lim [v(e#) — vo]dt = 0. 
0 0 
Therefore, (2.2) is equivalent to 
1 6 
(2.3) lim —f [u(e*) — ug jdt = 0. 
6-0 6 0 


In order to prove (2.3), we first note that we may infer from (2.1), with 
the help of the relation 


1 a 
e 0 
that 


(2.4) tim = 1. 
0 


Since, according to Theorem I, (1), |e*¢| and hence is 
L-integrable along y, we have, | 6| 


1 
| =f ol (git me 1at| —f er (eit)—ug | et — 1| dt 
6 Jo 
0 


which approaches 0 with 9. Therefore it follows from (2.4) that 


6 
(2.5) lim i elulett)—uo]t+ilv(ett)—volg¢ = 1, 
0 


Because of the continuity of (e*) at @=0 it follows from (2.5) that 


1 6 
(2.6) lim — f — 1]dt = 0. 
0 
Now, since —h(z) satisfies the hypotheses of the theorem, if 4(z) satisfies 
them, (2.1) remains true when we replace F(z) by Fi(z) = fre-* du and e*° 
by e~**. Therefore we obtain, by the method used to establish (2.6), 
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1 
(2.7) lim — f — = 0. 
0 
With the aid of the inequality 


which holds for every real a, we obtain from (2.6) and (2.7): 


1 9 1 8 
f — < — f — 4 
6 Jo 6 Jo 


1 6 
0 Jo 


1 6 
lim —f [u(e) — uo = O. 
0 


From Schwarz’s inequality it then follows that 


which proves (2.3). Therefore the theorem is true. 


II. EXISTENCE AND CONTINUITY OF THE “TH DERIVATIVE OF THE 
MAPPING FUNCTION ON THE BOUNDARY 


3. Lemmas. Let V(s) be defined and continuous in the interval /: 
A <s<B, and, for an s in J and an a>0, let the integral 


dt 
(3.1) f | Vist) + 2V(5)| 
0 


exist. We shall make a few remarks about this integral which we shall use 
later. 
(1) If V’(s) exists and is continuous in J, and if 


dt 
f 
0 
exists for an s in J, then also (3.1) exists and we have 


dt 
(3.2) 


Hence 
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For, if we set ¥(c) = V’(s+o) — V’(s—o) and if 0<e<a, we have 
dt *dt 
f —2V(s)|—S f =f | ¥(c) | do 
€ # 0 
= f | dodt, 
Ff 


the double integral being taken over the quadrilateral 7, with vertices 
o=0, t=e;0=€, t=€;0 =a, t=a; ¢=0, Now we observe that 


0 


and letting e approach zero, we see that the result is true. 
(1a) If V’(s) satisfies a Hélder condition at s=s;: 


Alt, O< 681, 


then, because of (3.2), 


dt 2H 
(3.3) 
0 
(2) Sum and product. We shall sometimes use the notation 


= Vist —V(s), Ar V(s) = V(s +24) + V(s — — 2V(s). 


If V;(s) and V2(s) are defined and continuous in J, we have 


flaring + nollts fla nels 
(3.4) 


e dt 
+ f | Va(s)|—> 
0 t 


provided both integrals on the right exist. 
If, throughout J, | Vi(s)| <M, | V2(s)| SMz, if, for a certain value s=5o 
in A <s<B, (3.1) exists for V(s) = Vi(s), V(s) = V2(s), and if 


| Vi(so)| Kil#|, Av’ Va(so)| Kal 


(M;, M2, Ki, Kz being constants), we have 
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a d a d 
| ] | <M, | V2(so) | 


(3.5) 
(2) dt 
+ | At Vi(s0) | + 2KiKea. 
0 


For 


[V1(s0)V2(s0)] = Vi(so + 4)Va(s0 + #) + Valse — £)V2(s0 — 4) 
— 2V1(s0)V2(so) 
= Vi(so + + #) + Va(so — 4) — 2V2(s0)] 
+ V2(so — #)[Vi(so + 4) + Vilso — 4) — 2V 
— 2Vi(so + £)V2(so — t) + 2V2(s0)V1(s0 + 2) 
+ 2Vi(s0)V2(so — — 2V1(s0)V2(so) 
= Vilso + ‘Ay V2(so) + Vo(so + Vi(so) 
— 2[Vi(so + t) — Vi(so)][V2(so — — J. 
By multiplying this by 1/f and integrating over 0 - - - a, we obtain a 
relation from which (3.5) follows at once. 
(3) Change of variables. Let (3.1) converge at s=s,, A<s,<B, and let 


(3.6) | V(s’) — V(s”)| K|s’ — 8” 


for s’, s’’ in I. Let s=s(6), A <s(6) SB, be defined in the interval J*, with 
continuous positive first derivative. Thus there are two constants pi, #2 such 
that for 6’ and 6”’ in I*, 


s(0’) — s(0’’) 


3.7 0<ms < us. 
(3.7) 


Suppose that s;=s(0;) and that for an a>0 
dr 
f | + tT) + T) 2s(61) | 
0 
exists. Then, if we denote V(s(0)) by V*(6), 
d 
0 a 


also exists, and we have, for a=s(@:+a)—s(4), 


dr _ ut dt d 
(3.8) f | a? —<s— f | ar’ K f | | 
0 T t 0 T 
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For if, for sufficiently small |7|, we set s(0:+7) =sit+#, s(@.—17) =s1—#’, 
we have 
(2) (2) 
A; V*(6:) = A: V(s1) + t’) «me t). 
It follows from (3.6) that 
| V(si —#’) — V(si—t)| S$ = K| s(1+7) — 7) — 
If we denote by @(s) the inverse function of s(@), we obtain 


d t\? dé t) dt 
f v*@)| — f |(=) 
0 7? 0 T dt 


a d 
+ xf | —> 
0 7? 


from which (3.8) follows with the help of (3.7). 
We shall also have to use the following simple lemmas. 


Lemma 2. Let f(t) be continuous for A<t<B,0<XSB-—A SA, and let 5(e) 
be a modulus of continuity of f(t). Suppose | [i f(t)dt| <m, m=0. Then there is 
a number M=1, which depends only on m, d, A and the function 5(€), but not 
otherwise on f(t), such that in A <t<B: |f(t)| <M. 


We may omit the simple proof of this lemma. We shall need the following 
corollary. 


Lemma 3. Let f(t) have in ASt<B, with O<XSB-—ASA, a continuous 
nth derivative and let 5(€) be a modulus of continuity of f(t). Suppose that 
| if m=0,v=1,2,---,n. Then there exists a K 21, depending 
only on d, A, m, and the function 5(€), such that, in A<t<B, |f~()| <K, 

First, according to Lemma 2, there is an M,=1, depending only on A, A, 
m and 6(e), such that |f™(#)| <M, in A <t<B. Hence 


Therefore, we may apply Lemma 2 to f‘"~»(¢) with the modulus of continuity 
5*(€) =«/M,. Thus we obtain an M,_1, which also depends only on 4, A, m, 
and 4(e), such that |f-(#)| <M, in ASt<B. By applying the same 
method to f-(#) and and f-®(#), and so on, the proof is 
easily completed. 

4. Radial boundary values of the derivatives of analytic functions. We 
prove 
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Lemma 4. Let F(z) =u(z)+iv(z) be regular in |z| <1 and let v(z) be con- 
tinuous in |z| <1. Set v(e*) =V(6). 
(a) If, for a certain value of 0, V'(@) and the integral 


exist, then also lim,,1F'(re*) exists and 


ie® lim F’(re*®) 
rt 
(4.2) 


(b) If V'(0) exists and is continuous on the arc y: 0:50 <02(0 <0.—0; S27) 
of |z| =1 and if (4.1) exists for every 0 on y and approaches zero uniformly with 
a on y, then F'(z) assumes continuous boundary values on the open arc y. 

(c) Suppose that the hypotheses of (b) are satisfied for y={0<0<2r} and 
that V'(0) =V'(2m). Suppose 5(£) is a modulus of continuity of V'(@), and n(é) 
is a modulus of convergencet of (4.1). Then also F'(z) assumes continuous boun- 
dary values F'(e) on |z| =1 and the modulus of continuity of F'(e**), A(e), de- 


pends only on ¢, and the functions 5(£) and n(&). Furthermore, there is an upper 
bound for | F’(e*)|, also depending only on the functions 5(£) and n(€). 


By using Poisson’s formula 


Tt Part (a) of this lemma has already been used by the author in WR, pp. 407 and 424. A theorem 
of similar nature was obtained by A. Plessner, Zur Theorie der konjugierten trigonometrischen Rethen, 
Dissertation, Giessen, 1923, p. 2. The corresponding generalization of condition (4.1) for functions 
harmonic within a sphere has been used by O. D. Kellogg, in the second paper mentioned in footnote 
Tf on p. 311. 

t We call a function n(£)>0 defined for £>0 a modulus of convergence of the integral (4.1) if 
for every &>0, over all of | 3| =1, the integral (4.1) is St, provided that 0<aSn(E). 

Since sin (r/2) S7/2 and, for OS7rSz, sin (r/2) =1r/x, we have 


Ir 2 dr 


Hence, if n(£) is a modulus of convergence for 


(2) 
Solas 


Conversely, if n(£) is a modulus of convergence for the second integral, n(£/7?) is one for the first one. 


then 7(£) is also one for 


@ dr 

(4.1) 
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1 1 
= — f V@O)K(r, 6 = 6 


1+rt—2cosa (1 — 1)? + 4rsin® (a/2) 


which holds for 0<r<1, we obtain by setting ¢—0@ =r 


1 
v(re*®) = V(6 + 7r)K(r, r)dr = +7r)+VO6-— K(r, 
0 


1 
=— f {V(@+7) + V(@— 7) — 2V()}K(r, r)dr + V(0). 
2rJo 


Hence 
dv(re*) 1 
—f {Vo+7)+V(0—7) — 2V)} 
(1 — r)? — 2(1 + 7?) sin? (7/2) 


[(1 — vr)? + 4r sin? (7/2) ]? 


The expression 
(1 — r)? — 2(1 + r?) sin? (7/2) 
[(1 — r)? + 4r sin? (7/2) ]? 
is uniformly bounded for } <r<1 and every real 7. Furthermore, it tends to 
—4 uniformly in the interval 6<7 <7 for any fixed positive 5 as r approaches 
1. Since the integral (4.1) approaches zero with a, we therefore see that 
dv(re) du(re*) — 2V(6)} 
9 


or 00 sin? (7/2) 


as r approaches 1, and also that this convergence is uniform in any interval 
6; <8 <6, in which (4.1) tends uniformly to zero with a. Furthermore, accord- 
ing to a theorem of Fatou, 


sin? (7/2) 


Ov(re*) 
lim = V’(@) 
06 


rei 


for every 6 for which 
dV (6) 
v'(6) = —— 
dé 


exists, and the convergence is uniform in 6:50<62, if V’(@) is continuous 
there. This establishes parts (a) and (b) of the theorem. 
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It follows immediately from (b) that, under the hypothesis of part (c), 
F'(z) assumes continuous boundary values on | z| =1. To prove the remaining 
conclusion in (c), it is evidently sufficient to prove the result for the function 
instead of F’(e**). 

As far as the modulus of continuity of ie#F’(e) is concerned, it remains 
only to show that the modulus of continuity of its real part depends only on 
e and on the functions 5(£) and »(£). In order to demonstrate this we first 
note that, since f{ om V’(0)dé =0, according to Lemma 2 there is an M 21, de- 
pending only on 4(€), such that |V’(#)| <M. Therefore | V(6:) —V(6:)| 
<M|6,—6,|. Let ¢>0 be an arbitrarily small number. Then we have 


if" V(6:) — V(02)}dr| _ 
sin? (7/2) 0 sin? (7/2) 


a(e/3) | V (62) | dr | { V(61) - V (62)} | dr 
+ sin? (7/2) We sin? (r/2) 
4Mr| 0, — 62| 
sin? 


gms 


provided that 
€ 


dF (eH) 
f = dd = 0, 
0 dé 0 


it follows from Lemma 2 that there is an N 21, depending only on the modu- 
lus of continuity of ieF’(e#), such that | =| F’(e#)| <N for all 0. 
This completes the proof. 

The following lemma generalizes Lemma 4 (a) and (b). 


Lemma 5. Let F(z) =u(z)+iv(z) be regular in |z| <1 and let v(z) assume 
continuous boundary values V(8) on the arc y: 0:50 <6: of |z| =1. 

(a) If at 0=09=(0:+62)/2, V'(0) exists and the integral (4.1) converges for 
an a>O, then lim,, iF’ (re) exists. 

(b) If V'(0) is continuous over all of y and if (4.1) exists at each point of a 
subarc y': 0, £0 <0. of y and approaches zero uniformly with a ony’, 
then F'(z) assumes continuous boundary values on the open arc y’. 


Since 
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Let I denote the closed Jordan curve formed by y and the part within 
|z| <1 of the circle with center z =e and through the end points of . I is 
symmetric in the diameter of the circle |z| =1 through z=e*. Let z=g(¢) 
map the circle | ¢| <1 on the interior of I in such a manner that g(1) =e and 
that the segment —1<{<1 corresponds to the part within I of the diameter 
of |z| =1 through e*», Let y* be the arc of |{| =1 to which y corresponds. 
The function g(¢) is also regular on the open arc y* and g’({) is not zero there. 

Part (a) of our lemma follows immediately from Lemma 4 (a) applied to 
F(g(¢)). The function F(g(¢)) satisfies its hypotheses: for, first 


and secondly, because of the symmetry of I mentioned above, we have, if we 
set g(e*¥) =e*o+) for sufficiently small y>0, g(e-*¥) and hence, 


) = V’(O0) | g’(1) | exists, 


dy 
0 


T 1 dr 
| 7? 


a d 
S constant f | V(@o+ 1) + 7) — 2V (60) | 
0 T 


(=) 


where is defined by g(e'*) 

Part (b) follows from Lemma 4 (b) applied to F(g(¢)), since in this case 
0v(g(e*)) /8¢ = V’(8) | g’(e**)| is continuous on the open arc y*, and since also 
the second hypothesis of Lemma 4 (b) is satisfied, as may be easily seen by 
use of §3, (3). 

5. Boundary values of the mth derivative of the mapping function. Let 
c be a rectifiable Jordan arc with continuously turning tangent and let @(s) 
be an angle from the direction of the positive axis of reals to the tangent line, 
where s denotes the arc length. We define @(s) first at an arbitrary point of 
c and then at the other points so that Q(s) varies continuously with s. If 
(s) =d"Q(s)/ds* exists at s=s, we call (s;) the curvature of order n of c 
at $1; x(s) is understood to be Q(s). If «‘"-»(s) exists in a neighborhood of 
s=5, and if 

(s) — 


lim 


exists when s and s’ (s#s’) approach s; simultaneously, we say that c has 
an L-curvature of order n at s;. 
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THEOREM III. Let R be a simply connected region. Let the boundary of R 
contain a free Jordan arc c.t Suppose w=f(z) is a function which maps the 
circle |z| <1 on R. 

(a) If in a neighborhood of a point wi(s =s;) x‘"-»(s) exists and has bounded 
difference quotient, if, for s=s,, x"-»(s) and 


dt 
(5.1) f | + — — | 
0 


exist and if w,=f(1), then exists. 

(b) If x‘"-»(s) exists over all of c and is continuous, and if (5.1) exists at 
every point of a closed subarc c’ of the open arc c and approaches zero there uni- 
formly with a, then f(z) assumes continuous boundary values on the open arc 
0:<0<02 corresponding to c'. Furthermore, if s(0) denotes the arc length 
along c, measured from a fixed point, s‘(0) exists on y' and is continuous.t 

(c) Suppose R is the interior of a closed Jordan curve C with continuous 
curvature of order (n—1). Suppose that (5.1) exists at each point of C and ap- 
proaches zero with a uniformly over all of C. Let 5(£) be a modulus of continuity 
of «"-)(s) and n(&) a modulus of convergence of (5.1). Furthermore, let D be a 
number such that the diameter of C is =D. Let p>O be the radius of a circle 
with the center f(0) = wo lying entirely in R, and let d>0 denote a constant such 
that r/o =d where r is the distance between any two points of C and a is the length 
of the shortest arc of C joining the two points. 

Then f(z) has continuous boundary values over all of |z| =1 and s‘(68) 
exists and is continuous there. Furthermore, there is a modulus of continuity of 
(e) and (0), A(e), which depends only on D, p, d, and on the functions 
5(£) and n(&), and there is an upper bound for |f(z)| and | s‘(0)| which also 
depends only on D, p, d, and the functions 5(&) and n(&). 

¢ That is, a Jordan arc the end points of which can be joined by another Jordan arc b lying in R 
except for the end points, such that b and c form a closed Jordan curve which bounds a region be- 
longing to R. This idea is due to C. Carathéodory; see, for example, C. Carathéodory, Conformal 
Representation, Cambridge University Press, 1932, p. 86. 

t Theorem III (b) contains as a special case a result which can be obtained by applying to the 
logarithmic potential, and in particular to Green’s function of a plane region, the method given 
by O. D. Kellogg in his investigations of the derivatives at the boundary, of harmonic functions in 
space (see footnote ft on p. 311, second paper). The special case which is obtained in this way is 
the following (see Theorem III, p. 491, loc. cit.): Let R, c, and w=f(z) have the same meanings as 


in Theorem III of our paper. If «‘"~")(s) exists on c and if there is a non-decreasing function D(#), 
defined for for which (D(é)/#)dt exists, such that 


| + 2) — < Dit), t>0, 


then f(z) assumes continuous boundary values on the open arc + corresponding to c. 
Our proof of Theorem III (b) makes use of methods of conformal mapping and therefore admits 
no obvious generalization to the case of potential functions in space. 
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The following theoremf will be used in the proof. 


THEOREM III*. Let R, c, and f(z) have the same meaning as in Theorem III. 
(a) If c has a continuously turning tangent and if the angle @(s), defined 
above, satisfies a Hélder condition on c: 


(5.2) |@(s) —O(s’)| K|s—s’|*, 0< <1, 


then, on any fixed closed subarc y' of the open arc y corresponding to c, f'(z) 
and s'(6) =|f’(e)| exist, are not zero, and satisfy a Hélder condition with the 


same exponent: 
(5.3) | — | f’(e®) — | — 0’ 

(b) Suppose that R is the interior of a closed Jordan curve C, on which (5.2) 
is satisfied. Then the constant H in (5.3) depends only on B, K, and the three 
constants D, p, d introduced in Theorem III (c). Furthermore, there are two num- 
bers yu, and ps, also depending only on those five constants, such that, in |z| <1: 
0<ms | f’(2) | Spe. 

Since we shall prove Theorem III by induction, the following simple re- 
marks will be of help to us: 

If, in a neighborhood of a point s; of a Jordan arc c, x‘"-")(s) exists and 
has bounded difference quotient, then also x‘"-®)(s), x(™-®)(s), 
@(s) have bounded difference quotients there. Hence, according to §3, (1a), 
each integral 


a dt 
(5.4) f | £) + — — 2x(s) | 
0 


exists and approaches zero uniformly with a in a neighborhood of s =s,. Thus 
we have 

Remark 1. If the hypotheses of part (a) of Theorem III are satisfied for 
the order » = m-+1, then those of part (b) are satisfied for every smaller order 
n=2,3,---+,m, fora certain neighborhood of s If the hypotheses of III 
(b) are fulfilled for the order n =m-+1, they also are fulfilled for any smaller 


t Part (a) of Theorem III* is a theorem of Kellogg from the first paper mentioned in footnote ff 
on p. 311 and is also proved in WR, p. 447. The statement of part (b) as to the dependence of H on 
B, K, D, p, d only, is proved in WR, pp. 451-452. This statement, as it is given in WR, says that H de- 
pends also on a lower bound / for the total length of C. But since we may take /=2p, the statement 
about H in III* (b) is true. The assertion in III* (b) concerning the existence of constants y and pe 
which depend only on 8, K, D, p, d is covered by the theorem on p. 440 (equation (10.16)) in WR 
which says that y and we depend only on D, p, d, a lower bound /;(=2p) for the total length of C, 
and the modulus of convergence 5’(m) of the integrals (10.5) on p. 440 in WR. But since | x’(s+#) 
—x'(s)| =|cos O(s+t)—cos @(s)| <|@(s+s)—@(s)| | y'(s+t)—y(s)| SK|t]4, it is easily 
seen that 6’(n) can be chosen (8n/K)"8 and therefore depends only on 8 and K. 
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order and for any subarc of c as c’. In particular, we may infer from Theo- 
rem III*, using it for 8=4, that under the hypotheses of part (a) or (b) or 
(c) of Theorem III for any 22, we have relations of the form 


(5.5) O<m S| f’(e*)| =| Sue, 
(5.6) | s’(0) — | — | 0 — 0’ 


holding in a neighborhood of @=0 on |z| =1 in case (a)f, on any closed sub- 
arc of the open arc y in case (b), and over all of | z| =1 in case (c). 
Furthermore, it follows from §3, (1a), and from (5.6) that 


dr 
(5.7) f |s(0 + 7) + — 7) — 2s(6) | < 4Ha'/? (a > 0), 


if +a is inside any interval for which (5.6) is true. 

Another remark will be of use in proving part (c): 

Suppose the hypotheses of part (c) are satisfied for »=m+1. Denote by 
S the total length of C; evidently 2p <S <2D/d.f Since 


8 0 fory > 1, 
f (s)ds = { 
0 


fory = 1, 


there is, according to Lemma 3, a constant K, depending only on p, 2D/d, and 
the modulus of continuity 5(£) of x‘™(s), such that over all of C 


(5.8) |x(s)| SK (v = 1,2, ---,m). 
Hence, for any 51, $2, 
(5.9) | — «®(se) | < -++,m—1), 
and for 
(5.10) | @(s:) @(se)| S$ K| si: — se] S — = K(2D/d)*/*. 


Thus we obtain 

Remark 2. If the hypotheses of Theorem III (c) are satisfied for n=m-+1, 
(5.8) holds, and every x (s),v=1, 2, - - - ,m—1, has a modulus of continuity 
which depends only on e, D, p, d, and on the modulus of continuity 5(£) of 
x™(s), Furthermore, because of (5.9), each integral (5.4) which approaches 0 
with a uniformly on C, has a modulus of convergence also depending only on 
e, D, p, d, and on the function 6(£). Because of (5.10) it follows from Theorem 

¢ It should be noticed that (5.5) is true on a closed neighborhood of ¢=0 under hypothesis (a) 
of Theorem III* because f’(z) is continuous and different from 0 there. 


t In order to prove SS$2D/d we need only apply the inequality r/o2=d to two points on C dis- 
tant ¢=4S from each other along C. 


| 
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III* (b) that ys, ws in (5.5) and H in (5.6) and (5.7) depend only on D, p, d, 
and on 46(é). 

6. Proof of Theorem III. We shall first show that if the theorem is true 
for the orders »=2, 3, - - - , m, it is also true for »=m-+1. In the proof of 
each of the three parts we thus assume that all three parts have been proved 
for n=2, 3, - - - , m and the hypotheses of the part in question are satisfied 
forn=m-+1. 

(1) Since f’(z) is not zero in |z| <1 every branch of log f’(z) is regular 
there. We choose a branch of log f’(z) and note first that our proof will 
be completed if we prove, in each of the three cases, that the function 
a log f’(z)/d0™, z=re, satisfies the result stated in the conclusion about 
f‘"+»(z). For we have, first, 


log f’(z) d™ log f’(z) (= 
) 


06 


where P,,(z) is a polynomial in the derivatives of log f’(z) with respect to z 
of order <m-—1 and in derivatives of z with respect to 6. By replacing each 


expression d* log f’(z)/dz* by 
we obtain, by use of 0#2/00+ =i#z, 


= (is) " 

6” 
where R,,(z) is a polynomial in the derivatives of f(z) of order <m, in z and 

We supposed that the hypotheses of part (a), (b), or (c) as the case may 
be are satisfied for »=m-+1. According to Remarks 1 and 2 above, we may 
therefore in each of the three cases apply the corresponding part of our theo- 
rem about f’’(z), f’’’(z), - - - , f‘™(z), which is supposed to be proved, and 
also the results about f’(z) stated in these remarks. Since this shows that 
R,,(z) has the properties which are to be established for f‘"+(z), it follows 
from (6.1) that f‘"+»(z) will have these properties, if 0" log f’(z)/d0™ has 
them. 

In order to infer also the result of part (b) or (c) about s‘"+»(@) from this 
property of d"log f’(z)/d0", we first observe that, if d"log f’(re*)/aa™ 
(0 <r <1) has continuous boundary values on an arc 6, <0 <6, of |z| =1, also 
d™ log f’(e*)/d0™ exists on this arc and is equal to lim,,: 0” log f’(re#)/06. 
Therefore, it follows from 


(6.1) + Rn(z), 
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d log | dm log s’(@)_ ali (: 


that s‘™+»(@) exists on y’ or over all of |z| =1 respectively, since s’(6) 0 
there. Hence, we have 
d™ log s’(6) 1 Get 


(6.2) s(m+)) + s"(0 70” 


from which we easily infer the result about the continuity of s‘"+»(@) in case 
(b) and the modulus of continuity and the bound of s‘"+» (6) in case (c). 

(2) We now prove the result concerning 0” log f’(z)/00™. Let us first as- 
sume that the hypotheses of part (a) are satisfied for n=m-+1. According 
to Remark 1 above, the hypotheses of part (b) of our theorem are then also 
satisfied in a neighborhood of s=s, for n=2, 3, ---, m. Hence, if we set 
Q*(@) = O(s(0)), we see that 

m—1 
exists in a neighborhood of @=0. Furthermore, since x‘™(s) exists for s=s, 
and s‘™(@) at @=0, also 


exists at 

The functions x®(s) and s® (0), »=1, 2, - - - ,m—1, have bounded differ- 
ence quotients in a neighborhood of s =s, and @=0 respectively. Hence V(@) 
has this property in an interval —5<6<6 (0<d5<7): 


(6.4) | V(0:) — V(62)| &| 0: — S k(2m)*/?| 0; — 


By using (6.1) with m replaced by m—1, we see that "—' log f’(z)/d0"— 
assumes continuous boundary values on |z| =1 in a neighborhood of z=1. 
Since there, for a suitable branch of arc f’(z), arc f’(e#) =0*(0) —0—7/2, 
it is easily seen that the boundary function of the imaginary part of 
d”—! log f’(z)/d0"— is V(@), if m>2, and V(6)—1, if m=2. According to a 
theorem of Privaloff,f it follows from the fact that V(6) satisfies a Hélder 
condition with the exponent } for —é<6<4, that also the real part of the 
boundary function of log f’(z)/d0"—', that is, log s’(0)/d0"—", satis- 


t I. Privaloff, Bulletin de la Société Mathématique de France, vol. 44 (1916), pp. 100-103. 
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fies a Holder condition with the same exponent in any fixed interval 
— with 0<6’<5: 


log s’(0 log s’(0 
(6.5) | < h| 62 


For the proof of part (c) of our theorem it is important to notice that, 
if V(0) satisfies the Hélder condition in (6.4) over all of |z| =1, the proof of 
Privaloff’s theorem implies that also (6.5) is true over all of || =1 and that 
the constant / in (6.5) depends only on the constant & in (6.4). 

From (6.5) we infer with the help of (6.2), used for m—1 instead of m, 
that, in the neighborhood of @=0, also 


(6.6) | s(™(6,;) — s(™) | g| |1/2 (g constant). 
Now we note that we may write (6.3) in the form 


where II,,(6) denotes a polynomial in x®(s(@)),v=1,2, - - -,m—2, and s(@), 
v=1,2, - - - ,m-—1. Since by Remark 1 each integral (5.4) exists at the point 
$=5,, it follows from §3, (3), and (5.5) and (5.7) that also the integrals 


d 
0 T 
exist at 6=0 for an a>0. Furthermore, since in a neighborhood of 6=0 
s(0), v=2, 3, ---, m—1, have bounded difference quotients and s‘™(6) 
satisfies the Hélder condition (6.6), it follows from §3, (1 a), (3.3), that the 
integrals 


dr 
f | s+ 7) + — 7) — | — +++ ,m—1) 
0 T 


exist at @=0 for an a>0. According to §3, (2), therefore 


dr 
(6.7) f | +7) + — 7) — | = 
0 T 


exists at 0=0. 
Now we recall that by hypothesis the integral 


dt 
(6.8) f | + £) — — | 
0 


exists at s =5,. Because of (5.5) and (5.7) we may apply §3, (3), once more and 
we see that also 
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dr 
f | + + (5(0 — — — 


exists at for an a>0. Set 2,,(0) According to §3, 
(2), (3.5), therefore 


4 dr 
(6.9) f | + +) + — — 2Qn(8) | 


exists at 0=0 for an a>0. From (6.7) and (6.9) we finally infer, with the 
help of (3.4), that 


a dr 
(6.10) fivo+n+ve-» — — 
0 T 


exists at 

Let us now make a few remarks concerning the proof of part (b) and (c) 
of our theorem. If the hypotheses of (b) and (c) are satisfied, we see by ex- 
amining part (2) of our proof above once more and by using Remarks 1 and 2: 

First, that V’(6) is continuous on the open arc or over all of |z| =1 
respectively, and that in the latter case the modulus of continuity, 5*(e), 
of V’(6) depends only on e¢, D, p, d, and the modulus of continuity, 5(£), of 
x™(s). Furthermore, “in this case k in (6.4), hence g in (6.6), also depend 
only on D, p, d and 6(é). 

Secondly, we see that the integral (6.7) approaches zero uniformly with 
a on every closed subarc of the open arc y or over all of | z| =1 respectively, 
and that in the latter case the modulus of convergence of (6.7) depends only 
on the same things as 6*(e). 

Thirdly, we see that (6.9) also, hence (6.10), approach zero uniformly with 
a on the arc y’ or over all of |z| =1 respectively, and that in case (c) the 
modulus of convergence n*(€) of (6.10) depends only on e¢, D, p, d, and the 
modulus of continuity 5(€) of «‘™(s), and the modulus of convergence 7(é) 
of (6.8). 

Now we can complete the proof of all three parts simultaneously. 

The function V(6) —d”—-'0/d@™—' is the boundary function of the imagi- 


nary part of 
log f’(z) 
= = re*, 

in a neighborhood of @=0 on |z| =1 in case (a), on the open arc y in case (b), 
and on |z| =1 in case (c). Since, under the hypotheses of part (a), V’(@) and 
(6.10) exist at @=0, the result which we wish to prove follows immediately 
from Lemma 5 (a). According to the three remarks which we have just made 
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concerning parts (b) and (c), these parts follow from Lemmas 5 (b) and 4 (c) 
respectively. 

To complete the induction we have to show now that Theorem ITI is true 
for n=2. We obtain this proof for »=2 immediately from the preceding 
proof by setting m+1=2, since all properties of f’(z) which are used in this 
proof are based on Theorem III*. This completes the proof of Theorem III. 

7. Existence of the mth derivative of the mapping function at a boundary 
point. We prove the following theorem: 


THEOREM IV. Let R be a simply connected region. Let the boundary of R 


contain a free Jordan arc c. Suppose that the arc c has an L-curvature of order 
n—1 at an interior point w:(s =s;) and that 


dt 
(7.1) f | (1 + £) + — — | > 


exists for an a>0. If w=f(z) is a function which maps the circle |z| <1 on R 
in such a manner that z=1 corresponds to w,, then f‘"-(z) assumes continuous 
boundary values on |z| =1 in a neighborhood of z=1 and is differentiable at 
z=1. 

We shall use one part of the following lemma in the proof. 

Lema 6. Let v(z) be harmonic in the circle |z| <1 and assume continuous 
boundary values V(8) on |z| =1. A necessary and sufficient condition that 

Ov(re‘*) 


lim » 


exist for unrestricted approach in || <1 is that 
Ve) — V¢’) 
im 

exist when o and $' approach zero simultaneously. The limits lim,.:00(re*)/dp 
and (7.2) are equal if one of them exists. 


(7.2) = V’(0) 


Proof of Lemma 6. (1) If (7.2) exists, then, for almost every a of a suitable 
interval —5<a<5, V’(a) exists and is continuous at a=0. Furthermore, 
for every a of this interval, V(a) —V (0) = {) V’(#)d¢, the integral being taken 
in the sense of Lebesgue. From Poisson’s formula 


2r cosy 


= f K(r,¥) = 


which holds for r<1, we obtain 


| 
| 
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0g a 
1 6 —6 
2 
By integrating the integral V (a) (0K /da)da by parts, we thus get 


dv(re**) 1 
V'(a)K(r, a — + V(— 6)K(r,5 + ¢) — V(8)K(r,6 — 


1 
“gal, 

Since limy.oV’(¢) = V’(0) when ¢—0 over the point set on which V’(¢) is 
defined, it follows by a well known procedure that lim, .,dv(re**) /@ exists for 
unrestricted approach in |z| <1 and =V’(0). 

(2) If, conversely, lim,.,0v(re‘*)/0¢, z=re**, exists, then there is a 6>0 
such that 0v/d¢ is bounded in the sector { —5<¢<5, 0<r<1}. According 
to Fatou’s theorem, 00(re‘*)/d¢ therefore has radial boundary values h(¢) 
for almost every ¢ in —5<@<46. Evidently h(¢) is continuous at ¢=0. 
Hence, according to Lebesgue’s integral theorem, we have 
~ dv(rei*) Ov(re**) 

da = f lim da = f h(a)da, 
0 0 


rfl a 


V(¢) — V(0O) = lim 
rti Jo 0a 
from which (7.2) with V’(0) =A(0) is easily inferred. 

Proof of Theorem IV. According to the Theorems III* and III (b), f’(z), 
f''(z), assume continuous boundary values on a certain arc y*: 
—5<6<6 of |z| =1, and according to III (a) lim,,:f‘(r) exists. If we de- 
note, as before, by s(@) the arc length along c, then also s’(@), - - - , s°*-»(@) 
are defined and continuous in —6<@<6. 

We choose a fixed branch of log f’(z) and consider G*(z) ="? log f’(z) 
/00*-*, |z| =|re®| <1. With the help of (6.1), used for m=n—2, it follows 
from what we have just noted about f’(z), ---, and that 
G*(z) assumes continuous boundary values on y* and that lim, , :G*’(r) exists. 

Let @(s) denote the angle defined as in the beginning of §5. If 0*(6) 
= 0(s(0)), then f’(e*)) = O*(@) —8+C on y*, C being a constant which 
depends on the branch of log f’(z) chosen by us, and therefore 

n—2 


d 
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is the boundary function of the imaginary part of G*(z). Furthermore, it fol- 
lows from our hypothesis that 


V*(6) — V*(0’) 
6— 


= V*(0) 


exists when 6 and @’ approach zero simultaneously. 

Let I denote the closed Jordan curve formed by * and the part within 
|z| <1 of the circle with center z=1 through z =e* (and e-**). T’ is symmetric 
in the axis of reals. Let z=g(s) be the function which maps the circle |¢| <1 
on the interior of I in such a manner that g(1)=1 and that the segment 
—1<£<1 corresponds to the part of the real axis which lies in the interior of 
I’. The function z=g(f) is also analytic on the open arc y of |¢| =1 which 
corresponds to *, and g’(¢) 0 here. G(¢) =G*(g(¢)) is regular in |¢| <1 and 
assumes continuous boundary values on |¢| =1. The boundary function of 
its imaginary part on y is V(¢) = V*(arc g(e**)). Evidently 


lim (V(¢) —V(¢’))/(—-¢’) 


exists as @ and @¢’ approach zero simultaneously. Hence, according to 


Lemma 6, 
3 ( ) = pe 


exists for unrestricted approach in |{| <1. Furthermore, 


lim G’(p) = lim G*’(r)- lim g’() 
etl rfl 


exists. Finally, we have, for0<p <1: 
dG 1 dG(pe% 
Therefore we may apply Theorem II with h() =dG()/d¢, according to 
which 


1 oh 
G(s) — G(0) -f G'(u)du = =f aw 


has a derivative at {=1. Hence G*(z) has a derivative at z=1. With the help 
of (6.1), used for m=n—2, we easily infer from this that f‘"-"(z) is also dif- 
ferentiable at z=1. 


| 
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III. A CONVERGENCE THEOREM 
8. Statement of Theorem V and a preliminary remark. The theorem in 
question is as follows: 
THEOREM V. Let C,, (m=1, 2,---) andC be closed Jordan curves, which 
are represented by the following functions, differentiable for O<t<T: 
w= Walt) = Un(t) + iVn(t), Wal (t) (m=1,2,--+); 
w= W(t), W(t) ¥0.t 
Suppose 
(1) that W,,(t) for eachtinO<t<T asm—-~, 
(2) that W,,(t) has a continuous nth derivative W(t), n21, which con- 


verges uniformly in 0StST as m—~, 
(3) that the integrals 


du 
f | Wal + u) — Wa! (2) | ifn=1, 


(n—1) (n—1) 


du 
(¢+u+Wn (¢-—u)—2We Ol ifn>1, 
0 


exist and approach zero with a uniformly for all t in 0StST and all m=1, 

Suppose, further, that there is a point wo in the interior Rn of Cm for every m 
and in the interior R of C. Let fn(z) and f(z) map the circle |z| <1 on Rn or R 
respectively in such a manner that fn(0)=f(0) =wo and fm'(0)>0, f’(0) >0. 
Then the functions f®(z) and f(z) assume continuous boundary values on 
|z|=1, and f(z) converges uniformly in |z| <1 toward f(z) as mom. 

Before we prove this theorem we shall discuss a few simple consequences 
of the hypotheses (1) and (2) in the following 

Remark. As is well known, hypothesis (2) implies that the family of 
functions W,,‘(d), m=1, 2,---, is equicontinuous§ for and all 


+ Of course, W.,(¢) and W(t) are defined for all real ¢, by the equations W,,(t+7)=Wa(é), 
W(i+T)=W(). 

¢ The difference in the nature of the two hypotheses (for n= 1 and for n>1) in (3) is due to the 
difference between the types of conditions which we have obtained for existence and continuity of the 
derivatives at the boundary in these cases. 

As a corollary, Theorem V is true if hypotheses (2) and (3) are replaced by the condition that 
there be a non-decreasing function D(¢) for which />(D(t)/i)dt converges, such that, for all ¢ and m, 
—Wm(t)| SD(u), u>0. 

§ A family of functions ¢n(x), n=1, 2, - - - , defined for aSx3b, is said to be equicontinuous, if 
for every there isa 5(¢)>0Osuch that | —¢n(x’)| Seif |x—z’| 4(¢), uniformly for all x, 
x’inaSxSbandalln=1,2,---. 
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m=1,2,---.Since S7W =0, y=1,2,---,m, it follows from Lemma 
3 that there is a constant k, such that for 0<t<T and m=1,2,--.-, 
(8.1) S kh; (v= 2,°°° ,n). 
With the help of (8.1) and the hypotheses (1) and (2) we shall prove that 
also W(é) has a continuous nth derivative W(t) and that W(t) approaches 
W(t) (v=0, 1, 2, - - + , m) uniformly for O<t<T and thus for all real t. 
First we note that because of (8.1) we can choose from each subsequence 
of a subsequence [Wn,(#)] such that (v=1, 
2,--+, m—1) exists. Let &‘”(#) denote the (continuous) function toward 
which W,,‘”(#) converges. Set 


t 
(4) -f (r)dr + 
0 


Then it follows from 


(v—1) (»—1) 


wo = + we” 0) 


that W.,(#) approaches ®”(¢) uniformly (v=0, 1, 2,---, m—1) in 
0<t<T when k—~. Since by hypothesis (1) limn..Wm(#)=W(é), we have 
(#)=W(t). Therefore has a continuous mth derivative and Wm, (t) 
approaches W)(#) uniformly (v=1,2, - - - , m). Since every subsequence of 
[Wm(t)] contains a subsequence [W-»,(é)], for which Wm,(t) always ap- 
proaches uniformly the same limit function W(t), it follows that the 
sequences W,,”)(#) themselves approach W(#) uniformly, vy =0, 1, - - - , 

We shall need the following two corollaries of the fact that W,,’(t) ap- 
proaches W’(#) uniformly. 

a. Since Wm'(t)~0 and W'(t) 0, there is evidently a constant ko such that 


(8.2) |Wa()|2k (m=1,2,---), OStS7). 
b. There is a constant d>0, independent of m, such that 


r 
(8.3) —2d>0, 


where r is the distance between any two points and P, on Cn(m=1, 2, - - - ) 
and a is the length of the shortest arc of Cm joining the two points. 
To prove (8.3), we note first that we can always assign to P; and P, 


values and #; of the parameter ¢ such that |4,—#| <7/2 and O<h, <2T. 
According to the mean-value theorem, we have 


| 
| 
| 
H 
{ 
i 
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Walls) |? Uni? (ra) + (72) 
Wa | at)? | (rs) |? 
where 71, 72, 7; are numbers between #,; and #2. Since the sequence W,,’(t) is 
equicontinuous for 0</<27, m=1, 2, - - - , there is a 6>0 such that 


k2 
| Wal (t’) — Wel (t”)| for |’ <6, $27, 
1 


where kp and &; denote the constants in (8.1) and (8.2). Hence, if |t,—é| <6, 
Wal (73) |? — | (73) — Uni? | — | (73) — | 
| W al (73) |2 


If |t4:—t| <6 this proves (8.3). Let P; and P: be points for which 
As | Walt) —|W(h)-—W(H)| and 


ty 


approach zero uniformly for 0<4,,4252T when m—~ and 
ty 
if | Wai (t)| dt | = kod, 
ty 


(8.3) holds for all C,, for which m is sufficiently great, since (8.3) is valid if 
P, and P; are points on C. But (8.3) is obviously true for the finite set of the 


remaining C,,’s. 
9. Proof of Theorem V. Let 


t 
s=on(t) = | Wa! (| at, 
0 


denote the arc length along C,,. It follows from the Remark above that the 
functions W,,(t) (v=1, 2,---+, m) are equicontinuous and uniformly 
bounded for all ¢ and m=1, 2, - - - . Because of (8.2), the same is true for 
1/om'(t). 

Suppose first m=>2. We have 


= Conley) = Val 
(en (0))* 


By differentiating x“(¢,,(/)) v times with respect to ¢ we easily see that 
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Km” (s) (v=2, 3, - ++, m—1) is a polynomial in U,,(é), V»™(é) (u=1, 2, 

- , v+1) and in 1/¢,,’(¢). From this fact we infer first, with the help of 
(8.2), that the functions km‘"-»(s), considered as functions of s, are equicon- 
tinuous and uniformly bounded for all s and all m=1, 2, - - - . Furthermore, 
we infer from that fact and hypothesis (3), with the help of §3, (1 a), (3), 
and (2) and the inequality 


(9.1) 


that the integrals 


(n—2) 


@& d 
file (su) + — — %(s) | = 
0 u? 


exist and approach zero with a@ uniformly for all s and m=1, 2,--+-. Thus 
there exists a common convergence modulus for all these integrals. 

If m=1, let w(s) be the parametric representation of C,,, the arc length 
s being the parameter. Let w,,(s) denote dwm(s)/ds. Since 
Wm (t) 
om (t) 
we see that the functions w,,(s) are equicontinuous for all s and all m=1, 2, 
- + +, Furthermore, it follows from hypothesis (3) and (9.1) that 


Wn(s) = 


0 


exists and approaches zero uniformly with a for all s and m=1,2,---. 

Since W,,(#) converges uniformly toward W(i) as m—, there is a num- 
ber D>0, such that the diameter of every C,, is <D, and a number p>0, such 
that the circle with center wo and radius p lies entirely in every R,.(m=1, 
2, ---) and in R. Furthermore, (8.3) is true for every Cn, with d independent 
of m. Therefore we may apply to every C,, Theorem III (c) if »>1 and an 
analogous theorem about the first derivativet if »=1. According to these 
theorems the functions f,,‘”(z) assume continuous boundary values over all 
of |z| =1, which are equicontinuous in 2 and m=1, 2,--+- and uniformly 
bounded. 

Therefore we may apply to the functions (e*), OS v<2z7, a theorem 
of Ascoli,f according to which every subsequence of the fn‘”(e) contains a 


t See WR, p. 440. 
} See, for example, O. D. Kellogg, Foundations of Potential Theory, Berlin, Springer, 1929, p. 265. 


om(t) — om(t’) | 
0 < Ss ———— Sf, 
| 
| 
| 
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subsequence [ fm, ] which converges uniformly in as 
Hence also fm, (z) approaches uniformly a continuous function F(z) in 
|z| <1. According to Weierstrass’s convergence theorem, F(z) is analytic in 
|z| <1. 

Now it follows from the fact that W,,(#) approaches W(#) uniformly, that, 
in every fixed circle |z| <p<1, fm(z) converges uniformly toward f(z), and 
therefore also that fn‘”(z) approaches f‘"(z) there. Hence, in |z| <1, 
F(z)=f™(z), so that f‘(z) has continuous boundary values on | z| =1. 

Since every subsequence of the fn‘ (z) contains a uniformly convergent 
subsequence approaching always the same limit function f(z) in | z| $1, it fol- 
lows that the sequence f(z) itself approaches f‘”)(z) uniformly in |z| <1. 
Hence the theorem is true. 


CotumBIA UNIVERSITY, 
New York, N. Y. 


SIMPLY CONNECTED SETS} 


BY 
R. E. BASYE 


The class of simply connected sets, which is the object of study of the pres- 
ent paper, is closely related to the class of unicoherent sets introduced by 
Vietorist and Kuratowski.§ A connected set is unicoherent if, however it be 
expressed as the sum of two connected and relatively closed subsets, the 
common part of the latter is connected. For locally connected metric sets the 
two classes coincide. In order that a connected and locally arcwise connected 
subset M of the plane be simply connected, it is necessary and sufficient that 
the interior of every simple closed curve lying in M be a subset of M. The 
notion of simple connectedness in the weak sense is also defined. The properties 
of sets of these types have a variety of applications and furnish an interesting 
background for a number of well known theorems. 

I wish to express my thanks to Professor R. L. Moore, who greatly en- 
couraged me in the writing of this paper. 

A set A is closed in a set B if A lies in B and contains every point of B 
which is a limit point of A. If A is closed in B it is called a relatively closed 
subset of B. If F and G are subsets of a reference space S, F is said to be a 
closed subset of G if F lies in G and is closed in S. 

In a space S let C be a connected set and L any set whatever. L is said to 
disconnect, or separate C if C—C-L is not connected. Let H and K be two mu- 
tually exclusive subsets of C neither of which intersects L. Then L is said 
(1) to separate H from K in C if C—C-L can be expressed as the sum of two 
mutually separated sets which contain H and K respectively, (2) to discon- 
nect H from K in C if every connected subset of C that intersects both H and 
K contains a point of L, and (3) to weakly disconnect H from K in C if every 
connected and relatively closed subset of C that intersects both H and K 
contains a point of L. 

The three types of separation defined in (1), (2), and (3) are successively 
weaker. However, if C is a locally connected metric space, and L-C is closed 
in C, the three types are completely equivalent. 

A connected set M is said to be simply connected if for each pair of points 
A and B of M, and any relatively closed subset L of M that separates A from 

t Presented to the Society, October 28, 1933; received by the editors January 19, 1935. 

t Ueber stetige Abbildungen einer Kugelfliche, Akademie van Wetenschappen, Amsterdam, Pro- 
ceedings, vol. 29 (1926), p. 445. Vietoris uses the term “henkellos.” 

§ Une caractérisation topologique de la surface de la sphére, Fundamenta Mathematicae, vol. 13 
(1929), p. 308. 
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B in M, there exists a connected subset of L which separates A from B in M. 
This definition becomes the criterion for a connected set to be simply con- 
nected in the weak sense if “separates” is replaced throughout by “weakly dis- 
connects.” The properties of being simply connected and simply connected 
in the weak sense are intrinsic and topologically invariant. 

Every simply connected set is simply connected in the weak sense. If a 
metric and locally connected space is simply connected in the weak sense, it 
is simply connected. 

A simply connected metric space need not be locally connected. For 
example, the plane set consisting of the origin and the points (x, y) for which 
0<x<1, y=sin (1/x), is simply connected but not locally connected. If in 
addition, however, the space is locally compact, its local connectivity follows. 

In the definition of simply connected sets the separating set L was re- 
quired to be closed. It can be shown that, for metric sets, this requirement 
may be omitted. A similar remark does not apply to the definition of sets 
that are simply connected in the weak sense. 


THEOREM 1. Jf A and B are two points of a simply connected metric space 
M, and G={g;} is a countable collection of mutually exclusive closed sets no 
one of which separates_A from B in M, and G* is compact in M, then G* does 
not separate A from Bin M. 


For suppose G* does separate A from B in M. Then there exists a closed 
subset L of G* which separates A from B in M. Since M is simply connected, 
there exists a component A of L which separates A from B in M. The continu- 
um ) is not a subset of any element of G since no element of G separates A 
from B in M. Thus) is the sum, >> )-g;, of a countable number (greater than 
one) of mutually exclusive closed sets. But \ is compact. This contradicts a 
theorem of Sierpifiski.f 


THEOREM 2. If A and B are two points of a locally connected metric space M, 
and H and K are two closed sets neither of which separates A from B in M, and 
if the complementary domain D of H- K that contains A+B is simply connected, 
then H+K does not separate A from Bin M. 


THEOREM 3. Let A and B be two points of a connected and locally arcwise 
connected metric space S, and let G= {g;} be a countable collection of closed sets 
such that (1) the common part of every pair of elements of G is the closed set H 
(which may be vacuous), (2) if b; and bz are two arcs from A to B that liein S—H, 
then bi +z lies in a compact set which is simply connected in the weak sense and 
whose closure contains no point of H, and (3) G* is locally compact. If no element 
of G separates A from B in S, then G* does not separate A from Bin S. 


t Un théoréme sur les continus, Tohoku Mathematical Journal, vol. 13 (1918), pp. 300-303. 
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On the contrary supposition there exists a subset F of G* which is closed, 
contains H, separates A from B in S, and is irreducible with respect to these 
three properties. Denote by G’ the collection {g/}, where g/ =F-g,. The 
set F —H, which is locally self-compact, is the sum of the countable number 
of relatively closed subsets g/ —H. Hence, by a theorem of R. L. Moore,t 
there exists a set g —H that contains a point which is not a limit point of 
(F —H) —(gi —H). It easily follows that there exists an arc }; from A to B 
which has no point in common with any element of G’ except g/ . Moreover, 
since by hypothesis g; does not separate A from B in S, there exists an arc 
bz from A to B which has no point in common with g/. The continuum 
bi+52 lies in a compact set W which is simply connected in the weak sense 
and such that W-H =0. The set W-F separates A from B in W. Hence some 
component w of W -F weakly disconnects A from B in W, and thus intersects 
both }, and b.. Consequently w contains points of at least two elements of G’. 
Thus the compact continuum @ is the sum, >, #-g/, of a countable number 
(more than one) of mutually exclusive closed sets, contrary to a theorem of 
Sierpifski.f 

THEOREM 4. Jf a metric space is simply connected in the weak sense, it is 
unicoherent. 


That the converse of Theorem 4 is not true can be illustrated by simple 
examples of compact plane continua. 


THEOREM 5. A necessary and sufficient condition that a connected and locally 
connected metric space M be simply connected is that, if K is any subcontinuum 
of M, the boundary of every complementary domain of K be connected. 


The condition is necessary. For let M be simply connected and suppose 
there exists a continuum K such that the boundary B of a complementary do- 
main D of K is not connected. Since M is connected and locally connected, 
the boundary of every complementary domain of K is a non-vacuous subset 
of K. Hence M—Disacontinuum. Thus M is the sum of two continua, M —D 
and D, whose intersection is the disconnected set B. It follows from Theorem 
4 that M is not simply connected, contrary to hypothesis. 

Assume next that the condition is satisfied. Let L be a closed set which 
separates the point P from the point Q in M. Denote by D the complementary 
domain of L that contains P, by B the boundary of D, and by A the comple- 
mentary domain of the continuum D+B that contains Q. The boundary 
6 of A is a subset of B. But B is a subset of L. And by assumption 8 is con- 


+ Foundations of Point Set Theory, American Mathematical Society Colloquium Publications, 
vol. 13, p. 11, Theorem 15. 
t Loc. cit. 
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nected. Thus 8 is a connected subset of L that separates P from Q in M. 
Therefore M is simply connected. 

It has been proved by C. Kuratowskif that for a connected and locally 
connected metric space M the following three propositions are equivalent: 

A. If K is any subcontinuum of M, the boundary of every complementary 
domain of K is connected. 

B. However M be expressed as the sum of two continua, the intersection of 
the latter is connected. 

C. If H and K are any two mutually exclusive closed subsets of M, and P 
and Q are points of H and K respectively, there exists a continuum which sepa- 
rates P from Q in M and contains no point of H+K. 

Thus, in view of Theorem 5, we have the following result. 


THEOREM 6. Each of the conditions B and C is necessary and sufficient that 
a connected and locally connected metric space be simply connected. 


We next prove a result which, for the compact case, is a consequence of 
a closely related theoremf of W. A. Wilson. 


THEOREM 7. Let M be a metric, connected, and locally arcwise connected 
space. If every simple closed curve lying in M is contained in a subset of M 
which is simply connected in the weak sense, then M is simply connected. 


For suppose M is not simply connected. By Theorem 5 there exists a 
continuum K having a complementary domain D whose boundary B is not 
connected. Let B= B,+ Be, where B, and B; are mutually separated sets. Let 
P,P; be an arc contained in D except for its end points, which lie in B, and 
B, respectively. Let F be a closed set which separates B; from By in M. De- 
note by Q; and Q; the first points of F on P,P? in the orders from P, to P; and 
from P; to P, respectively. About each point X of K consider a connected 
region Rx such that (1) Rx-F=0 if X¢F, (2) Rx-D=0 if Xe F, (3) 
=0 if and (4) Rp,: (O,P2) = Rp,: (Q2P1) =(0. The sum 
of these regions is a connected domain A whose intersection with F has no 
point in common with D. Let h be an arc in A with end points P; and Pz». 
Denote by P/ the first point of / in the order from P; to P: which lies on 
P.Q2, and by Py the first point of / in the order from P/ to P,; which lies on 
P,Q. Denote by u the subarc Pj P/ of P:P:2, and by v the subare Pj PY of h. 

By hypothesis the simple closed curve u+- lies in a subset NV of M which 
is simply connected in the weak sense. The set F separates P/ from P;’ in 

t Sur les continus de Jordan et le théoréme de M. Brouwer, Fundamenta Mathematicae, vol. 8 
(1926), pp. 148-150. 


t On unicoherency about a simple closed curve, American Journal of Mathematics, vol. 55 (1933), 
pp. 135-145, Theorem of §11. 
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M since it separates P; from P; in M. Hence the set F-N, which is closed 
in NV, separates P from P/ in N. Consequently some component Fy of F-N 
weakly disconnects Pi from P; in N. Thus F) contains a point U of uanda 
point V of v. But Uc Dand V ¢ D. It follows that Fy contains a point of the 
boundary of D, contrary to the construction of F. 


CoROLLARY &. A metric, connected, and locally arcwise connected space M 
is a simple closed curve if and only if it fails to be simply connected but becomes 
simply connected upon the omission of any one of its points. 


Corottary 2. Let M be a metric and locally arcwise connected space. If o 
is a monotonic ascending sequence of simply connected subdomains of M, then 
the sum of the domains of o is also simply connected. 


THEOREM 8. If D is a connected subdomain of a compact, metric, continuous 
curve M, and the boundary B of D has at least n components (n an integer), 
then D contains a compact continuum K such that every subset of M which sepa- 
rates K from Bin M has at least n components. 


Let B be expressed as the sum of m mutually separated sets B,, -- - , Bn. 
Let F; (é=1, - - - , ) be a closed set which separates B; from B—B; in M. 
There exists a continuum K which lies in D and contains the closed set 
(Fit ---+F,)-D. Let P be a point of K and consider an arc PQ; (i=1, 

- + ,) that is contained in D except for the point Q;, which lies in B,. Let 


P; be the first point of Q,P that lies in K. If L is a subset of M which separates 
K from B in M, then L must contain a point Z; of the arc P,Q; (¢=1, - - - ,”). 
Denote by A; the component of L that contains Z;. These components are 
subsets of D. Moreover no two of them coincide. For if \;=), (¢ ¥7), then 
4: +0,:Z;+0,;Z; is a connected set which intersects B; and B; and contains 
no point of F;, contrary to the construction of F;. It follows that LZ has at 
least m components. 


THEOREM 9. A compact, metric, continuous curve M is simply connected 
if and only if every two mutually exclusive subcontinua of M can be separated 
in M by a third subcontinuum of M. 


Theorem 9 can be proved with the aid of Theorems 5 and 8. 

The following variation of Theorem 9 may be stated: A compact, metric, 
continuous curve M is simply connected if and only if, given any two mu- 
tually exclusive subcontinua H and K of M, there exists but one component 
of M—(H+K) whose closure intersects both H and K. 


THEOREM 10. A compact, metric, one-dimensional continuum M is simply 
connected in the weak sense if and only if there exists but one irreducible sub- 
continuum of it between any two of its points. 
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The condition is necessary. For let M be simply connected in the weak 
sense and suppose there exist in M two distinct continua, Z; and Le, each of 
which is irreducible between the point A and the point B. Clearly A and B 
lie in different components of J =L,-L2. Let I=I4+IJ, where I, and J, are 
mutually separated sets containing A and B respectively. Let F be a closed 
subset of M which separates J, from Jz in M. About each point P of F con- 
sider a domain (relative to M) whose closure contains no point of J and such 
that its boundary is totally disconnected. There exists a finite number of 
these domains, D,, - - - , Da, whose sum D covers F. If 8; denotes the boun- 
dary of D;, the set 61+ - - - +8, is totally disconnected. Hence the boundary 
B of D, being a subset of 6:+ - - - +8,, is totally disconnected. Now F 
separates A from B in M, and 8 separates A+B from F in M; hence 8 sepa- 
rates A from B in M. Consequently there exists a component Q of 8 which 
weakly disconnects A from B in M, and Q must be a point. Since Q weakly 
disconnects A from B in M, it must intersect both Z; and Lz. Thus Q is a 
point of J, contrary to the construction of 8. 

The sufficiency of the condition is obvious. 


THEOREM 11. In a locally compact, locally connected, simply connected, 
metric space M let H and K be two closed sets of which H is compact and whose 
intersection T is totally disconnected. If A and B are points of H—T and K-—T 
respectively, there exists a compact continuous curve, lying in M, which separates 
A from B in M and contains no point of (H+K)—T. 


There exists a domain D which contains H and is compact in M, and there 
exists a closed subset F of D which separates H—T from K—T in M. The 
set F is compact. Since M is simply connected, there exists a component ¢ of 
F which separates A from B in M. We shall construct a compact continuous 
curve which contains ¢ and has no point in common with (H+K)—T. 

Let A;, Ae, - - - be a sequence of compact domains closing down on ¢-T 
such that A;,,¢ A; (i=1, 2,---). Denote by Lo the compact closed set 
¢:(M—A,), and by L;(i=1, 2, - - - ) the compact closed set ¢-(A;—Aj41). 
For each point P of L; (¢=0, 1, 2, - - - ) let rp be a compact and connected 
domain containing P such that (1) #p-(H+K) =0, and (2) #p ¢ (Ay_1—Ajs2) 
if i>1. By the Borel-Lebesgue theorem there exists a finite number of the 
closed domains 7p whose sum R; covers L;. Thus R; is a compact closed set 
which has only a finite number of components and contains no point of H+ K. 
Consequentlyf each component of R; can be imbedded in a compact contin- 

T Special cases of the theorem required here are due to H. M. Gehman, G. T. Whyburn, W. L. 
Ayres, and others. For references to their results and Wilder’s generalization, see R. L. Wilder, On 


the imbedding of subsets of a metric space in Jordan continua, Fundamenta Mathematicae, vol. 19 
(1932), pp. 45-64. 
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uous curve, lying in M, which has no point in common with H + K, and which, 
if i>1, is a subset of (A,_1—A;42). The sum S; of these continuous curves is a 
closed and locally connected set which contains L;. It readily follows that 
S=>0S;:+¢-T is a compact continuum, containing ¢, which is locally con- 
nected at every point of })S; and hence, since ¢-T is totally disconnected, at 
every point of S. Therefore S is a compact continuous curve which separates 
A from B in M and has no point in common with (WH +K) —T. 

A sequence of sets lying in a space S is said to close down on a compact 
closed set K if K is common to all the sets of the sequence and if every domain 
containing K contains all but a finite number of the sets of the sequence. We 
now prove a proposition which generalizes a theorem of K. Borsukf and is 
closely related to a theorem of Vietoris.{ 


THEOREM 12. In a compact metric space E let ¢ = {S;} be a sequence of sets 
closing down on a closed set S. If the sets of o are simply connected in the weak 
sense, so alsois S. 


Let A and B be any two points of S, and F any relatively closed subset 
of S which weakly disconnects A from B in S. Let {D;} be a sequence of 
domains closing down on F such that the closure of no one of them contains 
A or B. For each i the closed domain D; weakly disconnects A from B in at 
least one of the sets of «. For suppose D, does not weakly disconnect A from 
B in any set of a. Then for each j there exists a relative subcontinuum C; of 
S; which contains A+B and has no point in common with D,. Some sub- 
sequence of {C;} has a sequential limiting set C. The set C is a subcontinuum 
of S that contains A+B and has no point in common with D;. Hence C has 
no point in common with F, contrary to the fact that F weakly disconnects 
A from B in S. 

For each i let S,, be the first set of ¢ such that D; weakly disconnects A 
from B in S,,. Since, by hypothesis, S,, is simply connected in the weak 
sense, there exists a component d; of S,,-D; which weakly disconnects A 
from B in S,,. Some subsequence of {d;} has a sequential limiting set d. 
The continuum d is a subset of F since { D;} closes down on F. Furthermore 
d weakly disconnects A from B in S. For suppose L is a subcontinuum of S 
which contains A+B but no point of d. Then there exists an integer r such 
that d, and L are mutually exclusive. But this implies that d, cannot weakly 
disconnect A from B in any set of ¢, contrary to what was shown above. 


+ Quelques théorémes sur les ensembles unicohérents, Fundamenta Mathematicae, vol. 17 (1931), 
p. 208. 

t Uber den hiheren Zusammenhang von Vereinigungsmengen und Durchschnitten, Fundamenta 
Mathematicae, vol. 19 (1932), p. 266. 
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Thus d is a connected subset of F which weakly disconnects A from B in S. 
Therefore S is simply connected in the weak sense. 


Coro.uary. If, in a metric space, o is a monotonic descending sequence of 
compact continua which are simply connected in the weak sense, the product of 
the sets of « is also simply connected in the weak sense. 


We state next the fundamental lemma for simply connected subsets of 
the plane. 


Lemma K. A plane continuum consisting of a simple closed curve and its 
interior is simply connected.T 


We note that a consequence of Lemma K and the Corollary of Theorem 
12 is the following result due to Urysohn: 


THEOREM K. Every compact plane continuum which does not separate the 
plane is simply connected in the weak sense.t 


We note further that Theorems 4 and K imply the following theorem of 
S. Janiszewski: If two compact plane continua intersect in a disconnected 
set, their sum separates the plane.§ 

The following generalization of Theorem K can be proved by considering 
an inversion of the plane. 


THEOREM 13. Jf A and B are two points of a compactly connected|| plane 
continuum M which does not separate the plane, F is a closed subset of M that 
weakly disconnects A from B in M, and every component of F is compact, then 
some component of F weakly disconnects A from Bin M. 


In accordance with Urysohn’s theorem every compact plane continuum 
which does not separate the plane is simply connected in the weak sense. We 
next prove that certain continua which separate the plane have the same 


property. 

THEOREM 14. Every compact, indecomposable, plane continuum M which 
is the common boundary of all its complementary domains is simply connected 
in the weak sense. 


We shall show that if A and B are points of M there exists but one sub- 


t Fora proof of this lemma see R. L. Moore, Foundations of Point Set Theory, p. 194, Theorem 
24’. 

t Ueber Raiume mit verschwindender erster Brouwerscher Zahl, Akademie van Wetenschappen, 
Amsterdam, Proceedings, vol. 31 (1928), pp. 808-810. 

§ Sur les coupures du plan faites par les continus, Prace Matematyczno-Fizyczne, vol. 26 (1913), 
pp. 11-63. 

|| A connected set M is compactly connected if every two of its points lie together in a compact 
subcontinuum of M. See R. L. Moore, Foundations of Point Set Theory, p. 465. 
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continuum of M which is irreducible between A and B. Suppose Z; and L, 
are two distinct subcontinua of M each of which is irreducible between A and 
B. The intersection of Z; and L, cannot be connected; hence L:+Lz2 separates 
the plane. Since M is indecomposable there exists a point P of M—(L,+2). 
Denote by D a complementary domain of L,+ JL, which does not contain P, 
and by A a complementary domain of M which lies in D. The boundary of 
D lies in L,+Z, and hence cannot contain P. Therefore P cannot lie on the 
boundary of A, contrary to hypothesis. 

It follows that M is simply connected in the weak sense. 

With the aid of this result it is easy to construct examples of compact 
plane continua which separate the plane, are not indecomposable, and are 
simply connected in the weak sense. It would be interesting to find necessary 
and sufficient conditions for a compact plane continuum to be simply con- 
nected in the weak sense. 


THEOREM 15. If A and B are two points of a compactly connected plane 
continuum M which does not separate the plane, and G is a countable collection 
of mutually exclusive closed subsets of M no one of which weakly disconnects 
A from B in M, and G* is closed and compact, then G* does not weakly discon- 
nect A from Bin M. 


The proof, based on Theorem 13, is similar to that of Theorem 1. 


THEOREM 16. If H and K are two plane continua one of which is compact, 
and G denotes the collection of those complementary domains of H+K each of 
whose boundaries contains points of H—H-K and points of K—H-K, then 
G*+H-K is a connected set which is not disconnected by any element of G. 


If H-K =0 then G contains only one element. 

Suppose H - K #0. Consider the case where H and K are both compact and 
suppose there exists an element D of G such that (G*+H-K)—-D=N,+N,, 
where N, and Ne are mutually separated sets. The boundary of each ele- 
ment of G is connected and therefore contains a point of H- K. Hence there 
exist points P; and P; of H-K which lie in N; and Nz respectively. At least 
one of the sets Vi, N2 is bounded. Hence there exists a compact closed subset 
F of S—D (where S denotes the plane) which separates NV; from N2 in S—D. 
Now S—D is a compactly connected continuum which does not separate S. 
Hence, by Theorem 13, there exists a component Fy of F which weakly dis- 
connects P; from P; in S—D. Hence Fp intersects both H and K. The con- 
tinuum F») contains a connected set fy which contains no point of H+K but 
such that both H and K contain at least one limit point of fo. Hence fo is a 
subset of an element of G. This is a contradiction. It follows also that G* 
+H-K is connected. 
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The case where one of the sets H, K is not compact can be reduced to the 
one considered by an inversion of the plane about a circle lying in D. 

It is interesting to observe that the Janiszewski theorem mentioned in 
connection with Theorem K is also a direct corollary of Theorem 16. 

Another theorem due to Janiszewskif is the following: If H and K are 
two compact closed subsets of the plane neither of which separates the point 
A from the point B in the plane, and if H-K is connected, then H+K does 
not separate A from B in the plane. With the aid of Theorem 13 this result 
can be generalized as follows. 


THeoreM 17. In a plane S let G={g;} be a countable collection of closed 
sets such that G* is compact. If A and B are two points of S, and M and N are 
two compact continua, each containing A+B, such that no element of G inter- 
sects both M and N, and such that the set of those points common to two or more 
elements of G is contained in a complementary domain D of M+N, then G* 
does not separate A from Bin S. 


For suppose the contrary. Then (S—D)-G* separates A from B in S—D. 
Let F be a closed subset of (S—D)-G* which separates A from B in S—D. 
Since S—D is a compactly connected continuum which does not separate S, 
and F is compact, there exists, by Theorem 13, a component Fo of F which 
weakly disconnects A from B in S—D. Therefore Fo contains points of both 
M and N, and hence intersects at least two of the mutually exclusive closed 
sets (S—D)-g;. But this contradicts a theorem of Sierpifiski.f 


THEOREM 18. Let H and K be two plane continua whose common part is 
not connected. If N is a compact component of H-K such that H-K—N is 
closed, there exist two complementary domains A,, Az of H+-K such that (1) the 
boundary of A,(i=1, 2) intersects N, H—H-K, and K—H.-K, and (2) Ai+N 
+A, contains a compact continuum L such that L- A, and L- Az are non-vacuous 
connected sets. 


Suppose first that H and K are compact. 

Let E be a compact closed set which separates H—H-K from K—H-K 
in S, the plane. Let EZ’ denote the sum of H-K and those points of E which 
lie in complementary domains of H+K whose boundaries intersect both 
H—-H-K and K—H.-K. The set E’ is closed and separates H—H-K from 
K-—H.-K in S. Consider a component hk’ of H—H-K which has limit points 
in N and in H-K—N. Denote by h the continuum which is the sum of h’ 
and those components of H-K which contain limit points of h’. Let N be 
enclosed in a domain D such that D contains no point of H-K —N and such 


Loc. cit. 
t Loc. cit. 
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that the boundary B of D consists of a finite number of mutually exclusive 
simple closed curves. There exist two finite collections JT, and Tx of subarcs 
of B such that (1) if 6 and c are elements of 7, and 7x, respectively, then 
b-h#0,c-K #0, and (b+c)-E’ =b-c=0, and (2) 7,* >h-Band Tx* >K-B. 
Denote by H’ and K’ the continua 4+7,* and K+T7,* respectively. We 
note that H’-K’=h-K. The set E’ separates H’—H’-K’ from K’—H.-K in 
S. If F represents the sum of H - K and those points of E’ which lie in comple- 
mentary domains of H’+K’ whose boundaries intersect both H’—H’-K’ 
and K’—H-K, then F is a closed set which separates H’—H’-K’ from K’ 
—H-K in S. The collection R of those components of D-(H’+K’)—N 
having no limit points in N is finite. Let J be a simple closed curve which 
lies in D, intersects no element of R, and separates N from H’-K’—WN. There 
exists a subarc PQ of J whose end points lie in H’ and K’ respectively. The 
component u of D-(H’+K’)—N which contains P, and the component 
v of D-(H’+K’)—N which contains Q, have limit points in N. There exists 
a component F; of F which separates u from v in S. Thus F; contains a point 
of PQ and a point of NV. Let ZL; be a subcontinuum of F, which is irreducible 
from N to J+B, and denote by d,; the complementary domain of H’+K’ 
which contains the connected set 

The continuum S—d, is compactly connected and does not separate the 
plane. Hence, by Theorem 13, there exists a subarc P’Q’ of J which lies in 
S—d, and weakly disconnects N from a point X of H’-K’—N in S—d. 
There exists a subarc p’q’ of P’Q’ whose end points lie in H’ and K’ respec- 
tively. There exists, further, by Theorem 13, a component F; of F-(S—d,) 
which weakly disconnects p’ from g’ in S—d,. Hence F; contains a point of 
p’q’. If u’ and v’ denote the components of D-(H’+K’)—N which contain 
p’ and q’ respectively, then u’+N-++v’ is a subcontinuum of S—d,. Hence 
F; contains a point of N. Let Lz be a subcontinuum of F; which is irreducible 
from NV to J+B, and denote by dz the complementary domain of H’+K’ 
which contains L2—L,-N. 

The complementary domains 6; and 6, of h-+K which contain d, and da, 
respectively, are distinct. For suppose the contrary. Let Y; and Y2 be points 
of d, and d2 respectively. There exists an arc 8 from Y; to Y2 which lies in 
5, and hence contains no point of 4+K. Since the boundaries of d; and dz 
intersect K’—H-K, there exist two arcs Y,Z,; and Y2Zz2 which lie in d; and 
dz, respectively, except for the points Z; and Z2, which are contained in 
K’—H-K. The continuum contains and has 
no point in common with 7;,*. The common part of T,* and 4+-K is a subset 
of h’, and h’ is a connected set having no point in common with 8+ . Hence, 
by Theorem 17, H’+K=h+K+T,* does not separate Y; from Y2 in S. 
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With this result it can be proved by a similar argument that H’+K’ does 
not separate Y; from Y2 in S. But this is a contradiction. 

It follows that the complementary domains A, and A; of H+K which 
contain L;—L,-N and N, respectively, are distinct. If we take L= 
+N-+Tz2, the domains A,, A, are seen to satisfy the conditions of the theorem. 

The case where H and K are not assumed to be compact can be reduced 
to the one considered by performing an inversion of the plane about a circle 
whose center lies in S—(H+K). 


Coro itary. [f H and K are two unbounded plane continua whose intersec- 
tion is non-vacuous and compact, there exist two complementary domains 
Ai, As of H+K such that (1) A; (é=1, 2) contains an unbounded continuum, 
and (2) the boundary of A; (i=1, 2) intersects H-H-K and K—H-K. 


THEOREM 19. A necessary and sufficient condition that a connected and lo- 
cally arcwise connected subset M of the plane be simply connected is that the 
interior of every simple closed curve lying in M be a subset of M. 


That the condition is sufficient follows from Theorem 7 and Lemma K. 
The condition is also necessary. For assume M to be simply connected 
and suppose M contains a simple closed curve J whose interior J contains a 
point Q which does not lie in M. Let / be a straight line which intersects /, 


and denote by P; and P; the two points of /-J such that the interval P:P, 
of / contains /-J. Join P; with P2 by an arc 6 which contains Q and lies in J 
except for its end points. Let A and B denote interior points of the two 
arcs of J whose end points are P; and P2. The open curve h=(1—P,P2)+6 
separates A from B in the plane. Hence 4- M separates A from B in M. But 
no component of 4: M can separate A from B in M; for such a component 
would contain P:+P: and hence Q. This contradicts the hypothesis that M 
is simply connected. 
We get the following well known corollaries. 


CoROLLARY 1. A bounded, connected subdomain of the plane is simply con- 
nected if and only if its complement is connected. This remains true if “com- 
plement” is replaced by “boundary.” 


CoROLLARY 2. An unbounded, connected subdomain of the plane is simply 
connected if and only if every component of its complement is unbounded. This 
remains true if “complement” is replaced by “boundary.” 


CoROLLARY 3. Every complementary domain of a plane closed set each 
component of which is unbounded is simply connected. 
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Coro tary 4. If Dis a complementary domain of a bounded plane continu- 
um, and F is a bounded and relatively closed subset of D which separates a point 
A from a point B in D, then F contains a connected subset which separates A 
from B in D. 


An application of Corollary 3 and Theorem 2 is the following well known 
theorem: If H and K are two closed sets neither of which separates the point 
A from the point B in the plane, and if each component of H - K is unbounded, 
then H+K does not separate A from B in the plane. This theorem can be 
generalized as follows: 


THEOREM 20. In a connected and locally arcwise connected subset M of a 
plane S let G be a countable collection of relatively closed sets such that (1) the 
common part of every pair of elements of G is the set H (which may be vacuous), 
(2) either H+(S—M) is vacuous or every component of H+(S—M) is un- 
bounded, and (3) G* is locally compact in M. If no element of G separates the 
point A from the point B in M, then G* does not separate A from Bin M. 


Let 5, and bz be two arcs from A to B that lie in M—H. The set H+(S 
—M), if not vacuous, is contained in the unbounded domain D which is 
complementary to b,+2 in S. Hence the compact continuum S—D is a sub- 
set of M—H. But S—D does not separate S and therefore, by Theorem K, 
is simply connected in the weak sense. Hence, by Theorem 3, G* does not 
separate A from Bin M. 

Another special case of this result is the following theorem of Anna 
Mullikin}: If G is a countable collection of mutually exclusive closed sets 
lying in the plane S, and no element of G separates the point A from the point 
B in S, then G* does not separate A from B in S. 

If the collection G is not restricted to be countable, we have a proposition 
related to a theorem{ of Rutt and Roberts: 


THEOREM 21. In a connected and locally arcwise connected subset M of a 
plane S let G be any collection of connected sets which are closed in S such that 
(1) the common part of every pair of elements of G is the non-vacuous set H, 
(2) every component of H+(S—M) is unbounded, and (3) G* is closed in M. 
If no element of G separates the point A from the point B in M, then G* does not 
separate A from Bin M. 


+ Certain theorems relating to plane connected point sets, these Transactions, vol. 24 (1922), p. 
148, Theorem 3. 

t See N. E. Rutt, On certain types of plane continua, these Transactions, vol. 33 (1931), p. 815, 
Theorem IV and Corollary IV; and J. H. Roberts, Concerning collections of continua not all bounded, 
American Journal of Mathematics, vol. 52 (1930), p. 553, Theorem I. 
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In the outline of proof that follows let S be the space of reference. 

Suppose the theorem false. Select an element g of G, choosing it to be un- 
bounded if there are any unbounded elements of G. Let LZ denote the col- 
lection of all elements each of which is the sum of g and a component of a set 
obtained by subtracting H from an element of G. There exists a subset F 
of L* which is closed in M, separates A from B in M, contains every element 
of L which has with it a point of L*—g in common, and is irreducible with 
respect to these three properties. 

With the aid of Theorem 20 there can be constructed four arcs AP; 
(t=1,- - - , 4) lying in M such that (1) AP; (¢=1, - - - , 4) has in common 
with F the point P; and this point only, and (2) Pi, - - - , Ps lie in F—g and 
in distinct elements /;, - - - , 4, respectively, of L. Let J be a simple closed 
curve which separates A from F in S such that, if D denotes the complemen- 
tary domain of J that contains F, no two of the arcs AP; have a point of D in 
common. Denote by Q,(i=1, - - - , 4) the first point of P;A which lies on J. 
Two of the points Q;, say Q, and Q3, separate the other two in J. The set 
W =0,P:+03P3+h+l; contains Q:+Q; and lies in D. Moreover W is either 
a continuum or the sum of two or three unbounded continua. Therefore W 
separates (2. from Qs, and hence P, from P,, in D. It follows that 4+]; sepa- 
rates from in F. Thus where and F, are 
mutually separated sets containing .—g and 1,—g respectively. The sets 
R.=F.,+(44+/s) and Rs=F,+(1,+/;) are closed in M and each contains every 
element of L which has with it a point of L*—g in common. But Rz and Ry 
are proper subsets of F. Hence neither R2 nor Ry can separate A from B in 
M. Therefore, by Theorem 20, R2+Rs(=F) does not separate A from B in 
M, contrary to construction. 


THEOREM 22. If a bounded and locally arcwise connected subset M of the 
plane S separates the point A from the point B in S, then M contains a simple 
closed curve which separates A from Bin S. 


By hypothesis S—-M=H+K, where H and K are mutually separated 
sets containing A and B respectively. One of the sets H, K is bounded since 
the exterior of a circle enclosing M is a subset either of H or of K. Hence 
there exists a compact continuum F which separates A from B in S and con- 
tains no point of H+K. By a theorem of R. L. Wilder there exists a compact 
continuous curve N which contains F and is a subset of M; and by a theorem 
of R. L. Mooreft N contains a simple closed curve which separates A from B 
in S. 

T Loc. cit. 


t Concerning continuous curves in the plane, Mathematische Zeitschrift, vol. 15 (1922), p. 260, 
Theorem 5. 
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This result enables us to generalize Corollary 1 of Theorem 19 as follows: 


THEOREM 23. A bounded, connected, and locally arcwise connected subset 
of the plane is simply connected if and only if it does not separate the plane. 


As further applications of simply connected sets we shall prove several 
theorems relating to the separation of a continuum by a closed set. 


THEOREM 24. Let H and K be two plane continua of which K is compact if 
H is compact. If H disconnects the boundary of some complementary domain of 
H+K then H disconnects K. 


Suppose the contrary. Let B denote the boundary of a domain A comple- 
mentary to H+K such that B—B-H=N,+Nsz, where N; and N;2 are mu- 
tually separated sets. The set Vi+N; is a subset of that complementary do- 
main D of H which contains A. Let F be a relatively closed subset of D which 
separates N, from N; in D, and let F be compact if H is compact. By Corol- 
laries 3 and 4 of Theorem 19 there exists a component F) of F that separates 
a point P; of N, from a point P, of Nz in D. Hence F, contains a point of A, 
which implies that Fo is a subset of A. But K—K-H is a connected subset of 
D which contains P; and P; but no point of A. This is a contradiction. 


THEOREM 25. In an n-dimensional euclidean space E, the complement of 
every closed set K of dimension n—3 or less is simply connected. 


That the complement D oi K is connected is well known. Suppose D is 
not simply connected. Then, by Theorem 6, D=D,+Dz, where D; and D2 are 
connected and relatively closed subsets of D whose intersection is not con- 
nected. Thus D,;-D.=1,+I:, where J, and I, are mutually separated sets. 
Let F be a closed set which separates J; from J; in E,. Let P; and P: be points 
of J, and J, respectively. Then there exists a closed subset B of F which 
separates P, from P, in E, and is the common boundary of two domains. 
Since the dimension of B- K cannot exceed n—3, it follows from a theorem of 
P. Alexandrofft that B—B-K is a connected set. But B—B-K contains a 
point of D, and a point of D, and is a subset of Di + D2. Hence B—B-K con- 
tains a point of D,- D2, contrary to the fact that F, which contains B, has no 
point in common with-D,- D2. 

The theorem of Alexandroff referred to is, as he has pointed out, equiv- 
alent to the following theorem: If M and WN are two closed subsets of E, 
neither of which separates the point A from the point B in £,, and if the 

1 Sur les multiplicités cantoriennes et le théoréme de Phragmén-Brouwer généralisé, Comptes 
Rendus, vol. 183 (1926), pp. 722-724. In this paper the implicit assumption seems to be made that 
the common boundary is compact. That this restriction is not necessary follows from an argument 


by inversion. 
t Ibid. 
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dimension of M-N does not exceed n—3, then M+WN does not separate A 
from B in E,. We note that Theorem 25 is another formulation of the same 
result. 


THEOREM 26. In n-dimensional euclidean space a closed set K of dimension 
n—3 or less disconnects a continuum M if and only if it disconnects the boundary 
of some complementary domain of M. 


Clearly K disconnects M if and only if K-M (whose dimension does not 
exceed m—3) disconnects M. 

Suppose M—K-M=M,+M:, where M, and M; are mutually separated 
sets. Since K-M does not disconnect space there exists an arc P,P, whose 
end points lie in M, and Mz, respectively, but which otherwise contains no 
point of M. The set P:P:—(P:1+P2) lies in a domain A complementary to M. 
If B denotes the boundary of A we have B—K-B=B-M,+B-M2, where 
B-M, and B- M; are mutually separated sets containing P; and P, respec- 
tively. Thus K-M disconnects the boundary of A. 

The sufficiency of the condition can be proved with the aid of Theorem 25 
and an argument similar to that of Theorem 24. 

In particular a point of a continuum M in three or more dimensions is a 
cut point of M if and only if it is a cut point of the boundary of a comple- 
mentary domain of M. It is interesting to note that this proposition, though 
truet for bounded continua in the plane, is not generally valid for unbounded 
plane continua. 

As a second application of Theorem 3 we shall extend a result of R. L. 
Moore} to n-dimensional euclidean space >2). 


THEOREM 27. In a euclidean space E of three or more dimensions let G be a 
countable collection of closed sets of which the common part of each pair is the 
point O. If no element of G separates the point A from the point B in E, then G* 
does not separate A from B in E. 


Let }, and b, be two arcs from A to B that lie in E—O. Consider two hyper- 
spheres with centers at O and such that 61+; lies in the domain D included 
between them. D is homeomorphic to E—O and hence, by Theorem 25, is 
simply connected. It follows from Theorem 3 that G* does not separate A 
from B in E. 


t See R. L. Moore, Concerning the common boundary of two domains, Fundamenta Mathematicae, 
vol. 6 (1924), p. 211, Theorem 8; and G. T. Whyburn, Concerning continua in the plane, these Trans- 
actions, vol. 29 (1927), p. 389, Theorem 19. 

t Foundations of Point Set Theory, p. 298, Theorem 113. 
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1. Introduction. The central concern of this paper is the integration of 
functions with values in a complete normed vector space, or “Banach” space 
%. This question has already been studied by Graves and Bochner,§ but 
we shall approach it from an entirely independent angle, most easily under- 
stood as an extension of Fréchet’s elegant interpretation|| of the Lebesgue 
integral. 

Fréchet considers a function f() from an abstract domain © with a o- 
field = of measurable sets, to the real number system R. To each partition A 
of S into finite or enumerable sets o; (of measures m(o;)) of 2 he assigns a 
“relative upper integral” 


J*(f, A) = m(o,)-suppess f(p) 


i 
and a dual “relative lower integral” 


Is(f, A) = m(a;)- infpess t(?); 


assuming that both series are unconditionally convergent. 
It is evident that J+(f, A) <J*(f, A’) for any A, A’. Therefore the inter- 
section of the “relative integral ranges” 


Jx(f, 4) x J*(f, A), 


for fixed f and variable A, is not empty. If it consists of a single point J(f) 
of R, then f(p) is called “integrable,” and J(f) is called the “integral” of f(p). 

Our integral may be obtained from Fréchet’s by making two alterations. 
R must be replaced by an arbitrary Banach space %, and the “relative in- 
tegral range” must be redefined as the least closed convex set containing all 
sums -f(ps) assuming again the unconditional convergence of 
all such series. 


Tt Presented to the Society, September 4, 1934; received by the editors August 16, 1934, and, in 
revised form, February 11, 1935. 

t Society of Fellows, Harvard University. 

§ L. M. Graves, Riemann integration and Taylor’s theorem in general analysis, these Transactions, 
vol. 29 (1927), pp. 163-77. S. Bochner, Integration von Funktionen, deren Werte die Elemente eines 
Vektorraumes sind, Fundamenta Mathematicae, vol. 20 (1933), pp. 262-76. 

|| Fréchet, Sur Pintégrale d’une fonctionnelle étendue a un ensemble abstrait, Bulletin de la Société 
Mathématique de France, vol. 43 (1915), pp. 248-65. 
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The essential task is to prove that any two integral ranges of the same 
function overlap, leading immediately to the recognition of integrability as 
the property of having relative integral ranges of arbitrarily small diameter. 

2. Outline. With this in mind, the outline of the paper is very easy to 
remember. 

The essential technical facts are established in §$3—9 by a study of con- 
vexity and unconditional convergence.{ Interesting incidental results are ob- 
tained, but the emphasis is on the large number of ways in which the sets of 
a given unconditionally convergent series of sets can be replaced, without de- 
stroying unconditional convergence or enlarging the closure of the “convex 
hull” of the vector sum. 

The definition of the integral sketched in the introduction is then stated 
in full, together with some remarks on “completely additive set functions.” 
These occupy §$10-14. 

They are naturally followed by a discussion of the properties of the in- 
tegral, a few of which may be stated here. The integral of any integrable 
function T is a completely additive set function depending linearly on T 
[§§15, 18]. Finite-valued functions are everywhere dense in the “space” of 
these set functions [§17]. If $ is separable, then two integrands define the 
same set function if and only if they are “equivalent” as functions [$20]. And 
any rectifiable curve in Hilbert space has a tangent at almost every point 
[§21]. 

The paper concludes in §§22-25 with counterexamples (such as of no- 
where differentiable integrals), with a demonstration that our integral genu- 
inely includes those of Graves and Bochner, and with the enumeration of 
some unsolved problems. 

3. Calculus of complexes. The object of this section is to familiarize the 
reader with the formal properties of two natural operations on non-vacuous 
sets, or “complexes” of vectors. 

Accordingly, let 8 be any vector space,f whose elements we shall denote 
by Greek, and whose (real) coefficients by italic letters. Let further B,, B2, 
B;, - - - denote complexes of elements of %, in the sense just defined. 

We introduce the notation 


by Bi + +++ + Be = Bi 


t=1 


{ First studied by M. W. Orlicz, Beitrige zur Theorie der Orthogonalentwicklungen, Studia 
Mathematica, vol. 1 (1929), pp. 1-39 and 249-55. 

t As defined for instance in S. Banach, Théorie des Opérations Linéaires, Warsaw, 1932, p. 26. 
We shall refer to this volume in later footnotes as Banach. 
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for the set of all sums b,-6,+ - - - +6,-8, [8:¢B;]. This is to be distinguished 
from b,-B,+ - - - +0,-B,, which will be used to denote the point-set sum of 
the b;-B;, that is, the set of all elements of the form );-{;. 

It is quite evident that if we denote the origin by 9, then the following 
six properties of vector spaces hold for the vector sums of complexes: 


V1: B,+ B.=B.+B,, 

V2: By+(B2+B;) =(Bi+Bz)+Bs, 
V3: b-(B, +B) =b-B,+5- Bz, 

V4: by - B) =b,b,-B, 

V5: 1-B=B, 

V6: B+0=B and 0-B=0. 


Therefore if we define a “vectoroid” space to be any system satisfying 
conditions V1—V6, we can assert 


THEOREM 1. The non-vacuous subsets of B are the elements of a vectoroid 
Space. 


Calculations based on V1—V6 will be regarded as evident in the remainder 
of the paper, and performed without explanation. 

4. Convex hulls. Let again B be any complex of 8. By the “convex hull” 
of B [in symbols, Co(B)] we mean the set of all elements of the form 
--- +0,8,, where and -- - +b,=1. A convex com- 


plex is of course one which is its own convex hull, and any convex hull is 
convex, i.e., Co(Co(B)) =Co(B). We observe in passing without proof 


THEOREM 2. Bc is convex if and only if it satisfies (m+m2)B=mB 
+m2B for all m, m229. 

Now by V4, bimBit+ - - - - - - +5,8,), which shows 
that Co(m-B) =m-Co(B). Evidently also if ByeB, 20, + +0, 
=1, and --- +c¢,-(a,+6,), then 


= + + + (x81 + - - + + Co(B) 


proving Co(A +B) ¢ Co(A)+Co(B). 

But it is geometrically obviousf that given a;, b;=0 such that ai+ - - - 
+a,=bi+ --- +b,=1, c;,;20 exists satisfying and 
whence )>;,;¢:,;=1. Therefore if writ- 
ing 1=).i,;¢:,;(a:+8;), we see that 7eCo(A+B), proving Co(A)+Co(B) 
Co(A+B). 

This completes the proof of 


{ For both the a; and the }; can be regarded as dividing a unit line segment into disjoint intervals, 
the intersections of which are subintervals whose lengths c;,; have the desired properties. 
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THEOREM 3.¢ Co(m-B) =m-Co(B) and Co(A+B) =Co(A)+Co(B). 

That is, abstractly speaking, the correspondence B—Co(B) is a homeo- 
morphism carrying the vectoroid space of Theorem 1 into the vectoroid sub- 
space of convex complexes. 

5. The norm and diameter of convex hulls. We now add the permanent 
assumption that % is “normed,” that is, that there is associated with B a 
rule assigning to every &€ a number || €|| called the “norm” of &, and satisfy- 
ing 


N1: ||@|| =0 and for 
N2: 
|le-él] 

Such a rule automatically associates with every bounded complex B of 
% the “norm” ||B||=supg.s\|8||. It also associates with B a “diameter” 
p(B) =||B—B\| <2\|Bl|. Moreover the norms of bounded complexes clearly 


satisfy V1—N3. 
Because of the convexity of the norm function, we can prove 


TueoreM 4. ||Co(B)|| =|| Bl] and p(Co(B)) =p(B). 
For if b;=0, and then 


proving that ||Co(B)|| <||B||. But obviously ||Co(B)|| =||B|, and so ||Co(B)|| 
=||B||. The second half of Theorem 4 follows since 


p(Co(B)) = ||Co(B) — Co(B)|| = ||Co(B — B)|| = ||B — Bl] = p(B). 


6. Limits and closure. Hereafter we shall assume that % is not only 
normed but “complete,” that is, that every Cauchy sequence of elements of 
tends to a limit element of %. Further, we shall denote by B the closure of 
any complex B in %. The reader will find no difficulty in proving that Co(B) 
is the least closed convex set containing B. The truth of the formula 4+ B 
c A+B is equally obvious. 

THeEorEM 5. ||>0"__B,|| is not altered if we replace the B; by the closures of 


their convex hulls. Moreover if 0c; <1, then ||>0"_,c:-Bi|| is bounded by the 
norm \o5_.B «|| of the vector sum of some set of the B;. 


+ Theorem 3 has long been known. Cf. for instance T. Bonnesen and W. Fenchel, Theorie der 
konvexen Kérper, Berlin, 1934, p. 29. 
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The first statement follows directly from Theorems 3-4 and the equality 
|| A|| =||A||. To prove the second, it is sufficient to note thatc;-B; ¢ Co(B;+8). 
Hence by Theorem 3, 


>> Be Co( + 


t=1 


t=1 t=1 t=1 


= sup|| Bic) 


by what we have just proved, Theorem 4, and definition. 

7. Unconditional summation of elements. The primary object of §§7-9 
is to translate unconditional convergence into terms of the calculus of com- 
plexes and limitations on norm, in order to be able to handle the properties 
of relative integral ranges. For this purpose Theorem 6 is not strictly neces- 
sary. 

An enumerable aggregate = of elements £1, £2, &, --- (which need not 
be distinct) of % is called “unconditionally summable to é,” if and only if 
every arrangement a of all the elements of gives a series +£aa) 
+£a)+ convergent to Under these conditions, the series are 
called “unconditionally convergent to &.” 

It is clear that Z (Z‘)) is unconditionally summable (convergent) to & 
if and only if to every e>0 corresponds a number N so large that the sum 7 
of any finite set of terms of = (Z‘«)) including &:, - - - , &v satisfies || —&| <e. 

Now let 2: --- and 3’: &{+é&+é/+ --- be any two un- 
conditionally convergent series. By c-= we mean the series c-&+c-&+c-&; 
+---,and by the series £:/’+ +&,’’+--- ,where =£;+£/. 
The reader can easily see that these series are unconditionally convergent, 
and that the operations of addition and of multiplication by a scalar possess 
all of the usual vector properties. Therefore the unconditionally convergent 
series of B are the elements of a vector space G. 

Let B(Z) denote the (bounded) set of the finite partial sums of the ele- 
ments of =. By the “norm” ||=|| of = we mean ||B(Z)||. Since B(Z=+2’) 
c B(=)+B(2’) and B(c-Z)=c-B(Z), we see that © may be regarded as 
normed in the sense of §5. 

We shall now prove that € is complete relative to this norm, which 
amounts to asserting 
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THEOREM 6. The unconditionally convergent series of B are the elements of a 
second Banach space. 


Let 21, 22, Zs, - - - be any sequence of unconditionally convergent series 
of elements of %, such that to any e>0 corresponds N so large that m= N 
and n=N imply ||Z,.—Z.,|| <e. Clearly the ith terms £, of the Z, are uni- 
formly convergent Cauchy sequences, with limits £;. Let Z denote the formal 
series £:+£+£,+ - - - . The proof is complete if Z is unconditionally conver- 
gent and 

lim |= — =,|| = 0. 

But to any e>0 corresponds N so large that if m, n= N,then ||Z,,—Z,|| <e. 
And we can find M so large that if M<k(1)< --- <k(r), then ||>>j-1€k<a| 
<e. It follows that under the same hypotheses, 


| D || = |] lim 


i=1 jun] 
Dd few +e< 2e 
t=1 


so that = must be unconditionally convergent. But now if we pick any 
<(s), then for n= N, 


| > — | = || lim (ia) — 


i=1 


lim |} (jw Se 
|| 


by hypothesis. Hence ||=—Z,|| =e, completing the proof. 

8. Unconditional summation of complexes. Suppose similarly ® is an ag- 
gregate of enumerable complexes Bi, B2, Bs, - - - of B. ® will be called “un- 
conditionally summable” to a given complex B if and only if every series 
--- [8:eB;] is unconditionally convergent, and B is the locus 
of the sums of such series. We shall abbreviate this by writing >> .B;=B. 

In order that @ be unconditionally summable it is necessary as well as suf- 
ficient that to any e>0 correspond N so large that N <k(1)< - - - <k(r) im- 
plies || + - - <¢. For otherwise we could form an infinite series 
of elements from a sequence of such sets of complexes which was not uncon- 
ditionally convergent no matter how the gaps between the different terms 
were filled in by elements from the remaining complexes of ®. 

Keeping this in mind, we can prove without difficulty 
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TueoreM 7. If ;B;=B, then ,Co(B,) ¢ Co(B) and 


Co (B) = >> Co = Co (Bj). 
In the first place (using the above notation), by Theorem 5 


> Co (Bey) || = | <€, 
i=1 

and consequently the aggregate of the Co(B;) is unconditionally summable. 
Secondly, by the theory of limits, for sufficiently large N it is true that every 
point of 


N N 
Co (B;) ¢ Co ( 
i=1 i=1 
is within ¢ of some point of Co(B), and hence in the limit >> ;Co(B,;) ¢ Co(B). 
But conversely every point 5 of Co(B) can be approximated by a sum 
b* =) where m;=0, and B*¥ cB. And 
[8.*eB, |] whence b* =>-$_,m,)_,-,6.*. And since the sum of s unconditionally 
summable aggregates is itself unconditionally summable, 


= mast = Bi [B.eCo(B;) ]. 


That is, Co(B) ¢ >> ;Co(B;). 
Now consider the following triple inequality, 


Co(B;) ¢ Co(B) ¢ de Co ¢ Co (B;). 


The first relation follows from >> ,Co(B;) ¢ Co(B), which was proved above. 
The second we have just proved, and the third is utterly obvious. This com- 
pletes the demonstration of Theorem 7. 


THEOREM 8. If the aggregate ® of complexes B;is unconditionally summable, 
and the |m;| are uniformly bounded by a finite constant K, then the aggregate 
of complexes m;- B;is unconditionally summable, and 


co( S 2K-sup Bix) 


k=1 


Theorem 8 follows directly if we can prove unconditional summability 
from the relations 
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2K -sup > Bice) 


in which the first relation results from Theorem 4, the second from separat- 
ing positive and negative coefficients, the third and fifth from inclusion of the 
left-hand complex in the right, and the fourth from Theorem 7. 

But unconditional summability results from the three facts (1) m,;-B, 
c K-Co(B;+0)—K-Co(B;+9), (2) Theorem 7, (3) the set of the finite par- 
tial sums of the (B;+0) not involving the first N terms is the same as that 
of the B;. For these show, taken in reverse order, that if >°,B; exists, 
then so do (1) >>,(B:+9), (2) >:Co(B;+@), and hence (by Theorem 6) 
>> [K-Co(B;+0) —K-Co(B;+9)], (3) > 

9. Replacement of single series by double series. We are now in a posi- 
tion to prove the essential 


THeEorEM 9. If mj =>0, >> =m; for everyi, ¢ B;, every B; is bounded, 
and m,B;=B, then -B¥ ¢ Co(B), whence 


co( > m} c Co (B). 

For to any ¢>0 corresponds M so large that the norm of any finite sum 
of complexes B; [k >M] is less than }¢. And since By, - - - , By are bounded, 
we can choose N satisfying 


M 
(A) mi < ¢/2[||Bill + --- + || Bull]. 

i=1 j=N+1 

If therefore we exclude the MN complexes m/-B,/ for whichixM,jsN, 

we see that any finite sum of the remaining m; -B/ is composed of a set for 
which i= M,7>N, plus a set for which i> M. But by the triangle inequality 
on norm and (A), the norm of the first sum <4e, while by Theorem 5 and 
construction the norm of the second sum <#e. Therefore the norm of the 
whole sum <e, and the m/ - B; are unconditionally summable. 
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Again, every element of Tm -B# lies within }¢ of some element 
of Co(>-“,m;-B;), and hence within ¢ of some element of Co(>>,m;-B;). 
Therefore in the limit, by Theorem 7, we obtain 


ii 

10. Admissible domains. Hitherto we have confined our attention to 
properties of the range of the functions which we shall try to integrate. We 
shall in the present section consider the domain. 

We shall define as an “admissible domain” any space S of points in which 
is defined a so-called “o-ring” = of “measurable” point sets satisfying 

D1: The complement S—o of any one set a, and the product o;-02 and 
the sum o;+0; of any two sets o; and a; of 2, are in 2. 

D2: To every set o of = corresponds a number m(c) called the “measure” 
of 

D3: m(c) is zero, finite and positive, or +0. 

D4: If c=oi+02+0;+ --- is the sum of finite or enumerable disjoint 
sets o; of then is in and m(c) ---. 

By a “decomposition” of S we mean any choice A, of finite or enumerable 
disjoint non-vacuous measurable sets of finite measure, whose point-set sum 
is S. We shall adopt the fixed notation o;*, 02", - - - for the sets of composi- 
tion of A,. 

By the “product” A,-A; of two decompositions A, and A, we mean the de- 
composition of S into those sets ¢} -¢? which are non-vacuous. 

11. Completely additive set functions. Since integration will be defined 
relative to the o-ring 2, it is only natural that we should define a (single- 
valued) “set function” as a function J assigning to each set o of = a single 
“value” J(c) in 

The “sum” K =J,+J2 of two set functions J; and J2, and the “product” 
K*=c-J, of J; by a real scalar c, are of course defined by the identities 
K(e) =Ji(o)+J2(c) and K*(¢) =c-Ji(a). And J is called “completely addi- 
tive” if and only if the hypothesis that ¢ is the sum of finite or enumerable 
disjoint sets o; of = implies the conclusion that the values J(¢;) are uncondi- 
tionally summable to J(c). 


Lemma. If J is completely additive, then the set of the J(a) [ce] has a finite 
upper bound. 


Otherwise we could choose oi, 2, ¢3, - - - by induction so as to satisfy 
\|7(o1)|| >1 and ||J(o4:)|| >3||7(¢,)||. And the series of the (a; 
+--+ +0;1)) could not be unconditionally summable. 
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The (finite) least upper bound to the ||J(¢,)|| will be called the “norm” of 
J, denoted by |||]. 


THEOREM 10. The completely additive set functions of S to B are a Banach 
space §(S; B). 


Every property of Banach space is obvious except completeness. But since 
the J,(¢) are a uniformly convergent Cauchy sequence, it is obvious that 
they tend uniformly to a limit set function J. 

It remains to prove that J is completely additive. But for each choice of 
o=0,+02+03+ - - -, this is a corollary of Theorem 6. This completes the 
proof of Theorem 10. 

There are three superficial remarks, which, although apparently incon- 
sequential, should perhaps be made. In the first place, the proof of Theorem 
10 can be duplicated to show that §(S; B) is imbedded in the Banach “super- 
space” of bounded set functions. Secondly, every permutation o—7/(c) of the 
sets of = induces an isometric linear transformation II: JJ, of this super- 
space into itself, defined by the equation J,(¢) =J(x-'(c)). And thirdly, if 
this permutation preserves inclusion relations (i.e., is itself induced by a meas- 
ure-preserving permutation of the points of S), then it carries §(S; B) into 
itself, and so defines an isometric linear transformation on it. 

12. Admissible point functions. By a “function” (more precisely, point 
function) T of an admissible domain S to a Banach space % we shall mean 
from now on a rule assigning to each point p of S one or moref “images” in 
%. More generally, if ¢ is any complex in S, we shall use T(c) to denote the 
complex of the images of the points of oc. 

The “sum” V =7+U of two such functions T and U, and the “product” 
W =k-T of a function T by a real scalar & are naturally defined by setting 
V(p) =T(p)+U(p) and W(p) =k- T(). This defines the admissible functions 
as elements of a “vectoroid” space, which becomes a vector space if we restrict 
ourselves to single-valued functions. 

13. Summability and integral ranges. We now lay down 


DEFINITION 1. A function T is called “summable” under the decomposition 
A of S if and only if each T(a;) is bounded, and the aggregate of the m(a;)-T(a;) 
is unconditionally summable. 


{ The idea that since an integral range is a multiple-valued set function, we lose nothing by al- 
lowing T to be multiple-valued, is due to A. Kolmogoroff, Untersuchungen iiber den Integralbegri ff, 
Mathematische Annalen, vol. 103 (1930), pp. 654-96. 
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DEFINITION 2. If T is summable under A, then the set 


J,(T) = co( m(o.)- T(e)) 


is called the “integral range” of T relative to A. 


THEOREM 11. If the function T is summable under two decompositions A 
and A, then T is summable under the product decomposition A-A,, and 


Ja.a(T) J(T)-Ja(T). 
Therefore any two integral ranges of T overlap. 


Suppose the sets of decomposition of S under A and A, are o; and «/, 
respectively. Then if we denote m(¢,) by by B;, m(o;-0/) by mf, 
and 7T(¢;-0/) by Bj, the hypotheses of Theorem 9 are clearly fulfilled. It 
follows that T is summable under the product 4-A,; of A and A, and that 
Js.s,(T) ¢Js(T). The rest of the conclusion follows by symmetry. 

14. The integrable functions and their integrals. We are now ready for 


DEFINITION 3. A function T will be called integrable if and only if the in- 
ferior limit of the diameters of its integral ranges is zero. 


THEOREM 12. If T is integrable, then the intersection of the integral ranges of 
T is a single element J(T) of B. 


We can choose a set of integral ranges Ja,(T), Ja,(T), Js,(T),--- of 
diameters <1, <}, <4, - - - . Since these are closed and overlap, their inter- 
section is a point. But since every integral range of T is closed and overlaps 
every J,,(7), this point is contained in every integral range of T. 


Derinition 4. The J(T) of Theorem 12 is called the integral of T over S. 


THEOREM 13. T is integrable if and only if to every €>0 corresponds a de- 
composition A under which the aggregate m(a;)-T(a;) is unconditionally summa- 
ble and has a diameter <e. 


For since the diameter is bounded, so is each T(¢,). And by Theorem 4, 
p(Ja(T)) <e. And these are the only facts about integrability not assumed. 

15. Integrals are completely additive set functions. In this section it will 
be shown that the integral of any integrable function T is a completely addi- 
tive set function depending linearly on 7. To this end we prove 


THEOREM 14. If the function T 1s integrable over S, then it is integrable over 
every set o of = to an element of B which will be denoted by J(T, «), and the set 
function J(T, «) is completely additive. 


367 


368 GARRETT BIRKHOFF [September 


Let A be any decomposition of © into sets o; under which T is summable. 
Then writing ¢}=0-0,; and we see T(c#) ¢T(e,) [k=1, 2] 
and =m(o,). Therefore by Theorem 9 


i,k 
whence obviously 


It is a corollary{ that >> m(o?)-T(c2) is of diameter at most p(J,(T)), and 
hence by Theorem 13 T is integrable over co. 

Similarly, if A and A; are any two decompositions of S into subsets o; and 
a; respectively, then by Theorem 9 


whence, in the limit, }>,J(T, o;)=J(T). Now replacing S by an arbitrary 
set ¢ of =, we complete the proof. 

DEFINITION 5. By the “norm” of an integrable function T, is meant the real 
number \|T|| =sup.z||J(T, 

THEOREM 15. If Ais any decomposition of S, if the function T is integrable 
over every set a; of composition of A, and the aggregate of the J(T, o;) is uncondi- 
tionally summable, then T is integrable over S and J(T) =>. (T, 

Decompose each o; by a decomposition A; under which ||J4,(7, o,) 
—J(T,;)|| <¢/2‘. Then the corresponding decomposition of S will be summa- 
ble, and its integrated range will be within a sphere of radius ¢ of }),J(T, o,). 

THEOREM 16. If T and U are integrable functions, and m is a real number, 
then m-T and T+U are integrable, J(m-T)=m-J(T), and J(T+U) =J(T) 
+J(U). 

The conclusions about m-T are evident, since if p(Js(T))<e, then 
J,(m-T)=m-J(T) is of diameter <me. Those about T+U =V follow since 
if p(Js(T)) <e and p(Js,(U)) <e, then 


Ja(T) + Ja,(U) 
which is of diameter less than 2e. 
Corottary. ||m-7|| =| m| -||7|| and ||7+U|| 


16. Multiplication by a scalar function. We shall now prove a very 
powerful result, 


t Since p(A) e(A+B) Sp(A)+ (8B), for any A and B. 
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THEOREM 17. If T is integrable over S, and f(p) is any real-valued bounded 
Lebesgue integrable function over ©, then the function U(p) =f(p)-T(p) is in- 
tegrable, and 


|U|| < 2F-||7|| where F f(p) |. 


Let e>0 be given. By taking the product of a finite number of suitably 
chosen decompositions, we arrive at a decomposition A into subsets ¢; which 
satisfies the following conditions. 

(1) On any o,, -Fsc;Sf(p) tes F +e. 
(2) The aggregate m(c,)-7(c,) is unconditionally summable. 
(3) Ts) —J(T)|| <e. 

Now by Theorem 8, the aggregates c;-J(T, and 
e;-J(T, o;) [0Se;Se] are unconditionally summable. Moreover for any 
choice of 


| m(o;)- U(pi) — J(T, 


| cx: [m(o:)T(p:) — J(T, | + | em(o;)- T (pi) | 
< W-e + + = + ||7|| +]. 


(The first inequality comes from writing U(p,;) =c;T(p,) +¢:T(p,); the first 
half of the second inequality from Theorem 8, and the second half from as- 
sumption (3) and Theorem 8.) 

But ¢e[2F+||7||+¢] tends to zero with e; consequently, by Theorem 13, 
U(p) is integrable. The relation ||.J(U)|| <2F -||7|| now follows by Theorem 8, 
since ||7|| bounds the norms of the partial sums of the J(T, o,) and |c,| <F. 
Replacing S by o, we have similarly ||J(U, <2F-sup,*c.||J(T, o*)|| 
(by definition of ||7||). This completes the proof of the theorem. 

17. Denseness of finite-valued functions. We shall next show that in a 
certain sense every integrable function can be approximated arbitrarily 
closely by finite-valued functions. 


THEOREM 18. Functions assuming only a finite number of distinct values are 
everywhere dense in the vector space of integrable functions normed by Definition 


To any integrable function T and number e>0 corresponds a decomposi- 
tion A of S into subsets o; satisfying ||4(7) —J(T)|| <}e. Moreover by Theo- 
rem 8 we can choose ” so large that 
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m*-T(a;) || < $e 


n+1 
for all m,* satisfying 0 <m,* < m(o,). 
Define the function U by the equations 
J(T,0;)/m(c:) if pesos, m(oi)>0, and kan, 
= | 7 
otherwise. 
U is clearly finite-valued and integrable. 


But if o is any set of 2, and o-o; and o;—a-«a; are denoted by o;! and o? 
respectively, then 0 < m(¢;') <m(o,), and so 


> I(T — U, 62) | = | Cof | < he. 


n+1 n+1 


Again, 9e[Ja(T, o*) —J(T, o#)] for all i, k. Hence 


> [Ja(T, J(T, c [Ja(T, oF) J(T, o:*)], 


i=1 i,k 


| — U, | < ||Js(T) — J(T)|| < 4e. 


i=1 


By the complete additivity of J(T, o), we now get ||J(T—U)]|| <e. 

Theorem 18 can be extended even further to a result whose proof, al- 
though not difficult, is so long that we shall omit it. Accordingly, we state 
without proof 


THEOREM 19. The integrable functions of euclidean space to any separable 
Banach space S are a separable space under the norm of Definition 5. 


The only construction involved is that of replacing each of the first n 
o; by an approximating point-set sum of a finite number of intervals with 
rational coordinates, and J(T, o,)/m(o,) by a nearby element of 8. The 
everywhere dense functions are then defined as © except on a finite number of 
intervals with rational coordinates, and constant on each such interval. 

18. Effect of linear transformation of the range. It is almost self-evident 
that all of the arguments so far are preserved under linear transformations, 
since these preserve both sums and limits. Accordingly, we prove 


TuHeoreM 20. If T is any integrable function of S to B, and a: B—a(8) is 
any linear transformation of 8 into the Banach space %, then (i) the function 
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U(p) =a(T(p)) of S to U ts integrable, (ii) J(U) =a(J(T)), (iii) if we denote 
the modulus} of x by a, then \|U|| <a-||T|\. 


If T is summable under a decomposition A of S, then so is U, and 
Js(U) =a(J4(T)). This is true by definition of U for single terms m(c,)-U(o,); 
it remains true for finite sums since a is additive, and under passage to the 
limit since ||a(8) —a(6’)|| /|| —’|| is bounded. The proof is completed by let- 
ting p(J4(T)) tend to zero. 

Theorem 20, and the fact that for real-valued functions our integral re- 
duces to Fréchet’s interpretation of the Lebesgue integral, leads us to formu- 
late 


THEOREM 21. Let T be any integrable function of S to the Banach space B, 
and f(é) a variable linear functional with domain %. For each f, f(J(T)) is the 
Lebesgue integral faf(T(p))dm(S) of the real function f(T (p)) with domain ©, 
and so J(T) is the intersection (as f varies) of the hyperplanes of elements n of B 
satisfying f(n) = Jef(T(p))dm(S). 

The first statement is a corollary of Theorem 19, and the second follows 
from the fact{ that to every £+J(T) there corresponds a linear functional f 
such that f(¢)#f(J(T)). 

We can deduce from Theorem 21 and known§ results 


Corotrary 1. If is defined almost 
everywhere and integrable, then J(T) =>_,-1J (Tx). 


Coro.Liary 2. A function of a square to a Banach space 8 can only fail to 
satisfy the Theorem of Fubini because of non-integrability. 


Corottary 3. If To(t), Ti(é), - - - , Tn(t) are functions of the line interval 
[0, x] to B such that 


Ti(t) — T.(0) = J(Ti+1, [0, #]) 


for k=0,1,---,n—1 and OSt<x, and if B, denotes the range of T,(t) on 
[0, x], then 


To(x) ¢ (x*/k!)-Tx(0) + (x"/n!)-Co (Bz). 


k=0 


(This is Taylor’s formula with the remainder.) 


t That is, supge||a(¢)||/||s||. Banach calls this the norm of a; we have not conformed to his 
usage for fear of confusion with the other norms which we have defined. 

t Banach, p. 55. 

§ C. Carathéodory, Vorlesungen iiber reelle Funktionen, Leipzig, 1927. We refer to Theorem 13, 
p. 441, and Theorem 1, p. 627. I am stating Corollary 3 without reference. 
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19. Uniform convergence and the method of iteration. We can prove by 
a very superficial argument 

THEOREM 22. If T;, T2, - - - are integrable functions of S to B, m(S) 
is finite, and the T,, converge uniformly to T, then T is integrable and J(T) 
=limn..J(T.). 

For n exists so large that || 7() —7(p)|| <e/(2m(G)) for all p, and A such 
that every element of J,(7,) lies within }¢ of J(T,). Under these circum- 
stances every element of J,4(7) lies within $¢ of some element of J,(T,), and 
hence within ¢e of J/(T,). The theorem is now obvious. 

THEOREM 23. If K(x, y) is any function of the squareO <x, y<1 to B which 
is uniformly continuous in x, Lebesgue integrable in y, and satisfies | K(x, y)| 
<M then the integral equation 


1 
(1) S(x) = T(x) f y)S(y)dy 


has a unique solution S(x) provided 2cM <1. 


First we construct a solution by iteration. We set S;(x)=0, and Sy4:(x) 
= T(x) +cf, K(x, y)-Sz(y)dy. By Theorem 17 these integrals exist, and 
satisfy 

— Sx(x)|| = 


by induction and Theorem 17. Hence the series of differences converges uni- 
formly to a limit satisfying (1). 

Theorem 17 may also be used to show that as the homogeneous equation 
corresponding has no solution, the solution obtained in this way by iteration 
is unique. 

As a matter of fact, inspection shows that the entire Fredholm theory of 
integral equations of the form (1) carries over to the case where S(x) and T(x) 
are permitted to be vector functions. The only change is that when the 
determinant of K(x, y) vanishes, the solutions to the equation 


(2) = f K(x, »)So)dy 


are of the form f,(x)&:+ - - - +f,(x)&, where the f;(x) are linearly inde- 
pendent real solutions of (2), and the £; are arbitrary vector constants. 

20. Consequences of separability. Since the sum of enumerable sets of 
measure zero is again of measure zero, it is possible to extend certain theo- 
rems concerning the Lebesgue integral to our integral in the case that % is 
separable, that is, contains an enumerable everywhere dense set of elements. 
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In the first place, if we define two functions T and U of S to B as “equiva- 
lent” if and only if 7(p) = U(p) except on a set of measure zero, then 


THEOREM 24. If B is separable, then two point functions T and U of © to 
B give rise to the same set function J(T, 0) =J(U, c) if and only if T and U are 
equivalent. 


The sufficiency of equivalence is obvious. But conversely, if J(T, o) 
=J(U, a), then by Theorem 21 and the theory of the Lebesgue integral, 
f(T(~)) =f(U()) except on a set of measure zero, for any functional f(é). 
But we can define functionals f,(¢) of modulus unity{ such that f,(é;) =||&,l| 
for each of an enumerable everywhere dense set of elements £;of B. 

But if T(p)—U(p) =O, then choosing £; satisfying 
clearly f,()>0. Hence except on the set of measure zero on which some 
fAT(p) —U(p)) #0, T(p) = U(p). This proves Theorem 24. 


Coro itary. If B is separable, then every integrable function is single-valued 
except on a set of measure zero. 


Again, suppose © is the line interval [a, b]. A function T(x) of S to B 
is said to have the “strong” derivative T’(x) at the point x if and only if 
(1/h)- [T(x+h) —T(x)] tends to T’(x) as || tends to zero; it is said to have 
the “weak” derivative T’(x) if and only if for every linear functional f(é), 


lim [f(T(x + h)) — (T(«))]/h = #(T'(z)). 


THEOREM 25. If the space of the functionals of B is separable, then the in- 
tegral J(T, [a, x]) of any integrable function T of a line interval to B is weakly 
differentiable except on a set of measure zero. 


Theorem 25 is a corollary of Theorem 21 and the truth of the theorem 
for the real functions f(J(T, [a, x])). 

21. Rectifiable curves in Hilbert space. It is well known that any real 
function of bounded variation is differentiable almost everywhere. We shall 
extend this proposition. 


THEOREM 26. Every function h(x) of bounded variationt of an interval [a, b] 
to Hilbert space © is (strongly) differentiable except on a set of measure zero. 
Moreover its derivative is integrable to h(b) —h(a). 


In the first place, if § and © are orthogonal complements§ in §, then the 


¢ Banach, p. 55. Of course the f; are not in general everywhere dense in the space of the func- 
tionals of B. 

t Le., such that ||<+ 2 (xo< - - <x»). This upper limit we shall call 
the “total variation” of h(x). 

§ We have borrowed without explanation standard terms such as orthogonal complement and 
orthonormal vector from M. H. Stone’s Linear Transformations in Hilbert Space, New York, 1932. 
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projections f(x) of h(x) onto § and g(x) of h(x) onto G are both of bounded 
variation. While if we denote by |f|, |g|, and |4| the total variations of 
f(x), g(x), and h(x) respectively, then 


(1) ely? 2] sls] + el. 
Now divide [a, 6] so finely by points a=xy< - - - <x,=b that 


The h(x,) will all lie on a linear manifold § of dimensions at most n+1. And 
if & is the orthogonal complement of §, then by elementary algebra and con- 
ditions (1)-(2), 


Further, construct the non-decreasing real variation function 


By the theory of real functions, 2/ (x) exists and does not exceed (2e - | h| )"/4 
except on a set S of measure at most (2e- | /|)*/4. But clearly 


Ax) — 4 1 zt+Az 1 ztAz 


Ax Ax 


Therefore if « is not on S, then, for small enough Ax, 


| h(x + Ax) — h(x) 7 f(x + Ax) — f(x) | g(x + Ax) — g(x) 
(5) Ax Ax Ax 
< (2e-| 4. 


Consequently except on a set S of measure = (2e- | | )"/* of [a, b], for each x 
and sufficiently small Ax, the difference quotients || { g(x-+Ax) —g(x) } /Ax|| are 
bounded by (2e- | h| )*/*. 

But since § has only a finite number of dimensions, all the components 
of f(x), and hence f(x) itself, have finite derivatives except on a set S’ of 
measure zero. Therefore if | Ax| <M,, a sufficiently small positive function 
of x, then the diameter of the set of the {h(x+Ax)—h(x)}/Ax is at most 
2-(2e-|h|)*/4 for any x not on S+5S’ [of measure <(2e-|h|)*/*]. The proof 
of the first assertion is completed by letting e tend to zero. 

To prove the second assertion, decompose [a, b] so that the integral 
ranges of f’(x) and 2, (x) are both of diameters <}e. It will follow that the 
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integral range of h(x) lies within e+] g| of f(b) —f(a). The remainder of the 
proof is obvious. 

If we use the variation-function s(x) =f; ||dh(#)|| as the parameter for the 
domain, then we get the geometrical 


Coro.iary 1. Any rectifiable curve in Hilbert space has a tangent at almost 
every point. 


We are more interested in the analytical 


Corottary 2. If h(t) is a bounded function of a line interval to Hilbert 
space, and g(x) =J(h, [a, x]), then g(x) is (strongly) differentiable almost every- 
where to h(x). 

Corollary 2 depends on Theorem 24. 

22. Examples of non-differentiable integrals. In this and the following 
section we shall give seven examples illustrating various theoretical points. 
In all seven we shall understand the symbol § to denote Hilbert space, and $ 
to denote the space of real bounded functions y= (x) on the interval [0, 1], 
with the norm || || =sup.y(x). We shall also use £;,; to denote a doubly infinite 
set of orthonormal vectors in ©. 

We shall first show by two examples that the hypotheses of Corollary 2 
of Theorem 26 are indispensable. 


EXxAmpeLe 1. There exists a totally discontinuous bounded integrable function 
of the interval [0, 1] to B, whose integral, although of bounded variation, is no- 
where even weakly differentiable. 


Let y, in B correspond to the function y,(x) =0 on [0, 7), y-(x) =10n [r, 1]. 
Graves observedt that the function T(r) =y, of [0, 1] to 8 was bounded, 
totally discontinuous, and integrable. Since y(a) is a linear functional f.(y) 
of the elements y: y(x) of B, and U(s) =J(T, [0, s}) is not differentiable at a 
with respect to f,, U(s) is nowhere even weakly differentiable, although there 
is a bound on the norm of its differential quotients AU/As. 


EXAMPLE 2. There exists an integrable function of the interval [0, 1) to $, 
whose integral is nowhere strongly differentiable. 

Set on [j/2%, 2-2*+7/2*) [j=0, - - - , 2‘'-1]. The function 
V(t) PT7.(t) exists almost everywhere, and is integrable. The proofs of 
these facts, and of the nowhere strong differentiability of W(x) =J(V, [0,x}), 
are left to the reader. 


t Loc. cit., p. 164. Cf. also S. Bochner, Absolut-additive Mengenfunktionen, Fundamenta Mathe- 
maticae, vol. 21 (1933), pp. 211-13, in which a function essentially like U(s) is shown to be nowhere 
strongly differentiable. 
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Example 1 is not integrable in the sense of Bochner, and Example 2 is 
not integrable in the sense of Graves. This shows that our integral is included 
in neither [cf. §24]. 

23. Other counterexamples. We shall list below examples showing that 
the hypotheses of various other theorems proved above cannot be eliminated. 


EXAMPLE 3. There exists a function T of the interval [0, 1] to B such that 
|| 7(x)||=1 and yet =0. 

Let T assign to each point x of [0, 1] the function f,: f.(x) =1, f-(#) =0 for 
t0. The proofs that T(x) is integrable and that J(7, ¢) =0 for any o of = 
are left to the reader. This example shows that we cannot drop the hypothe- 
sis of separability in Theorem 24. 


EXxampPLe 4. To any e>0 corresponds a function T of the interval [0, 1) to 
© such that ||T(x)||=1 and yet \|T|| <e. 


Let us choose ” so large that ne>1. Let T(x) =&,. on [(k—1)/n?, k/n?) 
[k=1, - - - ,m?]. The proof that ||7|| <e is left to the reader. 


EXAMPLE 5. There exists a Cauchy sequence of integrable functions of the 
interval [0, 1) to converging (relative to the norm of Definition 5) to no limit 
function. 

Let T(x) =&,,;0n [(j—1)/2‘,7/2*) [j=1, - - - , Evidently ||7,|| =2-*; 
hence if U.=7:+ - - - +7,, then the sequence {U,} is a Cauchy sequence 
(under Definition 5). 

Suppose U(x) existed, satisfying lim, ...||U,—U||=0. By Theorem 21 the 
scalar product (which is a linear functional) of U(x) with each £;,; would have 
to be that of 7,(x) with £;,;, except on a set of measure zero. But there can 
be no U(x) in S having the necessary £;,;-components; the sum of the squares 
tends to infinity. 

Example 5 shows that although integrable functions constitute a normed 
vector space under Definition 5 (provided we consider two integrands as the 
“same” if they give rise to the same set function), this space is not in general 
complete. 

EXAMPLE 6. There is a function of the unit square to $ not satisfying the 
Theorem of Fubini. 

We shall use the functions 7 (x) of Example 5, and set U(x, y) =2‘- T(x) 
on 2-‘<y<2-*+1, and © where not otherwise defined. The function U(x, y) 
cannot be integrated with respect to y on a single line x = constant, and yet it 


is integrable over the square to 


(2-4) 


j=l 
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EXxaMPLe 7. There exists an integrable function of the interval [0, 1) to $, 
such that \|T (x)|| is not integrable. 

Set T(x) =(2*/i)-£;1 on [2-#, 2-*1). The proofs are left to the reader. 

24. Relation to integrals of Graves and Bochner. In §22 it was noted that 
the integral used in this paper was included in neither Graves’ nor Bochner’s. 
It will now be shown that on the contrary it includes both. 

Without repeating Graves’ definition, it may be said that if T(x) is in- 
tegrable in his sense, then the integral of T is arbitrarily near every Riemann 
sum > ,7(x,)Ax; under a suitable decomposition of the domain of T into a 
finite number of intervals. But if this is so, then by Theorems 12-13 proved 
above, the function is integrable to the same integral in the sense of Defini- 
tions 1-4. 

Again, let T(x) be any function integrable in the sense of Bochner over 
an abstract domain © of finite measure M. That is, suppose that 

(1) the real function ||7()|| is summable; 

(2) T(p) =lim,..T,(p) for almost every p in S; 

(3) each T,,(p) is a “finite-valued” function. 

Let «>0 be given. On a set S, of measure >M —e, the T,(p) converge 
uniformly to T(p). 

Again, let 6>0 be given. Choose so large that ||7(p) —T,(p)|| <<5/M on 
S.. Then decompose &, into sets o; [i=1, - - - , s] of measures m;, on which 
T.(p) is constant and has the values £;. 

The integral range J4(7, S.) under this decomposition clearly lies within 
M -(5/M) =5 of >°}_,m,-£;. Hence T is integrable in my sense over S,, and 
the integral J(T) of T is lim,..>_j-1m;:&;, i.e., equal to Bochner’s integral. 

Since both Bochner’s integral and mine are completely additive set func- 
tions, this can be extended to S, and thence to domains which are the sums 
of enumerable sets of finite measure. 

25. Open questions. There are several open questions of a technical na- 
ture concerning the subject we have just treated. 

One is as to the replaceability of the closure of the convex hull by the con- 
vex hull alone, without affecting the program. For instance, is }>,Co(B,) 
¢ Co(>> B,)? The accomplishment of this might simplify the definitions and 
argument. 

Another is that of generalizing the integral to the case that the range is 
merely a topological vector space, in which a,—a and 8,—£8 imply an+Bn 
—a-+8, and and 8,— imply },8,—+)-8. Both these problems are trivial 
if we restrict ourselves to Graves’ Riemann integral, but with unconditional 
convergence, they become very deep. 
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Two questions which I have been unable to answer are, do there exist 
(non-integrable) functions, the intersection of whose integral ranges is vacu- 
ous? or such that when we apply Theorem 21, the intersection of the hyper- 
planes 


f(n) = f f(T(p))dm(S) 


turns out to be vacuous? [Added in proof: the answer to the second question 
is yes. | 

Is it true that if the “conjugate” space of the linear functionals of % is 
separable, then the integral of any bounded integrable function is strongly 
differentiable almost everywhere? Or that every rectifiable curve in 8 has a 
tangent at almost every point? 

And is it true that if unconditional convergence implies absolute conver- 
gence in %, then the vector space of integrable functions is complete under 
the norm of Definition 5? 

It may be proved that any vectoroid space satisfying 


V7: +b.)-B=b,-B+b.-B 

is a vector space. Is it true that if we merely require 

V7’: B+(-1)-B=0 

we can still deduce all the properties of vector space? How, if at all, can 
V1—V6 be replaced by properties of the calculus of vector complexes in such 
a way that the addition of V7’ does give a complete set of axioms for vector 
spaces? 
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1. Introduction. The condition for dependence of m functions of »+p 
variables is roughly that every determinant of order m formed from the 
matrix of the first partial derivatives vanish identically. The theorem easiest 
to prove assumes condition (A): One of the determinants of highest order which 
do not vanish identically is different from zero at a given point. The first theorem 
free from condition (A) is due to Bliss,t who established an analytic relation 
in the case of two analytic functions of not more than two variables. Osgoodt 
proved that, for the case of three or more analytic functions of as many vari- 
ables, the identical vanishing of the Jacobian does not necessarily imply that 
the functions satisfy an analytic relation. No result of a positive nature was 
given in this case. 

More recently, Knopp and Schmidt§ have established a relation for the 
case of # real functions, of class C’,|| of not more than variables. The result 
is obtained in the large, and free of condition (A).§ 

In the present paper we treat first the real case, extending the results 


* Presented to the Society, October 27, 1934; received by the editors September 17, 1934. 

1G. A. Bliss, Fundamental Existence Theorems, Colloquium Publications of the American 
Mathematical Society, vol. 3, part 1, 1913. See also Osgood, Lehrbuch der Funktionentheorie, vol. 2, 
part 1, chapter 2, §24, where a treatment involving parameters is given. We refer to the latter book 
as Osgood II. 

} W. F. Osgood, On functions of several complex variables, these Transactions, vol. 17 (1916), 
pp. 1-8. 

§ K. Knopp and R. Schmidt, Funktionaldeterminanten und A bhingigkeit von Funktionen, Mathe- 
matische Zeitschrift, vol. 25 (1926), pp. 373-381. We refer to this paper, and to the authors, as 
K and S. 

|| A function of class C“ is one having all partial derivatives, continuous, of order k. A func- 
tion of class C? is one having all partial derivatives, continuous, of every finite order. 

{| For a proof of the same results under the weaker hypotheses that the functions need not be of 
class C’ but are merely differentiable in the sense of Stolz, see A. Ostrowski, Funktionaldeterminant 
und Abhdngigkeit von Funktionen, Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 36 
(1927), pp. 129-134. 

We mention also a paper by G. Doetsch, Die Funktionaldeterminante als Deformationsmass einer 
Abbildung und als Kriterium der Abhingigkeit von Funktionen, Mathematische Annalen, vol. 99 
(1928), pp. 590-601. He defines a point as regular if the matrix of first partial derivatives has the 
same rank there as at all sufficiently nearby points, otherwise singular. He establishes a functional 
relation without restriction on the number of variables, under each of the following hypotheses: 
(i) there are no singular points in the set under consideration; (ii) the singular points are mapped on 
a set of measure zero; (iii) the singular points lie on an at most denumerably infinite set of »-dimen- 
sional manifolds. 
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of K and S to the case that the number of variables is arbitrary (but finite). 
The proof of K and S does not generalize in any obvious manner so as to give 
this result. No conditions like those of Doetsch are imposed. Conditions of 
differentiability are imposed. It would be interesting to know to what extent, 
if any, these conditions are necessary. [Added in proof: See footnote to 
Theorem 4.II. ] 

In the second part we treat the case of m analytic functions of any finite 
number of variables. We establish here an important property which would 
obtain if an analytic relation did exist, namely that the point set determined 
by the given functions in the representing space for the values of the func- 
tions has the properties that it is nowhere dense* and that it cannot discon- 
nect any regionf of the space. 

Finally we treat the case of two analytic functions of m complex variables, 
extending the results of Bliss to the case that m is no longer restricted not to 
exceed 2. Our relation, like that of Bliss, is satisfied only by the values of the 
given function. In this case we construct a new proof, different from that of 
Bliss. 

In all cases parameters are included. In the case of reals, a relation is ob- 
tained which is satisfied only by the values of the functions, which is not the 
case with K and S.f{ 

2. Preliminary lemmas. We now introduce some lemmas which are help- 
ful in the subsequent proofs. 


Lemma 2.I. Let a transformation 


(2.1) Uj = 0jf(%1,°++ , Xn) = 0,(x) G =1,---,m),m>i1,n>1, 


be given, where v;(x) is real and continuous over a closed bounded set K of real 
(x)-space, with B a closed subset of K. Then if each point of B has a neighborhood 
on B whose image under (2.1) is nowhere dense in real (u)-space, and if each 
point of K—B has a neighborhood on K—B whose image is likewise nowhere 
dense, the image of K in (u)-space is nowhere dense.§ 


Since the sum of a finite number of nowhere dense sets is nowhere dense, 
it follows easily upon use of the Heine-Borel theorem that the image of B 
is nowhere dense. If Q is any point of (u)-space, and N any neighborhood of 


* This first property also follows easily from the results in the case of reals. 

Tt Region denotes connected open set, hence connected by curves (Hausdorff, Mengenlehre, 2d 
edition, p. 154, Theorem VIII). Domain denotes (non-vacuous) open set. 

t To obtain this result we modify the treatment in one of the two parts of K and S. It was found 
necessary to replace the other part of K and S by a different treatment. 

The present paper is complete ia itself. 

§ A set S is dense at a point if the point has a neighborhood which consists of limit points of S. 
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Q, a set D(B) can be found open on K and containing B, with image having no 
point on a sub-neighborhood N; of N. By applying the Heine-Borel theorem 
to K —D(B), we then find that the image of K has no point cn a sub-neighbor- 
hood Nz of Ny. As Q is arbitrary, we infer that the lemma is true. 

Lemma 2.11. Under the hypotheses of the preceding lemma, suppose. each 
point of B has a neighborhood on B whose image in (u)-space is not only nowhere 
dense but also has the property that it cannot disconnect any region of (u)-space, 
and each point of K—B has a neighborhood on K —B whose image satisfies the 
same conditions. Then the image of K in (u)-space is nowhere dense and cannot 
disconnect any region of (u)-space. 

As the proof is similar to that of Lemma 2.1, we omit it. 

Lemma 2.III. Given the equations (2.1) with v;(x) of class C’, and with the 
matrix A of first partial derivatives of rank <r neighboring a point (x°) =(xi, 

++, 20), with O<r, suppose 0v;/0x,~0 at (x°). If we substitute the solution 
(2.2) = §1(t1, , Xn) 


of the first equation in (2.1), determined at (x°), in the remaining equations (2.1), 
obtaining 

(2.3) uz = X2, Xn) (j =2,--+,m), 
then the matrix of the first partial derivatives of the §’s with respect to x2, +--+ ,%n 
has rank <r—1 for (ux, %2, - , %n) near [v;(x°), wf, ---, x2]. 


If either m—1 or m—1 is less than r, the result is obvious. In the contrary 
case, take any r-rowed determinant of the partial derivatives, as 


llel] = 


O(%2,° 
With the help of the identity 


and the fact that (2.2) is the solution of the first equation (2.1), the (j—1)st 
row of ||a|| can then be written (j=2, 3, - - - ,r+1): 


[= ( 00; 4 [=( =") 4 00; || 

Ox, Ox2 Ox; Ox2 Ox) O%r41 Ox, 
Since each bracket is a sum of two terms, a equals a sum of 2” determinants. 
But any of these which contain at least two columns of first terms are zero, 


since those columns are proportional. There remain only r+1 of the 2” de- 
terminants, and their sum is seen to be the expansion of 
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by minors of the first row, except for a factor 0v,/dx, of each term. Since A is 
of rank <r, 8=0. Hence a=0 and the lemma is true. 

3. A nowhere dense map. Before stating the next lemma, we introduce 
the following notation. If m and m are integers, m0, let ky and t(m, n) be 
the integers defined as follows: 


(3.1) n/m < km < (n/m) +1; 
(3.2) t(m, n) = km if n S 2m, 
(3.3) t(m, n) = t(m,n — 1) + km — 2if nm > 2m. 


Lema 3.1. Given the functions 0;(*1, - ,%n), 7 =1,-- , m, of classC™, 
t21, in a domain D of real (x)-space, let L be a closed bounded subset of D, at 
each point of which all the first partial derivatives of all the v’s are zero. Suppose 
t2t(m, n). Then under the transformation 


(3.4) uj; = v;(x1, Xn) = v;(x) ] 1, m), 
the image of L in (u)-space is nowhere dense. 


From (3.2) and (3.3) we see that ki si(m, m), and since ¢2é(m, n) it 
follows that ‘2k. 

Let k=k,, and L; be the locus of points of L at which all partial deriva- 
tives of orders 1 to & inclusive, of all the v’s, are zero. Let b>0 be a constant 
such that the distance from L to the boundary, if any, of Dis >m'/*b. Given 
n>0, we choose 5, with 0<5<b, so that at all points not farther than m1/?6 
from L;, any kth-order partial derivative of v;,7=1, - - - , m, is in absolute 
value less than 7. Next we subdivide (x)-space into u-cubes by planes 
x;=p/2", pany integer, choosing h/ as a positive integer such that e=1/2"<6. 
We consider those closed cubes g of this subdivision each of which contains a 
point of L;. If we let P’ be the image in (u)-space, under (3.4), of a point P 
on L; in a cube gq, it follows from Taylor’s theorem with the remainder that 
the other points of g are transformed into points whose coordinates differ from 
those of P’ by less, in any case, than 


n*ek 2n* 


Therefore the transforms of the points of g lie in a cube of edge Sfe*, hence 
of volume <{e*™. Since the volume of the original cube g is e*, the ratio of 
the volumes is {"e*"-". Now km—n20, by (3.1), since k=k,; and ¢ and e 


382 
= 


1935] FUNCTIONAL DEPENDENCE 383 


can be made as small as we like. Since the total volume of the cubes g does 
not increase as «=1/2* becomes smaller, it follows that LZ; can be enclosed 
in a finite set of closed cubes whose image has Jordan measure less than a 
fixed preassigned constant. Hence the image of LZ; has Jordan measure zero, 
and since the image is a closed set, it must be nowhere dense.* 

If n<m then k=1 and L,=L, and the proof of Lemma 3.I is completed. 
If n>m then k>1 and we continue. 

From Lemma 2.I we see that we can now confine our attention to a neigh- 
borhood of an arbitrary point of L—J). First we take the case of a point 
where all partial derivatives of orders 1 up to k—1, of all the v’s, are zero. 
As we are going to treat separately the case (which can arise only if k>2) of 
a point at which at least one derivative of order k—1 is different from zero, 
it follows, again from Lemma 2.I, that for the present we need merely con- 
sider a closed set, say Le, in a neighborhood of a point Q of L—h, with all 
partial derivatives of orders up to k—1 vanishing at each point of Le. 

Since Q is not on J, at least one derivative of order k& is not zero at Q, 
say 0*v,/dx,* +0. Since n>m, n>1. Now we apply the implicit function 
theorem to the locus 0*—'v,/dx,*—! =0, which contains L, obtaining that locus 
in the form 


We take L, small enough so that (3.5) contains LZ». Let /, be the locus of points 


of (%2, - - - , %,)-space which, under (3.5), give points of Lz. Now we sub- 
stitute in (3.4) obtaining the equations 


(3.6) uj = (x2, - » %2,° °° » G= i,- m). 


Let 6,>0 be a constant such that for points of (%2, - - - , %,)-space within 
distance (7 —1)'/*b, of Jz, (3.5) still holds and gives points within distance 
n'!2b of L. Let M be the larger of 1 and (n—1) - (maximum of | 0£;/dx2|, - - - , 
| &,/dx,| for points within distance (m—1)"/2b, of Let be a constant, 
with 0<¢,<b,. Then it follows from the law of the mean that if the coordi- 
nates of a point (x2, - - - , x,) differ from those of a point of /, by not more than 
€:, the corresponding values of x, differ by at most Me. Let H be an upper 
bound for the absolute values of the partial derivatives of order k, of all the 
v’s, for points of D within distance n/*b of L. Now we apply Taylor’s theorem 
with the remainder to the functions in (3.4), for two points of the locus (3.5), 


* In using this property to show that the closed set is nowhere dense, namely that it has Jordan 
measure zero, we follow K and S. 

t That the class of & is at least that of d*~1v,/dx,*-! is seen easily from the formulas for the de- 
rivatives of &. 
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one on Lz, whose respective coordinates x2, - - - , x, differ by at most ¢.. Hence 
their coordinates x, differ by‘at*most Me, 24. In applying Taylor’s theorem, 
all derivatives of orders less than'k’are taken at the first point, and the re- 
mainder term is a sum of derivatives of order k. Therefore, by (3.6), the 
corresponding two points in (w)-space have coordinates respectively differing 
by less than 


n*(Me,)* H 


k! 


Therefore if we cover a portion of (x2, - - - , ,)-space containing /, by a net- 
work of (w—1)-cubes, of edge «, each of which has at least one point in J, 
each of these cubes is mapped by (3.5) and (3.4) on a subset of a cube in 
(u)-space of edge H,(e,)*. The ratio of the volumes of two such cubes is 
Since km—n+1>0. As can be made as small as 
we like, we conclude that the image of Zz has Jordan measure zero, hence is 
nowhere dense. 

If k=2, Lemma 3.I is now proved. If n<2m then k must equal 1 or 2, 
and we see that we have now proved the following: 


Lemma 3.II. If n<2m, Lemma 3.1 is true. 


If k>2, we continue with the proof of Lemma 3.I. Again by use of Lemma 
2.I we find that we can next turn our attention to a closed subset L; of L, 
neighboring a point of L, with all partial derivatives of 1, - - - , vn, of orders 
1 to k—2 inclusive, zero at each point of L3, but with some particular ( — 1)st- 
order partial derivative, say 0*-'v,/dx,*—!, not zero in L;. Applying the im- 
plicit function theorem to the locus 0*~*x,/dx,"*-?=0, we obtain #1 =£2(x2, 
- +, Xn), &2 of class C‘-*+®, We substitute this function into the equations 
(3.4), obtaining 


(3.7) = , Xn) (j =1,---,m), 


with ¢; of class C‘*-*+®, We can now apply mathematical induction, since 
if we reduce the situation to that of m functions of a number of variables not 
greater than m/2, the corresponding k will be not greater than 2, and we can 
then apply Lemma 3.II. Since in (3.7) we have m functions of m—1 variables, 
of class C‘t-*+®, it follows that we can apply the inductive process provided 
t—k+22it(m, n—1). Since t2t(m, n) and k=k,, (3.3) is seen to ensure the 
fulfillment of this condition when n>2m. 

Continuing in this way we finally find that Lemma 3.I is valid provided 
t—k+v2t(m, n—1), for a finite (possibly vacuous) set of values of »y>2. As 
this inequality is a consequence of the one above, we conclude that Lemma 
3.1Lis true. 
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Let (cf. (3.1)) 


n—2m+r—1 n—2m+r—2 


ifn —2m+r>1, 
(3.9) s(m, n, 1) = Rm—r ifn —2m+r7r <1. 
THEOREM 3.III. Given the functions v;(%:,---, %n), of class s21 
(j=1, ---,m), ina domain D of real (x)-space, let J denote the matrix of first 
partial derivatives. Let B be a closed bounded subset of D, at each point of which 


J has rank <r<™m, with r a non-negative integer. Suppose s=s(m, n, r). Then 
under the transformation 


(3.10) u; = Xn) 
the image of B in (u)-space is nowhere dense.* 


According to Lemma 3.I, if L is the subset of B at each point of which all 
the first partial derivatives of all the w’s are zero, the image of L is nowhere 
dense provided 


(3.11) t(m,n) Ss. 


For the moment we defer the verification of (3.11), and proceed with the rest 
of the argument. 


If L is all of B, nothing remains but to verify (3.11). If L is not all of B, 
then r must be positive and we proceed as follows. According to Lemma 2.1 
we need now consider only a closed subset A of B consisting of points in a 
neighborhood of some point Q of B—L. Since Q is not on L, some first partial 
derivative of a v; is different from zero at Q, say 0v,/0x,~0. Applying the 
implicit function theorem, we solve the first equation (3.10) in the form 


(3.12) = , Xn), n> 1, 
= ifn = 1, 


with & of class C®, and substituting the result in the remaining equations 
(3.10) obtain 
= , Xn) (j = 2,---,m), ifm > 1, 


(3.13) 
= (j = 2,---,m), ifn = 1, 


with ¢; of class C“). (Note that m>1 since r>0 and m>r.) We treat the 
case n>1, as it is then obvious how to treat the case »=1. We take A so 
small that it is part of the locus for which (3.12) is valid. We now let \ be 


* If n<m, the only condition is that the u’s be of class C’, which is the result of K and S. 
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the projection of A on (x2, - - - , x,)-space, and see, by Lemma 2.I, that it 
will be sufficient to show that the set in (a, - - - , #,)-space obtained from 
(3.13) by taking (x2, - - - , x,) anywhere in \ and wu, anywhere in a closed 
neighborhood of the value determined by (3.10) at Q, is nowhere dense. It 
is sufficient to prove that the set in (#2, - - - , #,)-space obtained from (3.13) 
for each fixed value of u; is nowhere dense, for if a closed set is dense at a 
point in (u)-space it must contain a neighborhood of the point. According 
to Lemma 2.III, the rank of the matrix of first partial derivatives of the ¢’s 
in (3.13) with respect to x2, - - - , 2, is Sr—1. As the theorem is, by Lemma 
3.1, proved for r=0 (except for verifying (3.11)), we can use induction with 
respect to the rank, and since in (3.13) with u, =constant we have m—1 func- 
tions of m—1 variables, it follows that to complete the proof of Theorem 3.III 
we need merely show, in addition to (3.11), that 


(3.14) s(m,n,r) ifr>O. 


But if m, n, r are each reduced by unity, n—r, m—r and n—2m-+-+ are all 
unchanged. Hence, by (3.8) and (3.9), (3.14) holds with the equality sign 
when r>0. Therefore it remains only to verify (3.11). 

First we note that if »=2m-+1, then from (3.2) and (3.3) we have 
i(m, n) =2+k2—2=k2 =3. Hence 


(3.15) i(m,n)=kn ifn 2m+1. 


Next, with the help of (3.1), we rewrite (3.3) in the following form, with 
n replaced by v: 


(3.16) t(m,v) = ke” + 4(m,v—1), > 2m. 


Writing (3.16) for »=m, then substituting from (3.16) in the result with 
v=n—1, etc., we obtain the following, when n>2m+1: 


(3.17) (m,n) = km + hm + 2m). 
From (3.2), ¢(m, 2m) =2, and combining the 2 with the first term of the right 
hand member of (3.17) we obtain 


(3.18) t(m,n)=kn the” tke” +:-++he, ifn >2m+1. 
Case I. n22m+2. Then n—2m+r>1 and (3.8) holds. Since in this case 
n>m, ki,',=kn, a relation between the first terms of the sums in (3.8) and 


(3.18) respectively. The second_term in (3.8) is obviously (from (3.1)) at 
least as great as the second term in (3.18), etc. As there are at least as many 
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terms in (3.8) as in (3.18), it follows that in Case I (3.11) is satisfied, since 
s2s(m, n, 1). 

Case II. m<n<2m-+1. As in Case I, ke, =k. It then follows from 
(3.15) that (3.11) is satisfied, whether (3.8) or (3.9) is used. 

Case III. <m. According to (3.15), t(m, m)=1, hence again (3.11) is 
satisfied. This completes the proof of Theorem 3.III. 

We see from (3.8), (3.9), (3.15), and (3.18) that s(m, n, 0) =i(m, n). Since, 
as we have observed, (3.14) is satisfied with the equality sign, and the values 
of t(m, m) were derived from (3.2) and (3.3) which were used in the proof of 
Lemma 3.I, it follows that our treatment does not admit any smaller value 
for s than s(m, n, r) as given by (3.8) and (3.9). 

4. Dependence of real functions. After a preliminary theorem, which is 
an extension of a theorem of K and S, we obtain our theorem on dependence 
of real functions, following the procedure of K and S. 


THEOREM 4.1. If M is a closed set of the real number space of wi, ++ - , Wa, 
there exists a function F(w, - - - , Wn)=F(w) of class C™ in all of finite (w)- 
space, which vanishes only at the points of M in (w)-space. 

First divide (w)-space by the hyperplanes w,=0, +1, +2,--- (R=1, 

- ,m), and let [g:] denote the set of the resulting closed hypercubes which 
contain no points of M. For s=2, 3,---, we consider the hyperplanes 
w,=0, +1/2*, +2/2*, +3/2*,--- (k=1,-+--, m), and, for each s, let [g,] 
denote the set of those of the closed hypercubes into which these planes divide 
(w)-space, which contain no point of M and no inner point of any cube gq; 
with 7 <s. Next, for s=1, 2,3, - - - , we define 


(4.1) fw) = s~*-exp (sin sin (2°rwe) - sin (2°rw,) 


in each cube of [q.], and f,(w) =0 elsewhere. Then we define f(w) =f,(w) 
+f2(w) +fs(w)+ - - - . It is easily verified that f(w) is of class C™. Evidently 
f(w) =0 at each point of M, but f(w)#0 in any region.* 

Now let a:=0 and a; denote the positive square root of the (¢—1)st posi- 
tive integer which is not a perfect square, #=2, 3,---,#+1. Thus a? =2, 
a; =3, a2 =5, etc. For t=1, 2,---, m+1, let M; denote the set obtained 
from M by subjecting it to the transformation w;’=w;+a;(j=1,---, m), 
and ¢,(w) the function defined exactly as f(w) was defined, but with M re- 
placed by in determining ¢,(w). We denote ¢.(w+a,) 
Then F(w) is of class C‘) in (w)-space, since f(w) is, and obviously vanishes 


* This paragraph is taken from K and S, where further details are given. We may replace the 
function in (4.1) by a simpler one, as they did, if f(w) is not required to be of class C?. 
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on M. Furthermore, F(w) vanishes only on M. For, since f(w) 20, if F(b) =0, 
then =2(b+a2) = - - =0. From the definition of 
¢.(w) it follows that for ¢=1, 2, - - - , at least one of the sums 
be+a:, , would be rational if were not on M. Let be 
one such, ¢=1, - - - , +1. Since there are only m b’s, we see that one of them 
must occur twice in such a sum. Thus b,,+a, and b,+a, must both be ra- 
tional, p<q, for some m, p, g. Thus a, would equal a,++7, 7 rational and ~0 
since @,~a,; and by equating the squares of these two expressions, we would 
have a, rational. But if a positive integer a, is not a perfect square its square 
root is irrational, as follows from the theorem of unique factorization of posi- 
tive integers. Hence we would have a contradiction, and it follows that Theo- 
rem 4.I is true.* 

Next we state the definition of functional dependence, including the case 
that parameters are involved. 


DEFINITION 1. Functions vj(%1, - °° Yo), m, de- 
fined on a closed bounded set B of (x, y)-space, are said to be dependent in 
+, %, 0n Bif there is a function F(um, , tm, Vi, * * Vp) With the fol- 
lowing properties. 

(i) F(u, v) is defined in all of real (u, y)-space and has continuous partial 
derivatives of the first order there. 

(ii) For each (y°), F(u, y°)40 in each region of (u)-space. 


(iii) F [vi(x, y), - , V1, Vp] =&(x, y) =0 at each point of B. 


DEFINITION 2. Functions 0;(%1, - ++, Xn, * J=1,°°°, Mm, de- 
fined in a domain D of (x, y)-space, are said to be dependent in x, +--+, Xn 
on D if they are dependent in x, - - - , X, on every closed subset of D. 


THEOREM 4.11. Let v;(x1, - , Xn) Vi, * » Vp) be given of class C®, s=1, 
in a domain D of real (x, y)-space, 7=1, +--+, m, and where the y’s may be 
lacking. Let K be a closed subset of D at each point of which the matrix of the 
first partial derivatives of the v’s with respect to the x’s is of rank <r, where 
O<r<m,r a fixed integer. Suppose s=s(m, n, r) [see (3.1), (3.8), (3.9) ]. Then 
the functions v;(x, y) are dependent in x;, + - - , X, on K.T 


Let M denote the locus of all points of (u, y)-space satisfying the condi- 
tion that there be at least one set &, - - - , & such that (, y) is on K and 
u;=0;(E, y), 7=1, - - m. Since K is closed and bounded, M is closed (and 
bounded). Hence, by Theorem 4.I, it is seen that Theorem 4.II is true if M 


* A more direct proof without use of the irrational quantities is easily given, but the exposition 
would be cumbersome. 

¢ The theorem of K and S requires that nm. Added in proof: E. Kamke has proved this theo- 
rem for the special case n= m-+-1; see Mathematische Zeitschrift, vol. 39 (1935), pp. 672-676. 
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is nowhere dense. Since M is closed, it is sufficient to prove that for each fixed 
set (yi, - + - , Yp), the corresponding subset of M is nowhere dense. But this 
follows from Theorem 3.III. Hence Theorem 4.II is true. 


THEOREM 4.III. Theorem 4.II remains true if K =D (hence not closed). 
This follows from Definition 2. 


THEOREM 4.IV. Theorems 4.II and 4.1II remain true if, in Definition 1, 
F is required to be of class C, and F(u, y)=0 only at points for which 
u;=0;(x, y) for some (x) with (x, y) on B.* 

Theorem 4.IV was actually proved in establishing Theorems 4.II and 
4. IIT. 

5. Several functions of several complex variables. When for m>2 ana- 
lytic functions of several complex variables the rank of the matrix of first 
partial derivatives is less than m, it follows from Osgood’s examples that we 
cannot establish the existence of an analytic relation, even in the small. How- 
ever, we prove a geometric result, which applies in the large. 

Lemma 5.1. Let the functions Xn, =filx, y), 
j=1, +--+, m, be analytic in a domain D of the real (2n+-2p)-space of then+p 
complex variables x,,---, Vp. Let B be a closed subset of D at each point of 
which of Then the points (m,---, Um, 
V1, ° + * Vp) Of the set B’ obtained by use of the equations 


(5.1) uz = f(x, y) Gj =1,---,m), 


at all points of B, form a set nowhere dense in the (2m+-2p)-dimensional (u, ¥)- 
space, and having the property that it cannot disconnect any region of that space. 


First we prove that B’ is nowhere dense. Let By be the part of B in any 
subspace defined by yx=y?, R=1,---, ~, and By the corresponding part 
of B’. If there are no y’s, we take By>=B, and By =B’. Then we have the 
functions u;=f;(x, y°) of the x’s only, satisfying df;/dx,=0. Now neighboring 
any point of By the simultaneous solution of the latter mn equations is given, 
according to the Second Weierstrass Preparation Theorem,f by a finite num- 
ber of configurations, each with a certain positive number of independent 
variables, provided not all the left hand members of the equations are iden- 
tically zero. From the conditions df;/dx,=0 holding on each of these con- 
figurations it follows that on each of them f;=u;=constant, j7=1,---, m. 
In the case that all the left members of the equations are identically zero, 


* The last part of this theorem is not proved by K and S in their case nm. 
¢ Osgood II, chapter 2, §17. 
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each f; is obviously constant. Since By is closed we can apply the Heine-Borel 
theorem to it, and it follows that 


(B’): Bd contains only a finite number of points. 


Since B’ is closed it must then be nowhere dense, for a closed dense set must 
contain a region. 

To prove the second part, we must show that if R is any region (connected 
open set) of (u, y)-space, and Ri=R—RB’, then Ri is a region. It is obviously 
open. Now if there are no y’s, the result follows from (By). Hence we may 
suppose that there are some y’s. Let C and D be any two points of Ri, and 
let them be joined by a path / consisting of straight line segments CS,, 
SiSo, -- +, Si+S:, SD, all in R. We take the segments (by inserting addi- 
tional points if necessary) in length <d, where the distance from / to any 
boundary point of R is greater than 3d. From property (By) it follows that 
the S’s can be changed slightly, in each case keeping the y’s fixed, so that 
none of them is on B’. Let this be done, with everything mentioned above 
still holding. 

We now show how to replace the line segments by paths in Qi, if they are 
not already entirely in Ri. We take CS;, say. Let C,, Si, and L denote the 
projections on (y)-space of C, S; and the segment CS), respectively. For each 
point of L we now determine a subsegment of L as follows. To a point A of 
L, not C, or Siy, we first let correspond a point P(A) of R; which projects 
onto (y)-space in the point A. The existence of such a point P(A) follows 
from property (By). The subsegment of L determined by A is now chosen 
as one with mid-point at A and so short that the parallel segment through 
P(A) in (u, y)-space, of the same length and with mid-point at P(A), is 
within R; and also within a sphere 2 with radius 2d and center at the mid- 
point of CS;. If A is at C, or Si,, the corresponding subsegment of L is simi- 
larly defined, but has A as one end point. We now apply the Heine-Borel 
theorem and choose a finite set of these subsegments of L which cover L, 
and shorten some of them if necessary so that they just cover L but no two 
of them have more than one point in common. If Cy, Ei, Es, - - - , E., Siy are 
the points A determining these subsegments, the corresponding parallel line 
segments through the points P(C,)=C, P(E), -- - , P(E,.), P(Siy) =S; will 
constitute part of the path in R; joining C to S;. The remainder of that path 
consists of a finite number of curves constructed as follows. 

Let F; and F; denote end points of two of these line segments which pro- 
ject onto a single point of Z (common end point of two of the subsegments 
of L). It is then sufficient to join F; and F; by a curve in ®;. But F; and F; 
lie in a space § defined by y,=constant, k=1, - - - , p, which, according to 
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(By ), contains only a finite number of points of B’. Hence any curve interior 
to 2 and on§, joining F; to F; and avoiding this finite set of points, will be 
satisfactory. It follows that Lemma 5.I is true. 


THEOREM 5.II. Let the functions +--+, V1, Vp) =fi(x, ¥), 
j=1,-- +, m, be analytic in a domain D of the real (2n+-2p)-space of then+-p 
complex variables %1,---, Vp. Let K be a closed subset of D at each point of 
which the matrix of the first partial derivatives of the f’s with respect to the x’s 
is of rank <r<n. Then the points Um, Vp) Of the set K’ 
obtained by use of (5.1) at all points of K, form a set nowhere dense in the 
(2m+2p)-dimensional (u, y)-space, and having the property that it cannot dis- 
connect any region of that space. 


The theorem is also true if there are no y’s. 

Let B denote the (closed) subset of K at each point of which every de- 
rivative 0f;/dx;=0. We now apply Lemma 2.II,as follows. The x’s of Lemmas 
2.I and 2.II are the real and imaginary parts of the x’s and y’s of Theorem 
5.II. For equations (2.1) we now have the equations resulting from (5.1) 
involving those parts and the real and imaginary parts of the u’s, together 
with the 2 equations resulting from 


(5.2) uj; = Yi-m G=m+1,---, >). 


Thus the m of Lemma 2.II is 2m+2p of Theorem 5.II. Now according to 
Lemma 5.1, the image B’ of B under (5.1) and (5.2) satisfies the conclusion 
of Theorem 5.II, hence satisfies the first hypothesis of Lemma 2.II. To com- 
plete the proof of the theorem we now see that it will be sufficient to show 
that the second hypothesis of Lemma 2.IT is also satisfied. 

If r=0, K —B is vacuous and no further proof is necessary. 

If K—B is not vacuous, at any point of K—B at least one first partial 
derivative is not zero, say 0f,/%,~0. By the implicit function theorem the 
first equation of (5.1) then has a solution which can be substituted in the re- 
maining equations (5.1), yielding 


(5.3) = » Voy M1) (j = 2,---,m), 


g; analytic, with m now one of the parameters, say “#1=7p4:. According to 
Lemma 2.III the matrix of the first partial derivatives of the g’s with respect 
to %2, +--+, %, is of rank Sr—1. Since Theorem 5.II is true when r=0 it is 
true when m=1. Hence if m>1 we can apply mathematical induction and 
assume that it is true for m—1 functions. Since r—1 is less than m—1, it 
then follows that Theorem 5.II is true for the m—1 functions of m—1 varia- 
bles and p+1 parameters given by (5.3), here considered only neighboring a 
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point. Hence the second hypothesis of Lemma 2.II is satisfied, and Theorem 
5.IT is true. 
6. The case of two analytic functions. We prove the following theorem.* 


THEOREM 6.1. Let f(x, y) =f(x1, Vy Yo) and g(x, y) be given, 
analytic, with the matrix of the first partial derivatives of f and g with respect 
tox, - ++, %, of rank <2, neighboring a point P: (x°, y°) of the space of the com- 
plex variables x1, + + + , Vp, and with f(x, y°) not identically constant. Then f and 
g satisfy an analytic relation. 

‘More precisely, let uo=f(x°, y°) and 19 =g(x°, y°). Then there exists a func- 
tion G(y1, 4, =G(y, u, v), polynomial in v with coefficients analytic 
in (y, u) near (y°, Uo), such that Gly, f(x, ¥), g(x, y) ] =0; and if Gy", mh, 01) =0 
for (y1, u1, 211) in a neighborhood of (y°, uo, Vo), then u.=f(x, u=g(x, 
for a (2n—2)-dimensional set of points (x) near (x°).T 

The theorem is also true if there are no y’s. 

By a change of variables if necessary we may assume that 0 =u =29 =x? 
= ---+ We also make a change in the x’s only so that f(m, 0, - - - , 0; 
0, - - - , 0)#0. That this is possible follows from one of the hypotheses. We 
now establish 


(6.1) (x, y, u) = f(x, y) — u = A(x, y, u)-Q(x, y, 4), 


where {(x, y, «) is analytic and not zero near (0, 0, 0), and 


+ , Y, 


where the A’s are analytic near (0, 0, 0), and A,(0, 0, 0) =0, 7=1,---,m. 
In (6.1) the first identity simply defines ¢. Next we note that since 
f(x, 0, - - - , 0)40, d(x, 0, - - - , 0, 0) 40, so that we can apply the Weier- 
stress Preparation Theorem to ¢, giving us the second identity in (6.1), to- 
gether with (6.2). 

Since ¢, = —1+0, ¢ is irreducible§ at (0, 0, 0), hence we see from (6.1) 
that H is irreducible at (0, 0, 0). Therefore the discriminant|| A(x, - - - , Xn, 


* The theorem of Bliss requires that n <2. Cf. Bliss or Osgood, loc. cit. 

+ A 0-dimensional set is non-vacuous. 

¢ Osgood II, chapter 2, §2. 

§ An analytic function is reducible at a point P if, neighboring P, it is expressible as the product 
of two analytic functions, each vanishing at P. 

|| Any definition of discriminant may be used, since if one of them vanishes identically, so do the 
others. 
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y, u) of H is not identically zero, and where A~0 the roots of H =0 are dis- 
tinct analytic functions.* Let the roots be 


(6.3) = , Xn, Y, Gj =1,--++,m) 
and define 


(6.4) F(x2, 4, v) 
1 


Then F is easily seen to be single-valued and analytic where A¥0 near 
(0, 0, 0, 0), and bounded in modulus. Hence, by a theorem of Kistler, F is 
analytic in a neighborhood of (0, 0, 0, 0). We shall now show that F is inde- 
pendent of x2, - - - , Xn. 

At any point (x2, - - - , Xn, y, #) where A~0, for s>1, 


(6.5) 


with &, as the first argument of g., and of g.,. Now f.,~0 at any point 
[Eq(x2,- ++, Xn, Xn, for since (6.3), solution of H=0, is 
satisfied, we see from (6.1) that if f.,=0 then H,,=0, and as both H and H., 
would thus be zero, A would =0, contrary to hypothesis. Since f,,~0, and 
(6.3), solution of H =0, is by (6.1) also a solution of f(x, y) —u=0, it follows 
that 


— 


with x,=£, in evaluating the right hand member. Substituting this value in 
(6.5), g=1, - - - , m, and using the hypothesis about the rank of the matrix 
of partial derivatives, we see from (6.5) that F.,=0 where A¥0. By con- 
tinuity, F,,=0. Hence F is independent of the x’s, and we can write 


(6.6) , Xn; y, u,v) = G(y, 2). 


Now if u=f(x, y) and v=g(x, y) for (x, y) near (0, 0) so that (wu, ») is 
near (0, 0), then from (5.1) we see that H(x, y, w) =0, so that x, must be one 
of the roots &; of that equation given in (6.3). Hence, in one of the m factors 


* Cf. Osgood II, chapter 2, §9; chapter 1, §6. 
¢ Osgood II, chapter 3, §5, Theorem 1. 
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on the right hand side of (6.4), the first argument of g is x1. Since v=g(x, y), 
that factor is zero, so that F =0, and from (6.6) we then see that G=0. Thus 
Gly, f(x, y), g(x, y) ]=0, as was to be proved. 

Conversely, if G(y, u, v) =0 at a point near (0, 0,0), if »>1 and we take 
any (%,---,%n,) near (0, - - - , 0), then we see from (6.6) that at least one 
factor on the right hand side of (6.4) is zero. Hence if we let x; be a proper 
one of the roots (6.3) of H =0, then » will equal g(1, x2, - - - , Xn, y), and, since 
H(x, y, 4) =0, from (6.1) we see that u=f(m, - - - , Xn, y). Hence the second 
conclusion of the theorem is true when »>1. If m=1 there are no variables 
%,***, X,, and the argument simplifies, giving the stated result. Hence 
Theorem 6.1 is true. 
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NOTE ON IRREDUCIBLE QUARTIC CONGRUENCES* 


BY 
H. R. BRAHANA 


Introduction. In the study of the metabelian subgroups in the holomorph 
of the abelian group of order p* and type 1,1, - - - it becomes necessary to 
classify irreducible quartic congruences belonging to the modular field defined 
by the prime p under the group of linear fractional transformations with co- 
efficients belonging to the same field.t This classification is offered here be- 
cause it does not depend on the group problem from which it arose, and be- 
cause it is believed that the results should have application in many other 
connections. 

The case p=2 is excluded from consideration; it usually requires special 
treatment. The case ~=3 must also be excluded from any argument that de- 
pends on (3) or the form of the general quartic which follows (3). The theorem 
at the end of §1, which is established by an argument which is principally 
geometric, is valid for all odd primes. It is easy to show that when p=3 any 
irreducible quartic is conjugate to x*+-x+2 or to #4+x?+2. 

1. Classification of quartics. We consider the irreducible quartic 


(1) — yx? + ax —B=0 (mod 9), 


where a, B, y are residues of the integers, mod , and the group of linear 
fractional transformations 


(2) a = (ax’ + b)/(cx’ +d), 


where a, b, c, d are in the same modular field. The congruence (1) defines a 
Galois field GF(p*) in which every quartic and every quadratic belonging to 
the GF($) is reducible. If is a root of (1), then its four roots are \”, 
The marks of GF(p*) may be considered as points of a line, and (2) is a pro- 
jective transformation of that line into itself. Any quartic into which (1) may 
be transformed by (2) has roots pu, 4”; u®", u?* whose cross ratio is the same as 
that of the roots of (1). All six cross ratios o of the roots of (1), corresponding 
to the ways in which X, \”, \*", \”* may be arranged, satisfy the relation 


(3) I®/J? = 108(1 — + o*)®/[(o + 1)2(o — — 1)?], 
* Presented to the Society, April 6, 1934; received by the editors July 7, 1934. 
{ The connection between the two problems is indicated in the paper On cubic congruences which 
appears in the Bulletin of the American Mathematical Society, vol. 39 (1933), pp. 962-969. 
395 
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where J and J are semi-invariants of (1).* For convenience we give the defini- 
tions of J and J for the quartic 


+ + 6aex? + 403% + a, = 
They are 


J = — ana? — + 2a;a2a3 — a. 


(4) 


Now since I and J are polynomials in the coefficients of the quartic, the ab- 
solute invariant i = J*/J? of (1) is in the GF(),or, if 70 and J =0, is infinity. 
If both J and J are zero, (1) has equal roots and in such quartics we are not 
interested here. Two quartics which are conjugate under the group (2) have 
the same absolute invariant 7, and 7 may conceivably take on any one of the 
values 0,1,2,---,p—1,0. 

We shall show first that two irreducible quartics belonging to the GF(p) 
and having the same o are conjugate under the group (2). Let A and yp be re- 
spective roots of the two quartics. Then 


(5) ko + + Rod? + 
where the k’s are integers. The condition that there exist a transformation (2) 
which puts d into p is 

ko + Rid + hod? + = (0A + + 
Clearing of fractions, making use of the fact that ) is a root of (1) and of no 
congruence of lower degree with integer coefficients, we obtain a system of 


linear homogeneous congruences in a, b, c, d. The condition that the system 
have a solution different from 0, 0, 0, 0 is 


(6) kiks + yk? — k? =0. 


Conversely, if (6) is satisfied there exists a solution with a, b, c, d all integers. 
The determinant of the transformation in the general case is 


d*(ko — ykPk? + — ks), 


which cannot be zero unless 2 and &; are both zero, or d is zero. If both kz and 
ks are zero, we have the solution a=k,, b=ko, c=0, d=1. If d=0, a, b, and c 
cannot all be zero and hence ke=0. In this case the determinant is —bc= 
—Bk;c? which is zero only if ks =0. Consequently, if » is not an integer and 
(6) is satisfied, there exists a non-singular transformation (2) with integer 
coefficients which puts A into p. 


* Cf. Clebsch, Theorie der Biniren Algebraischen Formen, Leipzig, 1872, p. 170. The difference 
in coefficients comes from the definitions of J and J given below. 
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Now since the coefficients of (2) are integers, if (2) transforms \ into u 
it transforms )? into y?, etc., and consequently transforms (1) into the second 
quartic under consideration. Let us define the cross ratio of the ordered set 


(7) = (A — — AP*)/[(A — AP*)(A”* — D2) ]. 


If we set (A) =o(u), substitute for u from (5), and make use of the fact that 
is a root of (1), we obtain (6). Consequently, if u is such that o(A) =o(u), 
then (6) is satisfied and there exist integers a, b, c, d such that (2)transforms 
A into p. 

From the definition of o(d) in (7) it is obvious that o(A**) =o(d), and that 
a(d”) =o(a) if and only if o(A) is —1. Consequently every irreducible quartic 
is transformed into itself by an operator of order two of the group (2), and 
every irreducible quartic for which o(A) = —1 is transformed into itself by an 
operator of order four of the group (2). No operator of (2) other than those 
just described and powers of them can transform an irreducible quartic into 
itself, for if T(x) is an operator of (2) and T(A) =p, then T(A?) =y?. 

The order of (2) is p(p?—1). Every irreducible quartic such that o(A) ¥ —1 
is one of a set of p(p?—1)/2 conjugates under (2). Let the number of such sets 
be k. Each other irreducible quartic belongs to a set of p(p?—1)/4 conjugates, 
and there is not more than one such set. The number of irreducible quartics 
is p?(p?—1)/4.* From the relation 


kp(p? — 1)/2 + mp(p? — 1)/4 = p(p? — 1)/4 


where m=0 or 1, it follows that m=1 and k=(p—1)/2. We state the princi- 
pal result in the following theorem: 


The irreducible quartics belonging to a GF(p) constitute (p+1)/2 sets of con- 
jugates under the linear fractional group with coefficients in the GF(p). 


2. Characterization in terms of the absolute invariant. We have charac- 
terized the (p+1)/2 types of irreducible quartic in terms of the cross ratio 
of the roots in a given cyclic order. It follows from (3) that the absolute in- 
variant 7 of an irreducible quartic is restricted to a set of not more,than 
(p+1)/2 of the numbers 0, 1, 2, - - - , p—1, ©. We shall show that two ir- 
reducible quartics of different types have different values for 7, and there- 
fore that the (p+1)/2 types are characterized by exactly (p+1)/2 values of 
the absolute invariant. besa 

Since [o(A) =a(A), it follows that is always in the GF(p?) 
contained in the GF(p*) defined by the irreducible quartic. Also, since 


* Dickson, Linear Groups, Leipzig, 1901, p. 18. 
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[o(A) ]p =o(A?) and is equal to o(A) only if o(A) = —1, it follows that o(a) is 
an integer only if (A) = —1. When o(A) = —1, then i= ; the other possible 
values of o(A) for i=oco are 2 and 1/2, neither of which can be the o(A) of an 
irreducible quartic, being integers. There is therefore just one type with i=, 
and we may confine our attention to the other (p—1)/2 types and assume 
that o(A) is not an integer. 

If our conjecture that the type is determined by the value of z is correct 
then of the six values of o obtained by using a suitable value of 7 in (3) it 
should be possible to isolate two, either of which could be the o(A) of an ir- 
reducible quartic. Let us suppose (3) to be written as a sextic polynomial 
equal to zero. Since the irreducible quartic has no multiple root and since 
harmonic quartics were disposed of in the preceding paragraph, it follows that 
the sextic we are dealing with now is one which corresponds to the “general” 
quartic or else to the equianharmonic quartic. The sextic has six distinct 
roots or two triple roots. Since ¢ is not an integer and is in the GF(p?), the 
sextic polynomial is the product of three quadratic factors belonging to and 
irreducible in the GF(p). Let A: be a root of the quartic and denote o(A:) by 
Then o(A}) = 1/01. Since the sum of o; and 1/0; is equal to its pth power it 
is in the GF(p). Hence o; and 1/o; satisfy a quadratic relation with integer 
coefficients. Since the sum of (1—«:) and 1/(1—o:) has for a pth power the 
sum of o;/(0,:—1) and (¢,—1)/o:, it follows that neither pair satisfies a quad- 


ratic relation with integer coefficients unless we are dealing with the equian- 
harmonic case. Hence, if the sextic is written with 1 for the coefficient of o°, 
just one of its irreducible quadratic factors has the constant term equal to 1 
or else the sextic is the cube of a quadratic. In either case the zeros of the 
quadratic factor with the constant term 1 are the two possible values of the 
cross ratio of d, \”, \””, \”", where 2 is a root of an irreducible quartic. There- 
fore, 


Two irreducible quartics with the same value of the absolute invariant are 
conjugate under (2). 


It follows from this theorem that there are (p+1)/2 values of 7, including 
oo, such that there exist irreducible quartics having those values of 7. Any 
quartic with integer coefficients having for 7 a number not among those 
(p+1)/2 values is necessarily reducible. This agrees with the statement of 
the conditions for irreducibility of a quartic given by Dickson.* It is of some 
interest to note that there exists a quartic of the form (1) having for its ab- 


* Criteria for the irreducibility of junctions in a finite field, Bulletin of the American Mathematical 
Society, vol. 13 (1906), p. 7. 
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solute invariant any given integer or infinity, and to see why for certain 
values of 7 such a quartic is reducible. 

Let us suppose that J and J are any two integers, and let us write (1) 
in the form 


x* + 6a2x? + 4a3x% + a, = 


If we use (4) to express a3 and a, in terms of a2, J, and J, we have 


a= I- 3a2?, and a? = Ia, — 
Writing the second congruence as 
a? Ta2/4 + (J + a? )/4 0, 


we note that as a; is allowed to run through the numbers of the GF(p) we 
have (p+1)/2 cubic congruences of which no more than (p+1)/3 can be ir- 
reducible.* Hence, a; may be selected and then a2 and a, determined so that 
the resulting quartic has the semi-invariants J and J. If J is fixed and J runs 
through the values 0, 1, 2,---, p—1 then 7 runs through the non-zero 
squares if J is a square or the not-squares if J is a not-square. If J, J, is 0,1, 
or 1, 0 then z is 0 or ©. An easy computation shows that there are exactly 
(p—1)/2 integers such that if 7 takes any one of those values the sextic is the 
product of two irreducible cubics or the product of six linear functions with 
integer coefficients. 

The values of < which are suitable for irreducible quartics are readily de- 
termined from the fact that the discriminant of the quartic must be a not- 
square,{ viz., J*—27J? is a not-square. Since J*=zJ?, it follows that i—27 
must be a not-square. As i runs through the numbers of the GF(p), (p—1)/2 
such 7’s are obtained, and the remaining one isi= ©. 

3. Determination of a quartic of a given type. Having given an 7 for which 
there exists an irreducible quartic it does not follow that every quartic having 
that value of z is irreducible. J and J may be selected in many ways. J may 
always be selected so that —J is a square in the GF(). Then consider the 
quartic 


(8) 


It has semi-invariants J and J. The condition that it be reducible is found 
from Ferrari’s method of solution of the quartic. The resolvent cubic is 


(9) 167 =0. 


* Cf. On cubic congruences, loc. cit., p. 968. 
t Dickson, the second reference preceding. 
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This congruence is reducible and has one integral root #,. The condition that 
(8) be reducible is that ¢, be a square if i#, or that —J be a square if 
i=, In the latter case a proper choice of J makes (8) irreducible. 

Suppose 7 and (8) reducible. Then consider 


(10) x4 + 4a3x + a= 0, 


where a4,=I —3a/?, and a? =Ia,—4a —J, the I and J being the same as in 
the last paragraph. The resolvent cubic of (10) may be readily shown to have 
the root 4:+2a2, and (10) is reducible if t:—4a2 is a square. Since #4; depends 
only on J and J there are (p—1)/2 values of a2 such that 4,—4az is not a 
square. Any of these values which makes the quantity Ja,—4a —J a square 
in the GF(p) gives an irreducible congruence (10) with integer coefficients. 
Since irreducible congruences with the given 7 have been shown to exist and 
since every quartic can be transformed into the form (10) by means of an 
operator of (2) it follows that a number a; exists satisfying the given condi- 
tions. We have thus a straightforward method of writing a member of each 
of the (p+1)/2 conjugate sets of irreducible quartics. 


UNIvERsITY OF ILLINOIs, 
Ursana, ILL. 


CONTINUITY AND SUMMABILITY FOR 
DOUBLE FOURIER SERIES* 


BY 
J. J. GERGEN AND S. B. LITTAUERT 


1.1. Introduction. The object in this paper is, first, to consider two ex- 
tensions to double series of Riesz’s theorem{ on the equivalence of the Riesz 
and Cesaro methods of summation for simple series,§ and, secondly, to con- 
sider three extensions to double Fourier series of Hardy and Littlewood’s 
theorem,|| as refined by Paley,§] Bosanquet,** and Wiener,}{ on the equiva- 
lence of continuity in the mean of a function and the summability of its 
Fourier series. We consider the question of summability in Part I and that 
of continuity and summability in Part II. The results in Part II are based on 
those in Part I. 

Part I 


2.1. Extensions of Riesz’s Theorem. We consider here a double series 


(2.11) > 


m,n=0 


The definitions for Cesaro and Rieszian summability of this series are analo- 
gous to those for simple series.[f Let -1<a, —1<£. Let m, n be integers, 
positive or 0. Let 


* Presented to the Society, October 29, 1932; received by the editors May 9, 1934, and, in re- 
vised form, January 29, 1935. 

t The first results of this paper were obtained while Dr. Gergen was Peirce instructor at Harvard 
University, and Dr. Littauer was National Research Fellow, also at Harvard University. 

¢ For a statement of this theorem, its proof, and references, see Hobson, 8, pp. 90-98. 

Numbers in bold face type refer to the bibliography at the end of this paper. 

§ One extension of Riesz’s theorem has been given by Merriman, 11, p. 526. Merriman’s theorem 
is that, if OSa, O08, if each column, )>~_,am,n, of the series (2.11) is summable by Cesaro or by 
Rieszian means of order a, and if each TOW, 2 =o m,n) is summable by Cesaro or by Rieszian means of 
order, then the series is summable (C; a, 8) to sum s if, and only if, it is summable (R; a, 8) to sum s. 
This theorem, which is plainly contained in Theorem II, is not very satisfactory in treating double 
Fourier series. Merriman’s proof like ours is based on Hobson’s proof of Riesz’s theorem, but it takes 
a different form from ours. 

|| Hardy and Littlewood, 5, p. 70. 

Paley, 14, p. 180 and p. 190. 

** Bosanquet, 3, p. 147 and p. 153. 

tf Wiener, 18, and 19, p. 78. 

tt Cesaro means for double series have been considered by many authors. Among the earlier of 
these might be mentioned Moore, 13, and Young, 20. In addition to Merriman’s paper, 11, might be 
mentioned Mears’ paper, 10, in connection with Rieszian summability. 
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m 


p=0 m—p 


a T(a + 1) 
+ (a — b + 1) 
Then the series (2.11) is summable by Cesaro means of order (a, 8), or, more 
shortly, is summable (C; a, 8) to sum s if as (m, 
On the other hand, let 
Ras(%, = y) = — p)* (y — 
p<z a<y 
Then, the series (2.11) is summable by Rieszian means of order (a, 8), or 
summable (R; a, 8), to sum s if Ra,(x, y)—s as (x, ©). 

Now the natural extension of Riesz’s theorem is that, if O0<a, 0<8, then 
the series (2.11) is summable (R; a, 8) to sum s if, and only if, it is summable 
(C; a, 8B) to sum 5. This result is however in question. In our extensions we 
find it essential to introduce additional conditions. In the first we use the idea 
of ultimate boundedness, and in the second, that of ordinary boundedness. 
We say that the series is bounded [ultimately bounded ] (R; a, 8) if Ra,e(x, y) 
is bounded independently of x, y for 0<x,0<y [sufficiently large x, y]. Simi- 
lar definitions hold for Cesaro summability, the condition 0<x, 0<y being 
replaced by 0<m, 0 <n. When first presented for publication this paper con- 
tained no reference to ultimate boundedness, and accordingly, it contained 
neither Theorem I nor VI. The truth of Theorem I and one of the type of 
Theorem VI was conjectured by the referee, Professor Sz4sz, who kindly com- 
municated his ideas to the authors. It was his suggestion as to the possible 
use of Agnew’s fundamental lemma,* Lemma 4 below, that directed our ef- 
forts in the proofs of these theorems. 

Our extensions of Riesz’s theorem are as follows: 


THeorEM I. Let 0 <a,0<8. Then (a) the series (2.11) is summable (C; a, B) 
to sum s if it is ultimately bounded (C; a, 8) and if it is summable (R; a, B) to 
sum s. Moreover, (b) the series is summable (R; a, 8) to sum s if it is ultimately 
bounded (R; a, 8) and is summable (C; a, B) to sums. 


* For this lemma see Agnew, 1, p. 649. For theorems and references to theorems of the same gen- 
eral type as Theorem I, see Agnew, 1 and 2. 


402 
where 


1935] DOUBLE FOURIER SERIES 403 


THEOREM II. Let OS a, OS 8. Then (a) the series (2.11) is bounded (C; a, B) 
if, and only if, it is bounded (R; a, B). In addition, (b) if the series is bounded 
either (C; a, B) or (R; a, B), it is summable (C; a, B) to sum s if, and only if, 
it is summable (R; a, B) to sum s. 


The second part of Theorem II is of course a corollary of the first part 
and Theorem I. The proofs of Theorem I and part (a) of Theorem II are 
based on the lemmas of §§3.2 to 3.5. The last of these is Agnews’ lemma; the 
other three are on simple series and are modeled, to some extent, after some 
given by Hobson in his proof of Riesz’s theorem. Hobson’s lemmas in general 
are not sufficiently precise for our purposes. Incidentally, we might point out 
two results which follow from our lemmas but do not seem to be in the litera- 
ture. The first is the analogue of part (a) of Theorem II, and the second is to 
the effect that a series of functions }>*_,@m(x) is uniformly summable on 
the interval a<x<b by Cesaro means of order a, 0Sa, if, and only if, it 
is uniformly summable there by Rieszian means of order a. 

3.1. Lemmas for Theorems I and II. In these lemmas and throughout 
the rest of the paper we suppose that x, y are positive numbers, that m, n, p, q 
are integers, positive or 0, and that M denotes a number independent of those 
of the variables x, y, m, n, p, g with which we are concerned at the moment. 
The range for these variables is understood to be 


0<¥y, 0< m, 0<4, 0s4, 


or that part of this range indicated. 
In Lemmas 1 to 3 we consider a series 


(3.11) An. 


Here M is understood to be independent of the values of the A’s. We denote 
by & a fixed positive number, by K, the largest integer less than k, and by yp, 
the largest integer less than x. We write 


Sa(m) = (° *) Ay, = (x — p)*Ay. 
p=0 m—p 
We define (5') as 0 for p=m+1, m+2,---, and set 
K+1 


E(2) = (x) +1) (‘ T(x) = ox(2) — P(e + 1)Si(u). 
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3.2. We consider first E(x). We have 


Lemma 1. If k is an integer then E(x) is bounded for all x and vanishes for 
k<x. If k is not an integer then 


| E(x)| S M(« + 
For K+1<x we have* 


| o(x) — k(k —1)--- (k— 


z Ux = 
z-1 u,—1 ug—l 


K- 


< 


If & is an integer this is 0, and the lemma follows in this case. If k is not an 
integer it is as Accordingly, sincet 


') = 


— = O(x-*) 


k(k —1)--- — —T(R+ 


as x, the lemma follows in this case also. 
3.3. We turn now to 


Lemma 2. We have 


| | M max | Si(m)| 
m<x 


In addition, corresponding to each positive integer mo, we can write 


ox(x) = >> B,(x)A, + H(x) 


for my <x, where the B’s are independent of the A’s, 
(3.31) |B,(x)| SM for p<m<zx, 
and 
| H(x)| S Mo max | Si(m)| 


for mo<x, Mo being independent of mo as well as x and the A’s. 
We havef 
* Compare Hobson, 8, p. 90. 


ft For the former see Hobson, 8, p. 91. 
t See Hobson, 8, (4), p. 71. 
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P K 1 
q=0 
Hence 
P K 1 


On the other hand,* 


= 


q<z 


) Sx(q). 


Thus, 
(3.32) T(x) = >> E(x — g)Sx(q). 
Now,t 
se * sum). 


q<z 


Hence, 


q<z 


dX D(x — m)S;(m), 


D(x) (- »(*), 


n<z 


Consider D(x). If & is not an integer, then, sincef 


as n— ©, we have, by Lemma 1, 


n<2/2 
< M{(x{+1)?+ («+ 1)?“ }. 
Hence, 


SM. 


* See Hobson, 8, (5), p. 72. 
t See Hobson, 8, (6), p. 72. 
¢ See Hobson, 8, pp. 71-72. 
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On the other hand, if & is an integer then D is bounded for all x and vanishes 
for k+1<zx. It follows that (3.34) is valid in this case also. We choose Mo 
so that, for all x, 


T(k +1) + >>| D(x — m)| S Mo. 


mez 


Allowing for the moment mp to have one of the values 0, 1, - - - , we set, 
for mo <x, 


H(x) = + 1)Sx(u) + D(x — m)Si(m). 
Then, for OS m <x, 
| H(x)| S Mo max | Si(m)|. 


Taking m,)=0, H reduces to o;, and the first part of the lemma follows. In 
addition, for 0<my) <x, we have 


m k om 
ox(x) — H(x) = >> D(x — m) ( ere = > B,(x)Ay, 


m— p p<m, 


where 


m— p 


m=p 


Since these B’s are independent of the A’s and satisfy (3.31) the second part 
likewise follows. 
3.4. We proceed to the proof of 


Lemwoa 3. We have 
| Si(m)| M max | o:(x)|. 
zSm+1 


In addition, corresponding to each positive integer mo, we can write 


Si(m) = C,(m)Ay + I(m) 


P<me 
for mo sm, where the C’s are independent of the A’s, 
(3.41) |Cp(m)| < M for p <mo Sm, 
(3.42) | I(m) | S My max | ox(x) | form Sm, 


M > being independent of mo as well as m and the A’s. 
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In this lemma we set oo(*) We note then that* 
Sx(q) = 2) Mo,(q). 
r=0 


Hence, by (3.32), 


m K 
Si(m) = Mox(m + 1) + E(m+ 1 — 
q=0 


K m 
= Mox(m + 1) + Elm + 1 — g)o-(q). 


r=0 q=0 


Accordingly, it is enough to prove the lemma with S,(m) replaced by 
T(m) = E(m + 1 — q)o-(q), 
q=0 


where r=0,1,--- 
We set 


W(x) = fe — 


integrate by parts K times, and take x=g+1/(K+1), g+2/(K+1),---, 
g+1, successively. We get, for p=1, 2,---, K+1, 


{(K + 1)/pPW{qt p/(K +1)} = anp*ox-n(q), 


n=0 


an(K + 1)"\--- (A+ —n)! = K}. 


Noting that for 1<K the determinant of the o’s in these equations is a non- 
zero multiple of the Vandermonde formed with the numbers 1,2, - - - ;K+1, 
we see that o,(q) can be expressed in the form 


o-(q) = MW{q+ i/(K +1}. 


We thus have 


K+1 m 


T(m) = Em +1 i/(K +1}. 


n=0 


Hence, it is enough to prove the lemma with S;(m) replaced by 


n=0 


* Compare Hobson, 8, p. 91. 
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where £ is a fixed number satisfying 0<£<1. 
We have* 


W(x) = Mox(x) +M f =), 


where y remains positive and never increases as v increases from 0 to p, and 
¥(0, x) = M. 


Allowing mo to have one of the values 0, 1,---, and denoting by My a 
number independent of m, mo and the A’s, we can then write 


Ui = Em = Mod Eom t+ 1-9) 


+ Elm +1—9){ + 8) + Mo f “of + 


q=™>o m 


= Us, 


say. Now, applying the second mean-value theorem, we have 


|Us| Mo max |o.(x)|- >| 
m q=mo 


My max | on(x) |. 
From this inequality the first part of the lemma follows on taking m)=0. 
In addition we can obtain the second part. 
We have, for0<mo<m, 
U -Us= + U2= Ut U2, 

say. Now 


até 
U.= E(m+1—- 9) (q + — t)"ox(é)dt 


q 


até 
= (q+ — — p)¥dt, 
p<m, PSaq<m, qd 
and it is plain that the coefficient of A, here satisfies (3.41). On the other 
hand, 


Em+i-g (u— pA, du 


0 psu 
* See Hobson, 8, pp. 94-95. 
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A, > E(m + 1 — — p)* Wu, + 


and we have, for p=0,1,---, mo—1, 


<M >| <M. 


The lemma follows. 
3.5. We consider finally 


Lemna 4. Let mo be a positive integer. Let g,(x), Gp(y), p=0,1, - - - , mo—1, 
be defined for sufficiently large values of their arguments. For each p let 


8»(*) = o(1) 


as x— © ; and for sufficiently large x, y let 


&o(x)Gp(y)| F(z), 


where F is independent of y. Then 
(3.51) DX go(x)Gp(y) = o(1) as (x,y) > (@, 


This lemma with x, y replaced by integral variables is the lemma of 
Agnew previously cited. It is plain that the lemma is likewise valid when 
x or y is replaced by an integral variable. We shall have occasion to use it in 
various forms. 

The lemma in the general case is an immediate corollary of Agnew’s re- 
sult. For suppose that (3.51) is false. Then there exist a positive « and two 
sequences of numbers {xm}, {yn}, m, m=1, 2,---, such that x, as 
M—>2, © asn—o, and 


| = €. 


psme 


But, by Agnew’s result, 
= 0(1) 


as (m, n)—(©, ©). This gives us the contradiction. 
4.1. Proof of Theorem I. As the proofs of (a) and (b) are similar in char- 
acter we shall confine ourselves to the proof of (a). In addition, we shall as- 


_ 
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sume that 0<a, 0<8. When a=$=0 there is nothing to prove, and when 
one and not the other is 0 the proof requires similar steps to the following, 
but fewer of them. . 

To begin with we note that we can suppose that s=0. In fact, for either 
type of summability, the series (2.11) is summable to sum s [ultimately 
bounded J if, and only if, the series 


bo,o = doo — S, bmn = for 0 < n’, 
m,n=0 


is summable to sum 0 [ultimately bounded] by means of the same order. 
The theorem for s+0 is then a consequence of the theorem for s =0. 
We now set 


m 

P(m, y) = ) (y = 
p=0 m— n<y 

and proceed to show that 

(4.11) P(m, y) = o(my®) as (m, y)—>(%, ©). 


Let 0 <e be arbitrarily small. Then, denoting by M, the constant of (3.42), 
we select an M and a positive integer mp so that 


| Sa,a(m, n)| Mo| a.s(x, y)| 


the former for mo <m, mo <n, and the latter for mo <x, moSy. 
Next we apply Lemma 3. We can write, for m)<m, 


P(m, y) = C,(m) >> (y — + I(m, y) 


n<y 


= I,(m, y) + TI, 
say, where C,(m) is bounded for p<my<™m, and 


(4.12) Mo max | y)| < + 
moSxsm+1 


for moSm, mo Sy. 
Consider J;. By Lemma 2, we have, for mo<y, 


Pom 3) = DBD + 


where B,(y) is bounded for g<my<y, and 
| H| M max | Sa,a(m, n) | = 
mesn<y 
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for mo Sm, mo<y. We conclude that, for mo <m, mo<y, 


—|/atm—p 
Dl 


p qsmo 


p=0 


p 


say, where F depends upon m but not upon y. On the other hand, 
m-*C',(m) = o(1) 
as mo, for p=0, 1, - - - , mo—1. Accordingly, Lemma 4 is applicable, and 
it follows that 
(4.13) m-*y~*I,(m, y) = o(1) as (m, y)—>(%, ©). 
From (4.13), (4.11) now follows. By (4.12) and (4.13) , we have 


lim sup | m-*y-*P(m, y)| Se, 


(m, y) (00, 0) 


and since ¢ was arbitrary, this implies (4.11). 
It remains to show that (4.11) with our hypotheses implies 


(4.14) Sa,a(m, n) = o(m*n®) as (m,n)—>(, 
Letting ¢ and M, have the same significance as above, we select an M and a 
positive integer mo so that 

| Sas(m,)| < Mmen*, Mo| P(m, y)| S emty*, 


the former for my <m, mo Sn and the latter for mo <m, mo Sy. Then we apply 
Lemma 3 again. We have, for m) <n, 


= I{(m,n)+I', 


say, where Cj (m) is bounded for g<mo<n, and 


S$ Mo max | P(m, y)| + 1) 
mosysnti 


for mo Sn. Now, 
<|Sae|+ Mmo(n + 1)8 
for mo Sm, mo <n. Hence, by Lemma 4, since 
n-®C (n) = o(1) 
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as n— ©, for q=0,1,-- mo—1, we have 
(m,n) = o(1) 
as (m,n)—(~, ©). We conclude that 


lim sup | n)| e, 
(m, n) 
and accordingly, that (4.14) holds. 
4.2. Proof of Theorem II. We have only to prove (a). We first observe 
that 


(4.21) | Sa,a(m, n) | <= M max (x — p,q 


xSm+1| p<z q=0 n—q 


This is a consequence of Lemma 2 if 0 <a and is trivial otherwise. We next 
observe that, similarly, 


n 
p<z q=0 n—q yan+1 
Hence, by (4.21), if the series (2.11) is bounded (R; a, 8), we have 
| m)| M(m + 1)*(n + 1) 


from which it follows that it is bounded (C; a, 8). 
In the same way, if the series is bounded (C; a, 8), we have 


| ¥)| S M(x + 1)*(y + 1). 
It follows that R.,(x, y) is bounded for 1<x, 1<y. But we have, for x<1, 
Ra,a(x, y) = y). 


Hence, as a similar identity holds for y<1, we conclude the truth of (a). 


Part II 


5.1. Extension of Hardy and Littlewood’s Theorem. We consider here a 
function f(u, 7) which is integrable* over the square (0, 0; 7, 7) and is even 
and periodic with period 27 in each variable. We restrict our attention to the 
behavior of f and the Fourier series of f, 


J(u, v7) ~ > COS MU COS ND, 
m,n=0 
at the origin. This restriction and that as to f being even-even do not of 
course limit the generality of our results. The series with whose summability 
we are concerned is then the series (2.11) where now 


* All our integrals are understood to be taken in the sense of Lebesgue. 


£ 


DOUBLE FOURIER SERIES 


= ude f cos mudu cos nv f(u, v)dv 
0 0 
[do = 1/7, Ar = 


To extend the Hardy and Littlewood theorem we need a definition of frac- 
tional integration and continuity in the mean for functions of two variables. 
These are direct generalizations of those for functions of a single variable. 
Let $(w, v) be defined for almost all (uw, v) in the quarter-plane T: (0 <u, 0<z). 
Let 0 <a, 0<b. Then we define $a,s(x, y), $a,0, aS 


(z,y)- 


Par 9) Wy — 0), 


(0,0) 


0 


9) = f "(y — 


provided the corresponding integral exists, and as © otherwise. We define 
po,0(x ) as 


$0,0(x, = y) 


where ¢ is defined, and as © otherwise. We call ¢.,.(x, y), where 0OSa, 0S), 
the fractional integral of order (a, b) of ¢ at (x, y). We say that ¢ is continu- 
ous (C; a, b) at the origin, or, more briefly, continuous (C; a, 6), with limit s, 
if y)—s as (x, y) +0). In addition we 
say that ¢ is almost continuous (C; a, b) with limit s if [(a+1)P'(6+1)«-*y-* 
-a,o(X, y) coincides, except possibly on a set of measure 0, with a function 
(x, y) which tends to s when (x, y) (+0, +0). 
In regard to these integrals we prove in §6.1 the following theorem:* 


THEOREM III. Suppose that 0O<a, OSb and that $(u, v) is integrable over 
every rectangle (0,0; x, y). Then (a) ba,v(u, v) is integrable over every such rec- 
tangle. In addition, (b) if aSa, and if ba,s(x, y) is finite, then da.s(x, 
is equal to the fractional integral of order (a—a, 8—b) of da,» at (x, y). 

Our principal extension of the Hardy and Littlewood theorem involves 
the idea of boundedness in much the same way as Theorem II. We say that 
fis bounded [almost bounded ] (C; a, b) in a domain D if x~*y-*f.,, is bounded 
[almost bounded] in D. The extension is then as follows: 


* For a theorem of this type on fractional integrals of functions of a single variable, see Tonelli, 
17, p. 185. 


1935] ee 413 
| 
| 
| | 
| 


414 J. J. GERGEN AND S. B. LITTAUER 


THeoreEM IV. (a) Let 
(5.11) Os a<a, 0sb<8. 


Then, if for some positive 5, f is almost bounded (C; a, b) in the infinite rec- 
tangles (0,0; , 5), (0,0; 5, ©), it follows that the series (2.11) is bounded 
(C; a, B). If, in addition, f is almost continuous (C; a, b) with limit s, then the 
series is summable (C; a, 8) to sum s. (b) On the other hand, suppose that 


(5.12) 


Then, if the series (2.11) is bounded (C; a, B), it follows that f is bounded (C; a, b) 
in the quarter-plane T. If, in addition, the series is summable (C; a, B) to sum s, 
then f is continuous (C; a, b) with limit s.* 

The proof of this theorem is given in §§7.1 to 10.1. We were much in- 
fluenced in our procedure by the work of Bosanquet and Paley previously 
cited.{| We do not however follow one or the other of these authors com- 
pletely. The proof of part (b) especially seems to involve new difficulties. 
In using this method of proof it is natural that we obtain relations between 
the order of summability and continuity analogous to those of Bosanquet 
and Paley. 

Part (a) of the theorem is not entirely satisfactory. Conditions depending 


explicitly on f in the fundamental square (0, 0; 7, 7) would be more desirable. 
Conditions of this type are given in the following theorem. It might be noted 
in particular that, when a<1, b <1, the boundedness condition reduces sim- 
ply to f being almost bounded (C; a, b) on (0, 0; 7, 5) and (0, 0; 6, x). Part (b) 
we add for the sake of completeness. 


* This theorem contains as a particular case a result given independently by Moore, 13, p. 96, 
and Young, 20, p. 181, namely, that the series (2.11) is summable (C; 1,1) to sum s if the conditions 
in (a) hold for a=b=0. 

Another summability criterion which might be mentioned is one due to Tonelli, 16, p. 490. 
Tonelli shows that the series (2.11) is summable (C; 1, 1) if 


Sau 400, 0) s| do = of, 9) as (x9) + (+0, +0) 
0 


and if the integrals f;"| f(x, »)| dv, | fo"f(u, y)| du are almost bounded on (0, x). This result does not 
seem to be contained in Theorem III. It seems likely that an extension of Tonelli’s theorem, similar 
to the extension of Lebesgue’s theorem by Hardy for simple series, can be obtained by means of the 
formula in Lemma 9. For references to Hardy’s theorem and to Lebesgue’s theorem and to similar 
theorems, see Kogbetliantz, 9, p. 64. 

The problem of extending Hardy and Littlewood’s theorem to double series was first considered 
by Merriman, 12. 

t While this paper was being prepared for publication a second paper on summability was pub- 
lished by Bosanquet. This paper, 4, contains a proof of the essential Lemma 9 below. In his first 
treatment of the problem Bosanquet used a somewhat different method. 
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THEOREM V. (a) Part (a) of Theorem IV holds if we replace the rectangles 
(0,0; , 5), (0, 0; 5, ©) by (0, 0; x, 5), (0, 0; 5, +) and assume in addition 
that y~*fm,o(a, ¥) [x~*fa,m(x, 3) | is almost bounded on (0, 5) for each positive odd 
integer m less than a [b|. (b) On the other hand, if (5.12) holds and if the series 
(2.11) is bounded (C; a, 8) it follows that y~*fm,v(a, y) [x~*fa,m(x, is bounded 
for all y [x] for each positive odd integer m less than a [b]. 

This proof is found in §§11.1 to 12.2. In §13.1 we obtain with the help of 
the previous Lemma 4 and the lemma of §9.5 a third extension of the Hardy 
and Littlewood theorem. This result is of the same type as that of Theorem I. 
Whether a corresponding result holds when the roles of summability and con- 
tinuity are interchanged we are unable to say. 


THEOREM VI. Suppose that 
OsSa<a-2, 0s6<b-2, 
and that the series (2.11) is summable either (C; a, B) or (R; a, B) to sum s. 


Suppose also that, for a positive 5, f is bounded (C; a, b) in the square (+0, +0; 
5, 5). Then f is continuous (C; a, b) with limit s. 


6.1. Proof of Theorem III. Part (a) is trivial for a=b=0, part (b), for 
a=a, b=. We shall assume in (a) that 0<a, 0 <8, and in (b), that 0<a<a, 
0<b<. The other cases can be handled by similar arguments. 

Let (x, y) be fixed. Then the function (x —£)* (y—7)* #(&, ) is integrable 
over 0OSE<x, OSnSy. Moreover, 


J “(u— du, J "(9 — 


Hence, by Fubini’s theorem,” it is plain that the integral 


exists. Thus, since the integrand here is measurable over the domain 
the integral 


(u — — 0, 0) 


exists by a theorem due to Hobson.f Accordingly, the integral 


(z,y) (u,v) 
( 


0,0) (0,0) 


* See, for example, Hobson, 7, p. 630. 
t See Hobson, 7, p. 631. 


| 
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exists. We conclude that (a) holds. 

The proof of (b) is similar. We have, assuming ¢.,(x, y) finite, 
¥) 


where E = ['(a — a)I'(6 — (a)I'(d). Now, noting that W.,e(x, y), where 
v= |¢|, is likewise finite, we see that we can integrate first with respect 
to (£, 7). We thus get 

Ega,s(%, ¥) 


(z,y) (u,v) 
= f (x — — 0) f (u — — 
( (0,0) 


0,0) 


and this completes the proof. 
7.1. Lemma on Young’s functions. We divide the proof of Theorem IV 
into several parts, considering first a lemma in connection with the function 


= = (1/n) [1 — + + 2)} 

+ w/{(n + + 2)(n + 3)(n+4)} —- 
and its derivatives y,, y,, - - - . For0<u, we have 
(7.11) = T(n)u-"C,(u), 
where 


is Young’s function.* 
Lemma 5. Let 0<n and let m<n+1. Then y{™ (u) is continuous for all u, 
and 


(7.13) (u) =O(u "+ as 
The conclusions of this lemma are familiar.f First, it is plain that y,‘™ 
is continuous for all «. Next, Youngt has proved that, if 0<£, then 


* Young, 21. 
+ Hardy and Littlewood, 6, p. 217, state without proof that, as u 0, 


= Aum" sin (u — + Bu-* + O(u-*") + O(u-), 
where A and B are constants, and that asymptotic formulas for the derivatives of 714, are given by 


the formal derivatives of this expression. Using the method employed above, Young, 21, Hobson, 8, 
p. 566, and Pollard, 15, p. 212, obtain (7.13) for various cases. None of these authors treat the 


case n<m<n+1 however. 
t Young, 21, or see Hobson, 8, p. 565. 
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(7.14) = O(1 + as 
Using this result, (7.11), and the fact that 

(7.15) DiC; = 


for 0<u, and 1<&, we see that (7.13) holds if m<n. 
Suppose then that 7<m<n+1; we have, by (7.11), (7.14) and (7.15), 
(u) = Ou + + u ) 
as u—> ©. But, replacing ¢ by u—# in (7.15), we get 


cost dt + sin i7-™ sin dt. 
0 


0 


Hence, 
= 0} urn + f cost dt| + f at| = O(1). 
0 0 


We conclude that (7.13) holds in this case. This completes the proof. 

7.2. Lemmas for part (a) of Theorem IV. In these lemmas and in the 
proof of part (a) we suppose that a, a, b, 8 satisfy (5.11). We denote by / the 
integral part of a. Then it is readily seen, on applying Lemma 5, that 
| 24? (tu) (t—-1)*-*| is integrable in ¢ over (1, ©) for 0<u. We set 


H(u) = f (tu)(t — 1) dt. 
1 


Similarly, we write k for the integral part of b, and set 
=o" f (y(t — 1)” ‘at. 
1 


We put 
Wa = 2(— 1)*1/{ +1 —a)} = 2(— aT (R4+1—5)},y = 
We consider first H(u). We have 


Lemma 6. The function H(u) is bounded and measurable over 0<u. More- 
over,* as 


H(u) = + uw”), 


* Bosanquet, 4, p. 19, obtains an asymptotic formula for H by means of Cauchy’s theorem. 


| 
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Since, for each u, H is the limit as n> of the sequence of continuous 


functions 
Mews (h+1) h—a 
1+1/n 


we have immediately that H is measurable over 0 <u. 
Now, for 0<u, 


1+1/u 
| = f + — 1)" “at 
1 


1+1/u 


-1 (h+1) 
<(h+1—a) max | yer: ()| +2 max | |. 
ust ust 


It follows that H is bounded for 0<w, and that, as u—a, 
= O(u-2-! + 


This proves the lemma. 
7.3. We have next 


Lemma 7. Let (u) be integrable over (0, 3), even, and periodic with period 
For let o,(u) be the fractional integral of order of Then, if 0<6, 
we have 


(7.31) =f | H(xu)oa(u) | du + du for 1< x, 
0 


where M is independent of $ as well as x. In addition, 


(7.32) f | H(xu)ba(u) | du < N f du, 


where N is independent of >. 


The proofs of (7.31) and (7.32) are much the same. We consider that of 
the former. We denote by M a number independent of u, ¢, x and ¢ for 0<, 

Now, if 1 Sa, then 


| da(u)| < M(u + 1)*S, where S = 
0 0 


Hence, if a=0 or if 1<a, 
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Q = MS + < + 
m=1 m=1 


as a consequence of Lemma 6. Thus, (7.31) holds in this case. 
Suppose then that 0<a<1. We have 


uf lela f f lola (u — 


IIA 


f | H | (u — t)*"du S f — 
t 


+ f u-*-2(4 — t)*-"du 
t 


8 
Q< uae! f lola+ ff | 
0 é 


+ f lola+ ff 
0 
The lemma follows. 


7.4. We have thirdly 


Lema 8. Let the hypotheses of Lemma 7 hold; and let the series (3.11) be 
the Fourier series of at the origin, so that 


Hence, 


Aw = re f cos mu du. 
0 
Then 
0 

This lemma is contained in one of Bosanquet’s theorems, 4, p. 22. The 
proof is analogous to that of Lemma 11 below. In this case the starting point 
is the well known formula 


0 


and integration by parts is carried out (4+1) times. 
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7.5. We have finally 


Lemma 9. Under the hypotheses that f is even-even, periodic with period 2x in 
each variable, and integrable over (0, 0; x, x), the function | H (xu) K (yv)fas(u, 2) | 
is integrable over T and 


Applying Lemmas 7 and 8, with ¢(u) =f(u, v), we have, for almost all 
von (0, z), 


(7.51) f | Hfa,o| du < | slaw, 
0 0 


where N is independent of v, and 


(7.52) f Hfaodu = >> (x — ff cos pu du. 
0 0 


psz 


From (7.51), the measurability of Hf... over (0,0; ©, 3), and the integrability 
of f we deduce the existence of the integral* 


In addition, we see that the integrals 
| | au f | fa,0 cos do 
0 0 


exist. 

Now let E be the set of values u on (0, ©) such that f.,, is integrable in 
v over every finite interval (0, |z|). Then, applying Theorem III, the comple- 
ment of E relative to (0, ©) is of measure 0, and, for u on E, 


$(0) = fa,o(u, | ) 
satisfies the conditions of Lemma 7 and 
So,o(u, v) 


for almost all v on (0, ©). Hence, for « on E, 


dos "| fu. ao, 
0 0 


* See, for example, Hobson, 8, p. 346. 
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where WV is independent of u, and 


f Kfa,»dv = are f fa,o COS gv dv. 
0 a<y 0 

From the existence of Jo we then conclude that | HKf.,s| is integrable over 
T, and from (7.52) and the existence of Io, J:, - - - , that 


T 0 


> (y — cos godo f Hfa,odu 
0 0 


a<y 
Ra,p(, y) 


8.1. Proof of part (a) of Theorem IV. We note that in the proof of the 
second part we can assume that s=0. For, on the one hand, f—s satisfies the 
conditions imposed upon f with s replaced by 0; and, on the other hand, the 
series (2.11) is summable (C; a, 8) to sum s if the Fourier series of f—s at 
the origin is summable (C; a, 8) to sum 0. 

Suppose then that, corresponding to some e, there is a positive d and an 
M such that 


(8.11) | v) | S euv?, | v) | 


the former for almost all (uw, v) in (0, 0; d, d), and the latter for almost all 
(u, v) in (0, 0; ©, d) and in (0, 0; d, ©). Writing 


(d,d) (co ,d) (d,o) (co 
T ( 


0,0) (4,0) (0,d) (d,d) 


=F,+F.+F3;+ Fs, 


say, we have 
f | H(u) | f | K(o) | 
0 0 
as a consequence of Lemma 6, 


| Fs| =< f { (xu)-2-1 + (xu)--?} f K(») | 
d 0 


| Fs| S$ + y- #2), 


and, by Lemma 7, for 1Sy, 
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| F,| = M(y*' + f | H (xu) | ao | fa,o| dv 


S + + 
We conclude that 

for 1<x, 1<y, and that 


lim sup | Ra,a(x, y) | < ef | H(u) | wau | | 
(x, 0 0 

The proof now follows. If f is almost bounded (C; a, 5) in (0, 0; ~, 6) 
and in (0, 0; 6, ©), then (8.11) holds for some e, and the first part of (a) 
follows from the former of these inequalities. If, in addition, f is almost con- 
tinuous (C; a, b) with limit 0, then (8.11) holds for each arbitrarily small e, 
and the second part follows from the latter. 

9.1. Lemmas for part (b) of Theorem IV and Theorem VI. In these 
lemmas we suppose that a, a, 8, b satisfy (5.12). We denote by # the integral 
part of a, and by & the integral part of 8. We set 


Ye = (— 1)'/{T(a + 1)P(k +1 
ve = (— 1)*/{T(B + 1)r(k +1 — v = Vrs, 


f (tu) (t —1)*-#dt, K(v) = f (tv) (t— 1) 
1 1 


The functions H, K exist for all positive values of their arguments. 
9.2. In regard to H(u) we have 


Lemma 10. The function H(u) is bounded and measurable for 0<u. More- 
over, dS 


H(u) = O(u-* + u-*-), 


The proof here is practically the same as that of Lemma 6 and can be 
omitted. 
9.3. We have next 


Lemma 11.* Suppose that $(u), d,(u), are the functions of Lemma 7. 
Suppose that the series (3.11) is the Fourier series of at the origin, and that, 
for some satisfying 0S 5<a—1, 6<h+2, 

* The proof of this lemma is closely analogous to a proof given by Bosanquet, 3, pp. 157-161, 
concerning, not the summability of a series, but the summability of an integral. In treating the series 


in (9.33) Bosanquet uses partial summaticn throughout rather than partial integration and partial 
summation. 
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(9.31) Ca(u) = O(u®) as 
Then the function | H(xu)o.(u)| is integrable over (0, ©) and 
(9.32) f H(xu)o,(u)du = a(x). 
0 


It is plain that | Ho,| is integrable over (0, ©). Consider then (9.32). We 
have* 


(9.33) Amya(mx) = T(a)p.(x). 


m=0 


Now, for 0 <i, 
f m(U)du = omyi(t)/(m + 1). 
0 


Hence, denoting by z a positive integer, using Abel’s formula, and integrating 
by parts (h+1) times, we have 


Zz h+1 
$1) +S (— 2) + 
m=0 m=1 


Ih + Ie, 


say. But, since | A,,| <M, we have, as z>~, 


on(z) = of nal = O(z™*!), 
Moreover, since 
h t 
(9.34) ongilt) = (A+ »( (t — u)'-*0,(u)du for 0 < t, 
Jo 
we have, by (9.31), 


= of f (z — = | 
0 
Thus, 


h 
h= of (2-8 g-m—2)gmtl 4 + = o(1). 


m=0 


* See, for example, Paley, 14, p. 190. 
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It is sufficient then to show that 
0 


Making the substitution (9.34) in J2, 


0 0 


z/u 


f H(xu)o(u)du — f a, u, 


say, where 


H,= f vat?) (xeut)(¢ — 


2/u 
Now, for 0<u<z, 
| S — max | |. 


Hence, 
f Hio.du = of + (z — = o(1). 
0 0 


We conclude that (9.35) and, accordingly, that (9.32) holds. 
9.4. We have thirdly 


Lemma 12. Let the series (2.11) be bounded (C; a, 8). Then, for any n, 
2) = (u — m)*amn = O(u*) 
mou 
asu>©, 
We note first that, as u- © 
msu | m—p 
If 0<a, this follows from Lemma 2. If a=0, it is trivial. Now,* 
B+1 
p=0 m—p q=0 q 


* See Hobson, 8, p. 71, (4). 
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where we have set 
1 
} 
q 
Thus, making use of our hypothesis, 
1 
p=0 m—p q=0 q 


as m—o. The lemma follows. 
9.5. We have finally 


Lemma 13. If either (a) the series (2.11) is bounded (C; a, 8), or (b) a+2 <a, 
B+2 <b, then | H(xu)K(yv)oa,| is integrable over T, and 


(9.51) f H(xu)K(yv)oa,e(u, v)dT = fa,o(x, 
T 


We note first that | 1Koa,s| is integrable over T in either case. If (a) 
holds this follows from Theorem II and Lemma 10; and if (b) holds it follows 
on observing that, in general, 


| y)| S Mastryt, 
Consider then (9.51). In either case, since 1<a, the function 
= fa,o(x, | v | ) 


is integrable in v over (0, 7). Moreover, ® is even and periodic with period 27. 
Its Fourier series at the origin is 


bad 


> (x), where F™(u) = mf cos nv f(u, v)dv. 


n=0 0 


Now, for a fixed n, F‘™ is integrable over (0, +), even, and periodic with 
period 27. Its Fourier series at the origin is 


But, if (a) holds, then on 
n) = (u — m)*dm.n = O(u*) 


as u— 0. Hence in this case, by Lemma 11, with ¢=F and 6=a, 


(9.52) = f H(xu)g(u, n)dn. 


425 
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On the other hand, in general, 
m) = O(ust); 
so that, if (b) holds, we have on applying Lemma 11 with =a-+1 the result 


(9.52) again. Accordingly, in either case the Fourier series of ®(v) at the 
origin is 


Dd vaxttett f H(xu)t(u, n)du. 
n=0 0 


The lemma now follows. We have 


nye f Htdu = f Hoa,s(u, v)du. 


n<v 


If (a) holds this is 

= f | H(«u) | = O(v*) 
as v—, and if (b) holds it is 

= o( "| H| = 


Accordingly, noting that since 1<a, 1<b, f..(x, y) is finite, we have, by 
Theorem III and Lemma 11, 


ny f do 


Sa,o(%, y) = ,(y) = 
n<v 


0 


= f dT. 
T 


10.1. Proof of part (b) of Theorem IV. Let us assume first that the se- 
ries (2.11) is bounded (C; a, 8). Then we have, by Lemma 13, 


Sa,o(%, y) = f H(xu)K(yv)oa,sdT 
T 


and, for all (u, v) in T, 
| v/y)| H(u)| K(o)|, 


where M is independent of (u, v) as well as (x, y). As the function on the 
right here is integrable over 7, we conclude that f is bounded (C; a, 5) in T. 
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Now let us assume in addition that the series is summable (C; a, 8) to 
sum s. Then we have 


lim { H(u)K(v) x*y*oa,o(u/x, 0/y)} = 
(+0, +0) 


for every (u,v) in T. We conclude from Lebesgue’s theorem that 


lim 9)/(aty*)} = ys f 
(x, y)—>(+0, +0) T 


Applying Lemma 13 to the function f=1, we get 


1)r(o+ 1) f (aT = 1, 


Thus, 


lim fa,o(x, y)/(x*y*)} = s/{T(a + + 1)}. 
(x, (+0, +0) 


This completes the proof. 
11.1. Proof of part (a) of Theorem V. We first prove 


Lemma 14. Let (u),$,(u),0 <n, be the functions of Lemma7. Suppose that 
0<a<a and that, for some fixed number K, |@a(x)| <Kx* for almost all x on 


(0, 7), 
(11.11) |dm(a)| <K for each positive odd integer m <a. 


Then there exists a number N, independent of x, ¢, K, such that 
(11.12) | ba(x)| <NKx* if is finite. 


We see that, if a is a positive odd integer, then, by the continuity of ¢. 
at x=7, oa satisfies (11.11) with K replaced by Kz*. We see also that, if 
a<a’, then 


Kx'T(a + + 1) 


for almost all x on (0, z). On the other hand, if a<a’ and the conclusion 
holds, then 


| dar(x)| S NKx*’T(a + 1)/T(a’ + 1) 


wherever ¢. is finite. Accordingly, it is enough to prove the lemma with 
h<a<a<h-+1, where / is the integral part of a. 
We denote by WN a number independent of x, y, ¢, K. Then 


| disi(x)| S NK 
for x <7, and 
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| — SW f — — (x — du 
0 
+ vf — u)'-*| du 


y z 
= wK f af (¢ — + vK (y — u)'~*du 


< NK(y — 
forx<ySr. 
From these inequalities we conclude that 


(11.13) f (x — u)*—"—g,du| S NKx*" for r < x, 
0 


(11.14) lim sup f (u — x)*"—|g,du| S NK forO x <7, 
y 


(11.15) f (x + | S NK(x% + 
0 


We have, for r<x, 


0 


0 
0 


as can be seen by considering separately the cases r<x<27, 24 Sx. This is 
(11.13). 


Next, for O<x%<y<z, we have 


"(um — — | dee 


NK+ (u — y)*-*"'du NK. 


Hence, (11.14) holds. 
Finally, 
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0 0 


K(x + + + u) 1dy 
0 
< NK(«x+7)*"', 


as may be seen by considering the cases <a, Sx. This is (11.15). 

Consider now (11.12). It is plain that our conclusion holds if we restrict 
ourselves to values of x <7. We show now that it holds for <x <2r. If ¢.(x) 
is finite then the integral 


V(x) = [u — — x) 


exists, and 


= f “(x — + ¥(2). 


If k=0 our conclusion then follows from (11.13) and (11.14). If 1<h we in- 
tegrate by parts / times. We get 


= M(x — + N f “(x — 


p<h/2 
+ vf [u — (24 — x) 
2r—z 


Applying (11.11), (11.13) and (11.14) we get the desired conclusion. 
Suppose now that 2r<x. We write x=2nr+£, where 1 is a positive in- 
teger and 0<£<2rz. Then, if ¢.(x) is finite, so also is .(€), and 


T'(a)¢.(x) = — — + [x — 2g + + ule} 
q=0" 0 


+ T(a)pa(é). 
If h=0, we have, by (11.13) and (11.15), 


> — — u) + [x — 2g+1)r+ 


q=0 


n—1 
< [x — (294+ S NKzx-*, 
q=0 


so that the lemma follows in this case. If 1 </ we integrate by parts. We get, 
for 27 <x, 


430 J. J. GERGEN AND S. B. LITTAUER [November 


te — u)*!+ (x < WN (x — | | 
0 


p<h/2 


+N f (x — u)*"—19,du| + N f (x — + 
0 0 


Hence, 


n—1 


| ¢a(x)| S NK >> (x — + NK S NKz*, 
q=0 


and this proves the lemma. 

11.2. Turning now to the proof of (a), we select ao, Bo so that a<ao<a, 
b<6o<£, and note that, as a consequence of Theorem III, f is almost con- 
tinuous (C; a, Bo) with limit s. Hence, by Theorem IV, it is enough to prove 
that f is almost bounded (C; ao, Bo) on (0,0; ©, 5) and (0, 0; 5, ©). 

Let D denote the rectangle (0, 0; ©, 5). We shall show that f is almost 
bounded (C; ao, Bo) on D. We can assume that f is almost bounded (C;a,Bo) 
on (0, 0; 2, 5), and, since 


fo — f| du 


is finite for almost all y on d: (y<4), that y~**f,,,s,(a, y) is almost bounded 
on d for each positive odd integer m <a. 

Now there is a number M, and a set e, of measure 6, of values y on d, 
such that fo,,(#, y) is integrable over (0, 3), and 


| y) | Mox*y*e, | y) | = Moy», 


the first for almost all x on (0, 7), the second for each positive odd integer 
m<a. Let E denote the set of points (x, y) such that y belongs to e and 
fo,.8,(%, Y) is finite. Then the complement of E relative to D is of measure 0. 
To prove the theorem we show that f is bounded (C; ao, Bo) on E. 

Consider any fixed y on d. The function 


= fos,(| |, 


is integrable over (0, 7), even, and periodic with period 27. In addition ¢ 
fulfils the remaining conditions of the lemma with K = Moy*. In fact, for 
almost all x on (0, 7), fa,s,(x, y) is finite. At these points f,,s, is equal to the 
fractional integral of order (a, 0) of fo,s,. Thus, 


| | =| y)| S Mox*y* 


Po 
| 
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for almost all x on (0, 7). Moreover, fnm,s,(7, y) being finite, 
| om(w)| =| | S 
for each positive odd integer m<a. The lemma can then be applied. We get, 
if $.,(x) is finite, 
| | S 


where WN is independent of x and y. In particular then, if (x, y) is a point of EZ, 
we have 


| ¥)| =| S 
This completes the proof. 
12.1. Proof of part (b) of Theorem V. This proof depends on 


Lemna 15. Let $(u), 6,(u), be the functions of Lemma 7. Suppose that 
1 <a, and that, for a fixed K, 


| a(x) | Kae 
for «<2. Then, for each positive odd integer m <a, 
| n(x)| WK 
where N is independent of K and ¢. 


We can suppose that a=2h+1, where hk is a positive integer. Then, for 
we have 


h—-1 


= 2D) — + — — x), 


where 

= (2h)!/[2(h — p)]}. 
Taking r+xi¥2,---, successively, where 
< we arrive at the set of equations in the ¢’s 


h—p 
p=0 


where 
| tn | S 2a,K(2r)*. 


As the a’s are independent of ¢ and K, and as the determinant of the ¢’s is 
a non-zero multiple of the Vandermonde formed with the numbers xo, “1, - - -, 
Xn-1, we see that our conclusion holds. 
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12.2. Consider now the proof of (b). As a consequence of Theorem IV 
there is an M» such that, for x <27 and all y, 


| fa,o(x, y)| S Moxty?. 
For a fixed y, let 
= fo.o(| 9). 
Then ¢ satisfies the conditions of the lemma with K = Moy’. Hence, 


| fm, y) | = | dm(u) | My? 


for each positive odd integer m <a. As the situation is symmetrical in @ and , 
the theorem follows. 

13.1. Proof of Theorem VI. It is enough to prove the theorem when s=0. 
In fact, f—s and its Fourier series satisfy the conditions of the theorem for 
s=0. Thus, the truth of the theorem in this case implies that f—s is continu- 
ous (C; a, 5) with limit 0. But this implies that f is continuous (C; a, b) with 
limit s. 

We shall consider the case of Cesiro summability. The proof for Riesz 
summability follows the same lines but requires one less step. We shall as- 
sume that 0<a, 0<8. The other cases can be treated in a similar fashion. 
The proof in all cases rests on the formula 


(9.51) faa, 9) = 


We reduce this formula in the case at hand to one involving Cesaro means 
by an application of (3.33). We have 


mez n<y 


| SL, <2, 


m<z n<y 
L being a suitably chosen constant independent of x, y. 
Let 0 <e be given. We select a positive integer my so that 
| S.g(m, n) | <= em*n* 


for mom, mo Sn. We denote by M a number independent of x, y, m, n, for 
x56, yb, moSm, mo Sn. 
We now write 


where 


DOUBLE FOURIER SERIES 


meme n<v m<u moSm<u 
— m)C(v — 2)Sa,3(m, n) 


say, and 


0,0) (mo,mo) 


4 { J me ») 


0,mo) (mo,mo) 


(2, mo) (co ,co) 
( 


mo,0) (mo,mo) 
(20 
+ HKQ.d(u, 0) = Vit V2+V3s+ Vi, 


(mo,mo) 


say. Then 


f | | du f | K(yv)| dv 


sar f |x| + f | auf | K| Martyr, 
mo mo mo 


| Vs| 
f | | f | K | vdv 
mo mo 


f | | wedu f | K(v) | 
0 0 


In addition, 


> — m)*du- K(yv) >> (v — 


momo n<v 


+> ff — m)du- fix Cio — n)Sa,g(m, n)do 


mo n<qv 


&n(x)G,(y), 


P<2mo 
say, where, for p=0, 1, - - - , 2mo—1, 


| go(x)| 
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Consider V2. We have 
| Marey| + Vij Val +/ Val) 
S M(1 + xty® + + 1) S F(a), 
where F depends upon x but not upon y. Hence, since 
= O(x2) = o(1) 


as x—>+0, for p=0, 1, - - - , 2mo—2, we see, on replacing x by 1/x and y by 
1/y in Lemma 4, that 
(13.11) V2 = as (x, y) (+0, +0). 

In the same way we see that V; satisfies (13.11). On the other hand so 
also does V;. Hence, 


lim sup | a-*y~*f,,0(, y)| = lim sup | 
(z, y)—>(+0, +0) (x, y)—>(+0, +0) 


af | wedu | K(v) | 


Since ¢ was arbitrary the theorem follows. 
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1. Introduction. Let %{ be a generalized quaternion algebra. The elements 
of & may be written X =x+E£y, where x, y are numbers in a quadratic alge- 
braic field F, E*=a, a rational integer, and Ey=y’E, y’ being the conjugate 
of y with respect to F. The conjugate of X is X’=x’—Ey and the norm of 
X is N(X) =X'X =xx' —ayy’. It is well known that if X, Y are in A, N(XY) 
= N(X)N(Y) and (XY)’=Y'X’. We shall assume that a0. 

Let G be the ring consisting of all elements of % in the form x+y, where 
x, y are in the set, G, of all integral algebraic numbers in F. We shall show that 
there is a one-to-one correspondence between certain classes of left ideals 
in @, which we call regular classes, and those classes of binary Hermitian 
forms in G, of determinant a, which represent positive integers. It will be 
shown that every ideal in a regular class contains two elements which form 
a basis with respect to G. The correspondence is then proved by a method 
which is similar to a method, due io Dickson,f of proving the well known 
correspondence between the classes of ideals in a quadratic algebraic field and 
certain classes of binary quadratic forms. 

We also prove a theorem on the existence of a g.c.d. and the factorization 
of elements in @ under the assumption that all the ideals in a regular class 
are principal. Applications are made to a number of special quaternion alge- 
bras. Some of the results thus obtained have been previously proved by other 
methods, some are new. In particular, we obtain for an infinitude of algebras 
the same results on the existence of a g.c.d. and on factorization as were ob- 
tained by Dickson for the Lipschitz integral quaternions. 

2. Ideals in G and component ideals in G. An element in @ is said to be 
singular or non-singular according as its norm is or is not zero. An ideal £ in 
@ is defined as a set of elements in G, not all singular, such that if £,, & are 
in © and m, 72 are in &, then £:9:+£27: is in &.f If 7 is a non-singular element 
in 2, n’n=N(n) is in &. Hence 2 contains elements in G, not zero. Those ele- 
ments of 2 which are in G form an ideal in G which we shall call the first 

* Presented to the Society, April 19, 1935; received by the editors February 12, 1935. 

¢ This was given in lectures at the University of Chicago in the spring of 1921. 

t According to MacDuffee’s definition, % is a non-singular left ideal. See his Am introduction 


to the theory of ideals etc., these Transactions, vol. 31 (1929), pp. 71-90. Since we shall not consider 
any'other kind of ideal, we employ the briefer terminology. 
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component of &. If X =x+ Ey ranges over all the elements of %, y ranges over 
all the elements of an ideal in G which we shall call the second component 
of 2. If an ideal p in G has a basis {;, {2, we shall write p= [f:, 2]. A principal 
ideal in G defined by p will be written {p}. We shall now prove 


Lemma 1. Let a= [w:, we], 6=[Ai, 2] be the first and second components 
respectively of an ideal 2 in @. Then on, we, w3=b1+ Edi, form a 
basis of 2, where b,, bz are properly chosen numbers in b. 


By the definition of 6, 2 contains elements 21, Fro, 
where the b’s are in G. Then every element of 2 may be written in the form 
X =t+%3w3+4%., where the x’s are rational integers and ¢ is in G. But ‘=X 
— X33 — is in 2. Hence ¢is in a and ¢ = x;w1+2X2w2, where the x’s are rational 
integers. Since Ew;=adi+Eb,, Ews=ad2+Ebe, the b’s belong to 6. This 
proves the lemma. 

We shall write [¢1, if the ¢’s form a basis of &. If £ is a non- 
singular element of G, the product & is defined as the set of all elements 7, 
where 7 ranges over all the elements of 2. Then = [{i&, GE]. We 
shall now prove 

Lemma 2. Let a, 6 be the first and second components respectively of an ideal 
L in © and let A be the discriminant of G. Then a=abbd, where a is a positive 
rational integer and 6 is an ideal, without a rational prime factor, which is either 
the unit ideal or a product of prime ideal divisors of aA. 


If u is in a, Eu is in 2 and hence wu is in b. Therefore 6 contains a and a 
= abd where a is a positive rational integer and 6 contains no rational prime 
factor. It remains to show that every prime ideal divisor of } divides aA. 

b is narrowly equivalent to an ideal 6; which is prime to dd’, where }’ is 
the conjugate of >.* Then b¢= byt, where #, ¢, are in G and N(#)N(h) >0. By 
Lemma 1, &= [aa, awe, b1+ b2+Ed2], where 6d = we], b= Az], and 
the b’s are in b. It may then be shown that &¢= £4, where the first and second 
components of 2; are a,b and 6, respectively. Therefore we may assume, 
without loss of generality, that b is prime to dd’. 

The rational integers (b/ — —ad (¢=1, 2) are in 
£ and therefore 
(1) bibf — add! =0 (mod a = abd) (i = 1, 2). 


Let d= [m, we]. Then each ad.;(z, 7=1, 2) belongs to a and hence each of 
au} (bs + Edi) — Eadimy = ap] d; (i, j = 1, 2) 


is in 2. Therefore 


* Bachmann, Allgemeine Arithmetik der Zahlenkorper, p. 373. 
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bid’ = 0 (mod d) (i = 1,2). 


Let }; be a prime ideal divisor of } which is prime to A. Since 6 is prime to 
dd’, we may assume that the X,; are prime to },d/. Since d’ contains no ra- 
tional prime factor, and }; is prime to A, 6; is prime to d’. Then by (2) each 
b;=0 (mod 6) and by (1), each ad,;A/ =0 (mod 6;). But the A; are prime to 
d:d/ and hence the same is true of the A/. Therefore a=0 (mod 9;) and the 
lemma is proved. 

3. Classes of ideals in G; reduced ideals. Two ideals 2 and &% will be 
said to be equivalent if there are elements &, & in @ such that %¢=%é, and 
N(&)N(é:) >0. After multiplying both sides of the last equation on the right 
by £’, we may assume that £ is a rational integer and N(é,) >0. It may then 
be shown that equivalence is transitive. All the ideals equivalent to a given 
ideal are said to form a class. An ideal in @ will be called a reduced ideal if 
its second component is the unit ideal. 


Lemma 3. Let 2 be an ideal in © whose first component is abd as in Lemma 
2. Then % is equivalent to a reduced ideal whose first component is a,d, where 
a, is a rational integer. 


Since equivalence is a transitive property, by our proof of Lemma 2, we 
may assume that the second component 6 of % contains no rational prime 
factor and is prime to aaA. By Lemma 1, 2= [au, awe, +21, ro], 


where 6d= [w:, w2], and the b’s are in 6. Since 6 contains no ra- 
tional prime factor, we may assume that \,=N(6)=B, where N(b) is the 
norm of b. Then B is prime to aaA and there is a number & in G such that 


(3) Bk+b{ =1 (mod aaA). 
We shall assume without loss of generality that k& is prime to B and that 
N(p=k+E) =kk’—a>0. Then is equivalent to contains 

wip = k 4 E(aw{ ), 

= + E(aw? ), 
+ EB)p = bik + aB+ E(Bk+ df), 
(be + Ed2)p = bok + + + 2). 
Suppose the second component of &%, has a prime ideal divisor p. Since b’d’ 
=|w/, wi], by (4:) and (42), p divides ab’b’. By (4;) p divides Bk+b/. 
If p divided ad’, it would divide aaA and then by (3) it would divide 1. 
Hence » is prime to abd’ and divides 6’. By Lemma 1, 6’ divides b/, bf. 
Then by (4) and (4,), p divides bk = [Bk, \2k]. But & is prime to {B} = bb’ 
and hence & is prime to p. Therefore p divides 6. But we have seen that p 
divides 6’, which is prime to A. Hence 6 is divisible by pp’, contrary to our 


(4) 


(2) 


1935] IDEALS IN GENERALIZED QUATERNION ALGEBRAS 439 


hypothesis that 6 has no rational prime factor. Therefore the second com- 
ponent of %, has no prime ideal divisor and &, is a reduced ideal. 

Consider the first component a, of %:. Every element of 2, may be written 
in the form (u+Ev)p=ku+av'+E(u'+kv), where u+E£v is in 2. Hence if 
X =u+Ey? is in %, Xp is in a; if and only if u’ = —kv. Then X = —v'(k’—E) 
=—v’p’ and the corresponding element in a is —v’p’p=—v’N(p). Let q 
be the set of all elements v of G such that —k’v’+Ev= —0’'p’ is in 2. q is an 
ideal in G and a,;=q’N(p). Let d= [f:, Then af;(Bk’+;) is in abd and 
therefore —aBfjp’ =af;(b:+ EB) —af;(Bk’+5,) is in 2 (¢=1, 2). It follows 
from the definition of q that each ¢Bf/ is in q. Hence q divides aBbd’ and ay 
= q'N(p) divides aBN(p) bd. 

By Lemma 1, the norm, m(®), of an ideal ®, according to MacDuffee’s 
definition, is the product of the norms of its components.* Then 


n() = N(abbd) N(b) =a?B?N(d). 


It will be found that the determinant of the second matrix of an element ~ 
in is N*(~). Then n(21) =n(p) =n(2) N2(p) = The second 
component of &% is the unit ideal and therefore (%,) = N(a:). But we have 
seen that a; divides aBN(p)d. It follows that a,=aBN(p)d and the lemma is 
proved. 

4. A basis of an ideal in G with respect to G. An ideal in @ may contain 
two elements w; = gii+gi2H(i=1, 2), where the g’s are in G, such that an ele- 
ment of © is in 2 if and only if it may be written xw:+ywe, where x, y are in 
G. Such a pair of elements will be called a basis of 2 with respect to G and we 
shall write &= [w:, we]. Let 1, 0 be a basis of G. Then 2= [wi, On, we, Owe]. 
Since £ contains a non-singular element, these four basal elements are linearly 
independent with respect to the rational field.t Hence wu, w2 are left linearly 
independent with respect to F. It will be understood hereafter when two 
elements are referred to as a basis of an ideal in © that they form a basis with 
respect to G. 

If the determinant | g;;| is a positive rational integer, the w’s will be said 
to form a proper basis of 2. We then define the norm of £ as N() =| g;;|. 
If the w’s form a proper basis of 2 and £;=¢;w:+¢iew2 are elements of &, it 
may be shown that they form a proper basis if and only if the determinant 
|¢:;] =1. It may also be shown that N() is independent of the particular 
proper basis employed. If §£=u+vE£ is in G and w¢=hatheE (i=1, 2), we 
find 


* Loc. cit., p. 74. 
t MacDufiee, loc. cit., p. 78, line 23. 
t MacDuffee, loc. cit., Theorem 3, p. 74. 


C. G. LATIMER - [November 


hiz hee gor \av’ 
Taking determinants, we have | h;;| = N(2)N(é). Since = wae], it fol- 
lows that if V(é) >0, the w,é form a proper basis of and (Rt) = N (2) 


Lemna 4. If an ideal has a proper basis, every ideal in the same class has 
a proper basis. 


Let &= [wi, we], the indicated basis being proper, and let &, be an ideal 
in the same class. Then 2¢=%£; where V(¢)N(é) >0. 2, contains elements 
such that 2) and To show that the ¢’s form 
a proper basis, let §;=hatheE (i=1, 2). Then from 
wit we have 


her hee avy ut 821 £22 av’ u’ 

Hence | N(é&) =N(2)N(E). But N(Q) and N(é)N are positive integers 
and |f;;| is an integral algebraic number. Hence | h;;| is a positive rational 
integer and the ¢’s form a proper basis of %. This proves the lemma. 


An ideal 2 in @ will be called a regular ideal if the corresponding ideal 
d of Lemma 2 is the unit ideal. We shall now prove 


THEOREM 1. An ideal in © has a proper basis if and only if it is a regular 
ideal. 


Suppose & is a regular ideal. By Lemma 3, 2 is equivalent to a reduced 
ideal 2%, whose first component is the principal ideal defined by a positive 
rational integer a. Then by Lemma 1, a8, b: +E, +6] where the 
b’s are in G. Since 0’(b:+£) —(b2+ £0) is in (mod a). 
Hence we may assume that b2.=6’b,. Since 1, 6’ also form a basis of G, it fol- 
lows that & = [a, 6, +]. The indicated basis of &; is proper and therefore by 
Lemma 4, £ has a proper basis. 

Suppose & has a proper basis and let abd and b be the first and second 
components respectively of 2, as in Lemma 2. By Lemmas 3 and 1, £ is equiva- 
lent to an ideal = [aiw1, where a, is a positive rational 
integer, } = [w:, w2], and the b’s are in G. Since has a proper basis, by Lemma 
4, has a proper basis E(i=1, 2) and N(%:) =| g;;|. contains 
b,+£ and therefore for properly chosen numbers h, in G, = 0, +E. 
Then +/2g22 = 1 and 


$1 = — = N(%), 


So = tis + 
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form a proper basis of %. Since ¢; is a rational integer, {2 is not in G. There- 
fore the first component of & is the principal ideal defined by ¢;. But the first 
component of is and contains no rational prime factor. Hence {1} 
and {is a regular ideal. This proves the theorem. 

A class of ideals which contains a regular ideal will be called a regular 
class. By Lemma 4 and Theorem 1, every ideal in a regular class is regular.* 

5. The class of forms corresponding to a regular ideal. If a, ¢ are ra- 
tional integers, b is in G, x and y range over all the numbers of G, and 0’, x’, 
y’ are the conjugates of b, x, y respectively, then 


(5) y) = axa!’ + bx'y + b’xy’ + cyy’ 


will be said to be an Hermitian form in G of determinant bb’ —ac. If fi(x, y:) 
is obtained from f by a linear homogeneous transformation on x, y of deter- 
minant unity, with coefficients in G, f and f; will be said to be equivalent. f; 
is an Hermitian form of determinant 6b’—ac. All the forms equivalent to a 
given form will be said to form a class. 

Let 2 be a regular ideal. By Theorem 1, it has a proper basis w;=ga 
+gi2 E(i=1, 2) and N(2) =| g;;|. Since each Ew; belongs to 2, we have 
(6) Ew; = bi101 + biewe (i = 1, 2), 
where the 6’s are in G. The general element of 2 is X as written below, where 
x, y range over all the numbers of G: 


X = xw + yoo = (girx + gory) + + 
EX = lw, + lowe = + geile) + (gieli + geole)E, 
where l; = + doy’ (i = 1, 2). Then 


= N(®)f(x, y) 


N(X) = = 


+ + ls $21 S22 


where 


x 
(7) y) = = biexx!’ — + deoxy’ — bayy’. 

1 4 
Since f(x, y) is rational and is in G for every x, y in G, it is a rational integer 
for every such x, y. It may then be shown that };2, bs are rational integers 
and by = — be. Hence f is an Hermitian form in G. We shall see later that the 
determinant of f is a. f will be said to correspond to the proper basis, w,, 
@e, of g 


* It may be shown that for a regular ideal &, n()=N2(Q). 
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We have seen that ¢; =¢;::-+¢,2w2(i = 1, 2) form a proper basis if and only 
if the ?’s are in G and |¢,;;| =1. The form corresponding to such a basis is 
1) = N (aki +yif2)/N (2). Hence f is transformed into f; by the trans- 
formation 


(8) = ty% + bay, = + 


and f is equivalent to f,. Conversely if f is transformed into f,; by (8), the ?’s 
being in G and | ¢,;;| =1, then f, is the form corresponding to the proper basis 
f:=tawittw:, (i=1, 2). Hence there is a one-to-one correspondence be- 
tween the proper bases of £ and the forms in the class C, containing f. We shall 
say that C corresponds to &. 


THEOREM 2. If C and C, are the classes of Hermitian forms in G which 
correspond to the regular ideals % and &, respectively, then C=C, if and only if 
L and &, are equivalent. 

Let f(x, y) of (5) be a form in C. We may assume, without loss of general- 
ity, that a~0. Suppose C=C,. Then f corresponds to a proper basis w, w2: of 2 
and to a proper basis £1, ¢2 of 21. From (5), (6), and (7) we have 


Ew; = — bw; + awe, Ef, = — bf1 + ae, 


and From N(xwit+ywr) = N(2)f(x, y), it fol- 


lows that N(w:) =aN (2) 0. Similarly, N(¢:) =aN(&). Then N(w:)N(f1) >0. 
We have 


= awe Joy [aw1, (6+ E)wijor = [a,b + EjN(w). 


Similarly, =[a, b+ Since a0, N(w:) and &% 
and & are equivalent. 

Conversely, suppose £ and & are equivalent. Let w:, w: form a proper basis 
of 2. As in the proof of Lemma 4, (i =1, 2), where N(E)N(é) >0 and 
the ¢’s form a proper basis of &,. Let f of (7) be the form in C corresponding 
to the above basis of £. The coefficients of f are defined by (6). But from the 
last equations and N(é,) #0, it follows that each w; in (6) may be replaced 
by the corresponding ¢;. Hence f is also the form in C; corresponding to the 
above basis of %. The theorem follows. 

6. The correspondence between regular classes of ideals and classes of 
forms. We shall prove 

THEOREM 3. There is a one-to-one correspondence between the regular classes 
of ideals in © and the classes of Hermitian forms in G, of determinant a, which 
represent positive integers. 
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By Theorem 2, for every regular class of ideals there is a uniquely deter- 
mined class of Hermitian forms in G. Also no class corresponds to two classes 
of ideals. To prove the above theorem, it is therefore sufficient to show that 
(a) if C is a class of forms corresponding to a class of ideals, then C contains 
a form which represents a positive integer and is of determinant a, and (b) 
every class of Hermitian forms in G of determinant a, which represent a posi- 
tive integer, corresponds to a regular class of ideals in G. 

By Lemmas 3 and 4 and Theorem 1, every regular class of ideals contains 
an ideal = [a, b+], where a is a positive integer and b is in G. The indi- 
cated basis of 2 is proper, N(2) =a, and the form corresponding to this basis 
is N[ax+y(b+£) |/a=f(x, y) where f is given by (5) and c=(bb’—a)/a. 
Then f represents the positive integer a, the determinant of f is bb’—ac=a 
and the class containing f corresponds to the regular class containing %. This 
proves (a). 

Let C be a class of Hermitian forms in G of determinant a, which repre- 
sent a positive integer, and let f of (5) be a form in C. We may assume, with- 
out loss of generality, that a0. Since 6b’ —ac=a, it is readily shown that 
there is an ideal [a, b+ If X =ax+y(b+E) is the general element in 
g, N(X) =af(x, y). If @>0, the above basis of 2 is proper, N() =a, and C 
corresponds to the class of ideals containing %. Suppose a<0. From af(x, ) 
= N(X) and our hypothesis that f represents a positive integer, it follows that 
© contains an element £, of negative norm. Then &é = [aé, (6+ Z)é], the indi- 
cated basis of is proper, N(Lt) =aN(E), N [xat+y(b+E)E| =aN (E)f(x, y), 
and C corresponds to the class of ideals containing %. This completes the 
proof of the theorem. 

7. Principal ideals. If m, 2, - - - , 7, are elements in G not all singular, 
the set of all elements >>£:7;, where the ¢’s are in G, form an ideal which 
will be written = {m, m2, ---, If r=1, will be called a principal 
ideal. It will be observed that a principal ideal {n} has a proper basis +7, 
En and hence by Theorem 1 it is a regular ideal. It may be shown that if 2 
is a principal ideal and where NV(é)N(é) then is a principal 
ideal. 

If \=\,6 +0, where X, Au, 6 are in G, 6 is said to be a right divisor of X. 
If 6 is also a right divisor of an element yu in @ and if every common right 
divisor of , u is a right divisor of 6, then 6 is said to be a greatest common 
right divisor, or g.c.r.d., of A, wu. An element of @ of norm +1 is said to be a 
unit. Let a; be the product of the rational prime divisors of a which are 
divisible by prime ideals of the first degree in G or let a, =1 if a has no such 
divisors. Then every prime ideal divisor of } of Lemma 2 is a divisor of aA. 
We shall now prove 
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THEOREM 4. Let every regular ideal in © be principal. Let d, wu be elements 
in © and assume that N() #0. If © contains a non-regular ideal, assume that 
N(A) is prime to aA. Then x, uw have a g.c.r.d., 5, which is uniquely determined 
apart from a unit left factor, and 6=£+-ny, where &, n are in &. If d has no ra- 
tional prime factor and N(A) = + pr: Pa p,, where the p’s are rational primes 
arranged in an arbitrary but fixed order, then }\=7-72- - where N(m;) 
=+p; (¢=1, 2,---,97) and each x; is uniquely determined apart from a unit 


left factor. 


Every rational integer in an ideal is divisible by the first component of 
the ideal. Therefore by Lemma 2 and the definition of a, an ideal is regular 
if it contains a rational integer prime to aA. Consider the ideal in G, 2 
= {d, uw}. If G contains a non-regular ideal, by hypothesis & contains a ra- 
tional integer, \’\= NV (A), which is prime to aA. Hence in every case is a 
principal ideal {d, = {5}, where 6 is in G. Then \=A,6, 
where Au, #1, €&, 7 are in G. If ¢ is a common right divisor of \ and yp, by the 
last equation it is a right divisor of 6, and 6=e¢ where « is in G. Then disa 
g.c.r.d. of \ and uw. Suppose ¢ is also a g.c.r.d. of \ and uw. Then ¢ =e5 where 
€, is in G. A is non-singular and therefore 6 is non-singular. It follows that 
€€2=1 and the e’s are units in ©. This proves the first part of the theorem. 

To prove the second part, consider the ideal = {,, \}. As before & 
where Ai, are in G. Dropping the subscripts 
r, we have p?= N(v) N(x). Suppose V(r) = +1. Then & is the unit ideal, and 
for properly chosen é, in G, \=1+7p. Taking norms, we have N(é)N(A) 
=1 (mod whereas N(A)=0 (mod p). Suppose N(x) =p?. Then 
= +1, \=Ai7 = and is in Then is a divisor of \, contrary to 
hypothesis. Hence V(r) = +p. Employing the ideal { p,1, \1}, we find simi- 
larly =A27,-1 where Az is in G and = + p,-1. Continuing this process, 
we find \=7- m2: - - - where N(m;) = +; (i=1, 2,---, 7). By the first 
part of the theorem, these 7’s are uniquely determined, apart from unit left 
factors. This completes the proof of the theorem. 

8. Applications. In this paragraph, we shall employ the foregoing results 
to determine a number of special quaternion algebras for which the con- 
clusions of Theorem 4 are valid. 


Lemma 5. If for every rational integer a>1 and for every number b in G 
such that N(b) —a=0 (mod a), there is a number bo in G such that bb =b (mod a) 
and 0<| N(bo) —a| <a?, then every regular ideal in © is principal. 


By Lemma 3, every regular ideal & is equivalent to an ideal 2, = [a, 6+ E], 
where a is a positive rational integer and b is in G. If a=1, = {1} and & 
is principal. Suppose a>1. % contains (b’—E)(b+£) =bb’—a=0 (mod a). 
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Then by hypothesis, = [a, bs +E], bobd —a=ac, 0<|c| <a and —E) 
=[c, —bé +£]a. If |c| =1, it follows as before that & is principal. If | c| >1, 
repetition of the process leads to the case a=1. Hence & is principal and the 
lemma is proved. 

Let F be the field defined by r’/?. It may be shown for each of the follow- 
ing cases that the hypothesis of Lemma 5 is valid. Hence the conclusions of 
Theorem 4 are valid for these cases.* 


(r, a) = (— 1, sa 1), (- 1, 3), (- 3, + 2), (— 3, 5), (5, + 2), (5, + 3), 


(5, + 7), (S, 13), (— 7, 1), (13, 2), (13, 5), (— 3, 1). 


Consider the question of the existence of non-regular ideals in G. By 
Lemma 3, every non-regular ideal is equivalent to a reduced ideal 2 whose 
first component is ad, where a is a positive rational integer, )¥ {1}, and every 
rational prime divisor of N(b) is a divisor of aA. Let d= [w:, w2]. Then & 
= [aw, awe, +E, | where the are in G. By (1), 


(10) N(bi1) -a =0 (mod 6). 


Suppose now a,=1 and A=1 (mod 4). Then every rational prime divisor, p, 
of N(b) is a divisor of A, and by (10), N(2b:) =u?=4a (mod p), where u is a 
rational integer. We have then 


Lemma 6. If A=1 (mod 4), a:=1 and if a is a quadratic non-residue of 
every prime factor of A, then every ideal in © is regular. 


It will be observed that, by this lemma, the conclusions of Theorem 4 are 
valid for each of the cases (9), except the first three, with no restrictions on 
N(A) except that V(A) #0. 

Consider the case where a=7=3 (mod 4), a>0, 7 <0 and ar contains no 
square factor. It may be shown that if f of (5) is an Hermitian form in G 
of determinant a, then a and ¢ are not both even and a, J, c have no rational 
prime factor in common. Hence f is a properly primitive form. By a result 
due to Humbert,f there is only one class of such forms. Hence by Theorem 
3, every regular ideal in @ is principal and Theorem 4 is applicable. It will 
be noted that A=4r. 


* For the case (—1, —1), see Dickson, Arithmetic of quaternions, Proceedings of the London 
Mathematical Society, (2), vol. 20 (1922), pp. 225-232, Theorems 3, 8. For the cases (—3, —1) and 
(—7, —1), see Dickson, Algebren und ihre Zahlentheorie, pp. 163, 167, 193, 195. Several of the re- 
maining cases above were treated by Griffiths, Generalized quaternion algebras and the theory of num- 
bers, American Journal of Mathematics, vol. 50 (1928), pp. 303-314; in particular, see pp. 309-310. 

+ Humbert, Sur le nombre des classes de formes a indéterminées conjuguées, indéfinies, de determi- 
nant donné, Comptes Rendus, Paris, vol. 166 (1918), pp. 865-870; Dickson, History of the Theory of 
Numbers, vol. 3, p. 275. 
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Suppose, in addition to the above conditions on a and 1, that for every 
prime factor p of a and every prime factor q of r, the Legendre symbols 


a 
q 


It may then be shown that in (10), V() has no odd prime divisor. Hence in 
this case every ideal containing an odd rational integer is a principal ideal 
and Theorem 4 is valid with a,A replaced by 2. 

Griffiths showed that a certain condition was satisfied by each of the 
algebras she considered.* This condition is similar to our Lemma 5 in that it 
insures a certain descent. By employing our Lemma 3, it may be shown that 
if her Lemma 2 is valid for a given G, then every regular ideal in @ is princi- 
pal and hence Theorem 4 is applicable. 

Throughout this paper, we have considered only left ideals. It will be 
observed that if X, Y are in G, then (X+Y)’=X’+Y’ and (XY)’=Y’X’ 
are in &. Hence G@ is reciprocal to itself and from each of our results we may 
obtain at once a parallel result for right ideals. 


* Loc. cit., Lemma 2, p. 305. 
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THE DIOPHANTINE EQUATION X?—DY?=Z«* 


BY 
MORGAN WARD 


I. INTRODUCTION 


It has been known since the time of Euler and Lagrangef that solutions 
of the diophantine equation 


(1.1) X? — Dy? = 
may be obtained by setting 
X+ Dy = (a+ Z = — Db’, 


where a and 6 are any rational integers. In 1891, Pepint claimed to prove 
that if M is odd, and prime to the class-number of the quadratic field ®(D"”) 
while a and 6 are co-prime, ail solutions of (1.1) in which X, Y and Z have 
no common factor—for short, “primitive” solutions of (1.1)—are given by the 
formulas above. Later, Pepin§ recognized that Z must be restricted to be 
odd, while Landaul|| has pointed out (for a special case of (1.1)) that if D is 
positive, the units of the quadratic field (D'/) must be taken into account. 

Consider for example the equation X?—5Y?=Z* to which Pepin’s pro- 
cedure should apply, since M is odd and the class-number of &(5"/”) is unity. 
This equation has the primitive solution X=2, Y=1, Z=—1. It should 
therefore be possible to choose rational integers a and b such that 


2+ = (a+ —1 = a? — 5b. 


From the second equation, a+5'/b is a unit of &(5‘*) and hence some 
power of the fundamental unit 7 multiplied by plus or minus one. But since 
the fundamental unit is 2+5"?, the first equation would imply that 2+5'” 
is a root of unity. To obtain this particular solution, it would suffice to mul- 
tiply (a+5"b)* by n-*. But it is not at all obvious that such a device will al- 
ways prove successful. 

In the second part of the paper I utilize the theory of ideals to obtain 
explicit formulas for all the primitive solutions of (1.1) under the restrictions 
given below. 

* Presented to the Society, December 2, 1933; received by the editors December 26, 1933. 

Tt Dickson’s History, vol. II, chapter XX. 

¢ Memorie della Pontificia Accademia dei Nuovi Lincei, vol. 8 (1891), pp. 41-42. 


§ Annales de la Société Scientifique de Bruxelles, vol. 27 (1909), pp. 121-170. 
|| L’Intermédiaire des Mathématiciens, vol. 8 (1901), pp. 145-147. 
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FUNDAMENTAL THEOREM. Let D be square-free, not equal to —3 or —1,* 
and incongruent to 1 modulo 8, and let M be any positive integer greater than 
one, and prime to the class-number h of the quadratic field R(D*!”), but not neces- 
sarily odd. 

Let a and b be rational integers such that (a, Db) =1, and of opposite parity 
unless the contrary is expressly stated. Define Au and By by 


(1.2) (a + = Ay + D'/?By. 
Let 1, w be the canonical basis of the field R(D'!”), and if D is positive, let 
(1.3) 7=r+os 
be the fundamental unit of the field. Define Ur and Vr (T=0,1,-- - , M) by 
Ur+ D=2,3 (4) D=5(8), k=0(3); 
= nT, D=5(8), h¥0(3). 
Then all primitive solutions, and only primitive solutions, of the diophantine 
equation 
(1.1) X? — DY? = 
are given by the following formulas. 
(I) D negative. 
X= +Am, Y= + By, Z = + (a? — Db’). 


(Il) D positive and either congruent to 2, 3 (4) or congruent to 5 (8) with 

h=0 (3). 

X = + (AmUr+ DBuVr), Y= + (AmVr+ BuUr), Z= + (a? — DO’) 
(T = 0,1,---,M—1). 


(III) D positive, congruent to 5 (8), h¥0 (3). 

2X = + (AmUsr + DBuVar), 2Y = + (AmVar + BuUsr), Z = + (a? — Db?) 
= (AuUr + DByVr), QM+1V = + (AuVr + By Ur), 4Z = — DB’, 

a+b 

a,bbothodd. M+ T = 0 (3) if +r=0 (2), and 
a+b 
M — T = 0 (3) if +r=1 (2) 

(T =@,1,---, 


* The solutions in the cases D= —1 or D=—3 are well known. 
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If M =2, we have in addition 
2@X = + (AmUr + DBuVr), = + (AmVr+ BuUr), 2Z = a* — 
a, b both odd, T = Oor 1. 


In the final part of the paper, these formulas are applied to discuss several 
allied diophantine equations; notably X*+D=Z™, 14+DY?=Z™, x2" 
—DY2"%=Z%, 


Il. THE PRIMITIVE SOLUTIONS OF X?—DY?=Z™ 


1. Let D be a square-free integer not equal to —1 or —3 and incongruent 
to 1 modulo 8, and let M be an integer =2 and prime to the class-number of 
the quadratic field  =(D"”). A solution X=A, Y=B, Z=C of the dio- 
phantine equation 


(1.1) X? — DY? = Zz 


will be said to be primitive if A, B, C are rational integers with no common 
factor save unity. For brevity, we shall speak of “the solution A, B, C.” 

We shall adhere to the notations of Landau’s Vorlesungen; italic letters 
are reserved for rational integers, small Greek letters for integers of the 
field , and small German letters for ideals of &. A square bracket enclosing 
a Greek letter denotes the corresponding principal ideal; thus [a], [8], - - - . 
Round parentheses enclosing two or more letters denote greatest common 
divisors, (a, b), (a, 6), - - - ; enclosing a single letter, they denote that it is 
to be used as a modulus. The conjugate of a number a of £ is denoted by a. 

The following three lemmas are easily proved. 


Lemma 1.1. If A, B, C is a primitive solution of the diophantine equation 
(1.1), then both A, B,C and A, D, C are relatively prime in pairs. 


Lemma 1.2. If A, B, C is a primitive solution of the diophantine equation 
(1.1), then (i) if M23, C must be odd unless D=1 (8); (ii) if M =2, C must be 
odd unless D=1 or 5 (8). In the latter case, if C is even, C/2 must be odd. 


Lemma 1.3. If M is prime to the class-number of the algebraic field 8, and 
if ais any ideal of &, then if a™ is a principal ideal, ais a principal ideal. 


Lemna 1.4. If A, B, C is a primitive solution of the diophantine equation 
(1.1) and if C is odd, then the principal ideals [A+D"*B] and [A —D'2B] 
of the quadratic field R are co-prime. 


For otherwise, there exists a prime ideal p of & such that 
[A+ [4 — =0(p). 
Then [C”]=[A+D"*B] [A—D"*B]=0 (p), so that 
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C =0(p), and ([2], p) = 1 since C is odd. 


Since p contains both A+D"”B and A —D"?B, it contains their sum 2A 
and hence A itself. Therefore the rational prime which p divides divides both 
A and C contrary to Lemma 1.1. 


Lemma 1.5. If D is congruent to 5 modulo 8, and if 1, w is the canonical 
basis for the integers of the field 8, and if (c+-wd)™ =c'+wd’, where c and d 
are rational integers, then if M is prime to three, d’ is even when and only when 
d is even. If M is divisible by three, d’ is always even. 

For 5=D=(2w+1)?=4w?+4w+1 (8), so that 

w? = 0+ 1 (2). 

If d is even, d’ is obviously even for any value of M. If d is odd, we have 
either c+wd=1+w (2) or c+wd=w (2). In the first case, (¢+wd)?=w?+1 
=w (2), (c+wd)'=w?+w=1 (2), (c+wd)*=c+wd (2). In the second case, 
(¢+wd)? =1+w (2), (c+wd)?=w*?+w=1 (2), (c+wd)*=c+wd (2). Hence 
in either case, if M=N (3), N =0, 1 or 2, (c+wd)” =(c+wd)* (2), from which 
the rest of the lemma easily follows. 


Lemma 1.6. If D is congruent to 5 modulo 8, not equal to —3, and negative, 
the class-number of the quadratic field 8 is always divisible by three.* 


Lemma 1.7. If D 1s congruent to 5 modulo 8 and positive, and if 
(1.3) n=r+os 
is the fundamental unit of the quadratic field R, then the class-number of & is 
divisible by three when and only when the rational integer s is even.T 


2. Let A, B, C be a primitive solution of (1.1). During the next three 
sections of the paper, we assume that M 23, so that C is necessarily odd. 
If 1, w is the canonical basis of the field R, we have 


2w+1 = D'?, 
—wif D=5 (8). 


A—wB if D=2, 3 (4), 
on k=A+B+ 2B, B — 2B if D = 5 (8). 


Then in either case, x and X are integers of R, and x\=A*?— DB*=C™ or 
(2.3) = 


* Dirichlet-Dedekind, Zahlentheorie, 4th edition, 1894, p. 244. 
+ Dirichlet-Dedekind, work cited, p. 250. 
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Since C is odd, the principal ideals [x] and [A] in (2.3) are co-prime by 
Lemma 1.4. Hence there exist two ideals a and 6 of & such that 
=a”, [A] [C]=ab, (@,6) =1. 


Since M is prime to the class-number of the field &, a and 6 are principal 
ideals of & by Lemma 1.3. Denote them by [a] and [8] respectively. Then 


Moreover, since A is conjugate to x, B is conjugate to a. Therefore there 
exist two units and of such that 


k = ea”, = 4a”, C = ({a], =1. 
Since a&= Na is a rational integer, ¢«.= +1. Let 7 be the fundamental 
unit of the field R. Then there exists an integer R such that ¢, = +n”. 


Divide R by M, and let the quotient and remainder be 0, T:R=QM-+T, 
0<7=M-—1. Then if we write a’ for n°a, we have 


(2.4) «= H= +778”, =+a‘a’, 0S TSM-—1, 
(2.5) ([o’], [a@’]) = 1. 


If D is negative, the only units in R are +1, since D¥ —1, —3, and (2.4) 
holds with T =0. Henceforth we retain only the positive signs in (2.4). 
3. If D=2, 3 (4), a’ and @’ in (2.4) are of the form 


a’ =a+ab, a’ ab, w=D, 
where a and bare rational integers. Then 
(3.1) (a, Db) = 1. 


For otherwise, there exists a prime ideal p of & such that a=0 (p), Db =w*d 
=0 (p), so that az=wb=0 (p), a’ =a’ =0 (p) contradicting (2.5). 
Since C = a?— Db? is odd, we must have 


(3.2) a, b of opposite parity if D is odd, a odd if Dis even. 
Now =Ay+D""By, where 


M M 


M M 


If the fundamental unit 7 is r+ws in the case when D is positive, we 
write = D"?, 


(3.3) 
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n? = (r +s)? = Up + 
(2.4) then gives us our final formulas: 
(3.4) A = + DVrBy, B = UrBy + VrAn, C = — 


where if D is positive, T may have any integral value from 0 to M—1, but 
if D is negative, T is zero. 

We have thus shown that in the case D=2, 3 (4), every primitive solution 
A, B,C of (1.1) is of the form (3.4). We shall now show that if a and 5b are ra- 
tional integers subject to the conditions (3.1), (3.2), the formulas (3.4) al- 
ways give a primitive solution of (1.1). 

It is obvious the formulas always give a solution of (1.1), and that for 
such a solution, C is odd. To show that the solution is primitive, it suffices 
to prove that (A, B) =1. 

If (A, B) #1, there exists a prime ideal p of R such that A=B=0 (p) 
so that A+D'?B=0 (p). Since Ur+D"V> is a unit of R and A+D""*B 
= (Ur + D'?V 7) (Au + D'?By), Aut D'?By = (a (p) or @ 
+ D'b=0 (p). Therefore 2a=2D"/*b=0 (p); or since (a, Db) =1, 2=0 (p), 
and A=B=0 (2). But then C” = A?— DB’?=0 (2), so that C would be even. 

4. If D=5 (8), a’ and @’ in (2.4) are of the form 


(4.1) =c+ad, a =c—d—wd, (20+1)?=D, 


where ¢ and d are rational integers which are co-prime by (2.5). There are 
two cases according as D is negative or positive. 

If D is negative, the class-number of & is divisible by three by Lemma 
1.6. Hence (M, 3) =1. Since 1 is the fundamental unit, we obtain from (2.4) 
a’M = (¢+wd)” =x=A+B+2Bw. Therefore, by Lemma 1.5, d is even. If we 
write d= 2b, c=a—b, we have a’ =a+D"b. Hence 


«=A = (a+ = Ay + 


Thus we obtain as in the previous case D negative and congruent to 2 or 3 
(4), 
(4.2) A = Ay, B= By, C = a* — (a, Db) = 1. 


Since M =3, C is odd by Lemma (1.2). Therefore a and b must be of opposite 
parity. Ay and By are as in (3.3). 

Conversely, it may be shown as in §3 that if a and b are rational integers 
of opposite parity, the formulas (4.2) always give a primitive solution of 
(1.1). 

Next, assume that D is positive, and denote the fundamental unit of the 
field R by 


1935] A DIOPHANTINE EQUATION 453 


(1.3) n=r+as, 
as in Lemma 1.7. Then if the class-number of & is divisible by three, s is even. 
Writing s = 20, r=u—», 
n= n? = Up + VrD'? (T =0,1,---,M—1). 
Then by (2.4), (4.1) 
= (¢ + wd)” = = c + wd’ 


where d’ is even. Since (M, 3) =1, d is therefore even by Lemma 1.5. On 
writing d =2b, c=a—b, we obtain therefore 


(4.3) A= UrAm + DVrBu, B= UrBy VrAm, C= a? — Dbd?. 


a and b here are of opposite parity, and (a, Db) =1. Conversely, we may show 
as in §3 that (4.3) always gives a primitive solution of (1.1). 
If the class-number of & is not divisible by three, the integer s in (1.3) 


is odd. We obtain therefore from (2.4) and (4.1) 
(r + ws)?(¢ + wd)” =x =c’ +d’, d’ even. 
Therefore if d is even, T must be divisible by three by Lemma 1.5. On the 
other hand, if d is odd, we have the following restrictions on T and M ac- 
cording to the parity of r in order that d’ may be even. 
If r+ ws =1+w (2) andc+od =1+ (2), then T+ M =0 (3); 
if r+ ws = 1+ (2) andc + wd = w (2), then T — M = 0 (3); 
if r + ws = w (2) and ¢ + wd = w (2), then T+ M = 0 (3); 
if r + ws = w (2) and c + wd = 1+ w (2), then T — M =0 (3). 
Let us write 
Qn? = Up + (T =0,1,---,M—1). 
a’=a+D"" if d is even; 2a’=a+D"b if d is odd, where, in the first case, 
d=2b, c=a—b, and in the second case, d=b, a=2c—b, so that a and b are 
both odd. The four cases above when s is odd may then be stated as follows: 
T+ M =0 (3) ifr — (a+ b)/2 = 0 (2), 
T — M =0 (3) ifr — (a+ =1 (2). 
The solutions of (1.1) are given by the following formulas: 
(4.5) 24 = UsrAw + DVsrBu, 2B = UsrBy + VsrAu, C = a? — Db?, 
a, b of opposite parity, (a, Db) = 1,0 < T Ss [(M — 1)/3)], 


(4.4) 


454 MORGAN WARD ° [November 


(4.6) 2M+14 => 2M+1B = UrBu VrAm, 4C => a? Db?, 
a, b both odd, (a, Db) = 1, and T restricted by (4.4). 


It is easily shown as before that both (4.5) and (4.6) give us primitive 
solutions of (1.1) with the specified restrictions on a, b and T. 

The possibility of primitive solutions of (1.1) of the form (4.6) seems 
to have been overlooked heretofore. On taking D=5, M=3, T=0, a=b=1 
in (4.6), we obtain the solution 2, 1, —1 of X?—5Y?=Z* discussed in the 
introduction. 

5. The case when M =2, D=5 (8) requires separate discussion, as we see 
from Lemma 1.2 that primitive solutions of 


(5.1) X? — DY? = 2? 


will exist of the form X =A, Y=B, Z=C=2E, where A, B, E are odd and 
co-prime. The other solutions with C odd may be obtained from our general 
formulas in §4. In the present case, we write 


(5.2) 2k = A+ B+ 2X = A — B — 2wB where as usual 2w + i = 
or letting A+ B=2G, 
k=GtowB, [x] [A] = [EZ]. 


If we now apply the reasoning used in §2 to this ideal equation, we deduce 
that either 


xk = (c + wd)?, E = (c + wd)(c + 
k = (r + ws)(c + wd)?, E = (¢ + wd)(c + @d), 


where r+ws is the fundamental unit of the field . To agree with our former 
notation, let Up=2, Vo=0, U1 =2r—s, Vi=s, 2c—d=a,d=b. Then 


= (Ur + D'Vz)(a + D%)?, 4E=a?—Db?, T=0,1, 


(5.3) 


so that 
= Ur(a? + Db?) + 2abDV7r, 4B = Vr(a* + + 2abUr, 
2C = a? — Db’, T = 0,1, 


where a and 0 are both odd, and (a, Db) =1. As before, (5.4) always gives a 
primitive solution of (5.1) with Z even. 

For the case M =2, it may be noted, a knowledge of all of the primitive 
solutions of (1.1) gives us immediately the most general solution of (1.1). On 
collecting all of our results, we obtain the fundamental theorem stated in 
the introduction. 


(5.4) 
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III. APPLICATIONS OF THE FORMULAS 
6. Consider the diophantine equation 
(6.1) X?—-D=2Z", 


where D is square-free, negative, ~ —1 or —3, incongruent to 1 (8), while 
M is prime to the class-number of the quadratic field &(D'/”). Then if X =A, 
Z=C is a solution of (6.1), A, +1, C is a primitive solution of (1.1). Con- 
versely, any primitive solution of (1.1) with B= +1 gives a solution of 
(6.1). Accordingly, all solutions of (6.1) are obtainable by setting Y= +1 
in the formulas of case I of the fundamental theorem; thus 


M M 


If M is even, the last term on the right of (6.2) is (y{,)D(“—? ab™—, 
Since the numbers (¥), (4), - - - , (yM;) are all even when M is even, (6.2) 
is impossible, so that (6.1) has no solutions if M is even. 

If M is odd, the last term on the right of (6.2) is D(“—»)/b™. Hence every 
term is divisible by 5, so that b= +1, and a must be a root of the equation 


M M 
(6.21) + + 1 = 0, 


For fixed D and M meeting our restrictions, the solution of (6.1) reduces 
then to finding all the integral roots of (6.2). 
Under the same restrictions on D and M, we can obtain information about 


the diophantine equation 
(6.3) 1 — DY? =Z". 
We have in place of (6.2) the condition 


M 
(6.4) 


If M is even, we obtain no direct information. But if M is odd, the right 
side of (6.4) is divisible by a, so that a= +1, and b must be an integral root 
of the equation* 


M-—1 M —3 


* The conceivable case when a= ¥1 and the left side of (6.4) is +1 is easily shown to be im- 
possible. 


(6.41) 
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To give a numerical example, consider the equation X?+42 =Z* to which 
the method is applicable since the class-number of ®(42"7) is 4. If M is a 


prime, 
= (M), 


while (1), (4), ---, Gyts) are all divisible by M. We must therefore choose 
the ambiguous sign in (6.21) equal to —(7), or +1 in this case. On dividing 
out M =5, (6.21) becomes 


at — 84x? + 353 = 0. 


Since 84*—4- 353 =5644 is not a square, the initial diophantine equation 
has no solutions. 
7. Consider now the diophantine equation 


(7.1) X? — 16DY2™ = 


We assume as before that D is square-free, negative, incongruent to 1 (8), 
and in addition, that the class-number of the quadratic field &(D"”) is odd.* 

Let A, B, C bea primitive solution of (7.1). Then A, 4B”, C is a primitive 
solution of 


(7.2) X? — Dy? 


Hence by case I of our fundamental theorem, there exist rational integers 
a and b such that (a, Db)=1, a+b odd, and 


A = at + 6a*b*?D + 4BN = 4ab(a? + Db’), C = a? — Dd’. 


From the expression for 4B”, we deduce that a, b, a?+ D0? are perfect Nth 
powers: b=F”, a?+Db?=G" so that X = E, Y =F, Z=Gisa primitive 
solution of 


(7.3) X2N 4 DY2N = Z¥, 


Conversely, a primitive solution of (7.3) gives us a primitive solution of 
(7.1). But it is easy to see that if (7.3) has any solutions whatever, it has 
primitive solutions. Therefore: A necessary and sufficient condition that the 
diophantine equation (7.3) be solvable is that the diophantine equation (7.1) 
have a primitive solution. 

Assume next that D is negative, and congruent to 2 or 3 (4), and that the 
class-number of &(D"?) is prime to 3, while D is divisible by three. Consider 


* This always occurs for example if D is a prime, =5 (8). See Dirichlet’s Works, vol. I, 1889, 
pp. 357-370, or Crelle’s Journal, vol. 18 (1838), pp. 259-274. 
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(7.4) X? — 9DY2" = Z3, 
A similar procedure to that given for (7.1) connects (7.4) with the diophan- 
tine equation 
(7.5) 


and we have the theorem that a necessary and sufficient condition that the 
diophantine equation (7.5) be solvable is that the diophantine equation (7.4) 
have a primitive solution. 

For example take D = —21. The class number of &(211/*2) is four, and for 
N=7, 


=Z' 
is known to have no solutions.* Hence 
X? + = 


has no primitive solutions. 

This result generalizes an interesting correspondence recently obtained 
by Kapferert between the solutions of Fermat’s equation and the primitive 
solutions of an equation of the form (7.4). 


* Maillet, Comptes Rendus, vol. 129 (1899), pp. 189-199. 
¢ Sitzungsberichte, Heidelberg Akademie, 1933, part 2, pp. 32-37. 
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INTERPOLATION IN REGULARLY 
DISTRIBUTED POINTS* 
BY 
JOHN CURTISS 

1. Introduction. Let G, be a set of m distinct points chosen on the rectifia- 
ble Jordan curve Cf in the complex z-plane, and let {G,} denote a sequence 
of such sets. This sequence may be written out in the following triangular 
array: 


Gi: 


G2: 2°) 29°?) 


Furthermore, let f(z) be a function definedf{ and integrable in the sense of 
Riemann on the curve C; we shall say that such a function is integrable (R) 
on C. By L,(z) we shall denote the unique polynomial of degree at most n—1 
which coincides with the function f(z) in the points of the set G,; we shall call 
it the Lagrange polynomial interpolating to f(z) in the points G,. We shall 
say that the sequence {G,} yields effective interpolation to the function f(z) 
if the sequence {L,(z)} converges to the function f,(z) at every point of B, 
the region interior to the curve C,§ and uniformly for z on any closed point 
set of B, where 
1 
z) =— dt. 
At 2QridJc t—2 

About half a century ago, Méray pointed out that if f(z) =1/z and if the 
set G, consists of the mth roots of unity, then since L,(z) =2z"—!, the sequence 
{L,(z) } approaches zero for |z| <1.|| (It will be noted that zero is the value 
of the function f,(z) in this case.) The following theorem, of comparatively 
recent origin, discloses the theory underlying this example: 

* Presented to the Society, September 4, 1934; received by the editors, in revised form, April 3, 
1935. 

t We define a Jordan curve as a one-to-one continuous transform of a circumference. 

t Infinity will not be admitted as a functional value in connection with the definition of functions 
other than the mapping function ¢(w) introduced in §2. 

§ By the interior of C we mean the region bounded by C which does not contain the point at 
infinity. 

|| Méray, Annales de I’Ecole Normale Supérieure, (3), vol. 1 (1884), pp. 165-176. 
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THeoreEM A.* Let f(z) be a function defined and integrable (R) on the unit 
circle, and let the set G,, be the nth roots of unity. Then the sequence {G,,} yields 
effective inter polation to the function f(z). But for a properly chosen function f(z) 
a sub-sequence of the sequence { L,(z) } will diverge to infinity at points on the unit 
circle itself. 


The main results of the present paper arose from the suggestion made by 
Walsh that it would be of interest to extend the theorem to the consideration 
of curves other than the unit circle.| The extension will be derived first under 
the hypothesis that the function f(z) is analytic on the curve C (as in Méray’s 
example), and then under the hypothesis that the function is merely bounded 
in modulus and integrable (R) on C.{ The theorems thus obtained will be 
supplemented by a study of the degree of convergence of the sequence 
{L,(z)}. This study will result in equalities for z on the curve C as well as 
for z in the region B, and so will have an additional significance in that it will 
elucidate the statement in Theorem A concerning the possibility of diver- 
genceonC. 

The paper concludes with a discussion of the results which arise from 
interpolation to more than one function defined on one or more Jordan curves. 

2. The choice of the points of interpolation. An arbitrarily chosen se- 
quence {G,} will not in general lead to effective interpolation, even if the 
function f(z) is analytic in the closed region B+C and if the points of the mth 
set G, become everywhere dense on the curve C as m approaches infinity.§ 
Thus the proper choice of the set G, is of fundamental importance in a gen- 
eralization of Theorem A. We shall base our selection of the set G, upon a 
notable precedent; namely, that of Fejér, who established an extension of 
Theorem A for functions analytic in the closed region B+C by using a set 
G, which he called a set of “regularly distributed” (“regelmissig verteilt”) 
points on the curve C.|| Fejér’s set G, may be defined in the following man- 


* This theorem is due to Fejér and Walsh. Fejér, in a brilliant paper entitled Inter polation und 
konforme Abbildung which appeared in the Géttinger Nachrichten, 1918, pp. 319-331, proved the 
theorem for the case in which the function f(z) is continuous on and within the unit circle and analytic 
within the circle, and he also gave an example of such a function for which the corresponding Lagrange 
polynomials diverge at a point of the circle. Walsh showed that the theorem is true for functions more 
general than those considered by Fejér; Bulletin of the American Mathematical Society, vol. 38 
(1932), pp. 290-291. 

t Walsh, loc. cit., p. 294. 

¢ The methods of approach indicated for these two cases are entirely dissimilar; see §5. 

§ For a simple illustration of this statement, see Walsh, loc. cit., p. 293. 

|| Fejér, loc. cit., pp. 324-327. Theorem A becomes a classical result due to Runge when the func- 
tion f(s) is assumed to be analytic in the closed region; see Runge, Theorie und Praxis der Reihen, 
Berlin, 1904, p. 137. In this case, and also in Fejér’s extension, the convergence of the sequence 
{ L,(z)} takes place in the closed region. 
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ner: Let the Jordan curve C lie in the z-plane and let the function ¢(w) map 
the exterior of the unit circle in the w-plane onto the exterior of C in sucha 
way that the points at infinity in the two planes correspond to each other.* 
The set G, consists of those points on C into which the mth roots of unity are 
transformed by the equation z=¢(w). 

Henceforth in this paper the symbol G,,, wherever it appears in connection 
with a curve C, will denote the mth set of Fejér’s regularly distributed points 
onC. 

3. Restrictions on the curve. It is assumed that the function ¢(w), which 
we have just introduced, gives a conformal, one-to-one map of the exterior 
of the unit circle onto the exterior of the curve C, which means that with the 
exception of the point at infinity, ¢(w) is analytic for | w| >1, univalent and 
continuous for | w| 21. The function generates a Laurent series of the follow- 


ing type: 


C1 
o(w)~ 
w w 


which may be considered as a representation of the function for all |w| =1. 
In particular, we have 
o(w) 
= lim— = c. 
woo W 
We shall denote the inverse of the function ¢(w) by ¢~(z). 
We define a function (z, w) by the following equations: 


w)— 
w) = zin B, | w| = 1, 
cw 


B(z, ©) = 
and in the event that the function ¢(w) possesses a non-vanishing first tan- 


gential derivative at every point of the circle | w| =1, we define also a func- 
tion V(w, w) as follows: 


©) = 0.t 
* Hilbert first indicated the significance of this type of mapping function in the study of inter- 
polation, Géttinger Nachrichten, 1897, pp. 63-70. 
t This equation identifies the particular branch of the logarithmic function under consideration. 
t See the preceding footnote. 


V(w, w) = 
c(w — w) 
'(w) |w| 21, |w|21, 
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(The variables z, w, and w are all supposed to be independent.) Both of these 
functions are analytic functions of w for |w| 21, provided that z is a point 
of the region B. 

We shall now introduce a pair of conditions on the curve C which will 
be expressed in terms of these functions; the conditions play a central role 
in our generalization of Theorem A. 

The curve C will be said to satisfy condition (a) if given an arbitrary 
closed point set S of the region B, there exist polynomials in 1/w, f,(z, w), 
of respective degrees m—1, which satisfy the equation 


w) — fa(s, w) = o(—) 
n 
uniformly for | w| 21 and for z on S. 

The curve C will be said to satisfy condition (b) if the corresponding map- 
ping function ¢(w) possesses a non-vanishing first tangential derivative at 
every point of the circle | w| =1, and if there exist polynomials in 1/w, 
F,,(w, w), of respective degrees n —1, which satisfy the equation 


Vv(w, w) F,(w, w) = o(—), 


n 


uniformly for |w| 21 and || =1.* 

A Jordan curve will satisfy condition (a) if the first tangential derivative 
of the corresponding mapping function ¢(w) on the circle | w| =1 exists and 
satisfies a Lipschitz condition with exponent a>0.f The curve C will also 
satisfy condition (b) if the second tangential derivative of the function ¢(w) 
on the circle | w| =1 exists and satisfies a Lipschitz condition with exponent 
a>O, and if the first tangential derivative does not vanish. 

To prove that a curve of the first type satisfies condition (a), we observe 
that the first tangential partial derivative with respect to w of the function 
&(z, w) on the circle | w| =1 satisfies a Lipschitz condition with exponent a 
and with a constant which is a uniformly bounded function of z for z on 
any closed point set of the region B. A similar assertion may also be made 
in connection with a curve of the second type concerning its function ¥(w, w) 


* It is to be observed that no assumption is made as to the continuity of the functions f,(z, w) 
and F,(w, w) in the variables z and w respectively. 

t A function f(z) is said to satisfy a Lipschitz condition on a curve C with exponent a and con- 
stant d if | —f(x2)| x1—2| for all x; and x2 on C. 
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for |w| =1, | w| =1, although the proof is not as simple as in the first case.* 

The existence of the required polynomials in 1/w is now established by a 

theorem due to Sewell, which, for future reference, we shall call Theorem B.T 
4. Products associated with the Lagrange polynomial. The Lagrange 

polynomial interpolating to the function f(z) in the arbitrary set of distinct 

points z,, k=1, 2, - - - , m, may be written in this form: 


kat 2 — Ze Wy (2x) 


where w,(z) is the following product: 
wn(z) = — x). 


If the set of points happens to be the nth roots of unity, e?*'*/",k=1,2,--- ,m, 
then 


= 2* — 1, 


and (1) becomes 


L,(z) = (2™ — 


bel n(z errik/n) 


In particular, 


k=1 


hence if there exists an upper bound for the function f(z) on the unit circle, 
and if this bound be denoted by f, then 
(3) | L.(0)| < f. 
This fact leads at once to the proof of the first of three lemmas upon which 
our generalization of Theorem A will rest. 

Lemma I. Let the function f(z) be defined for |z| <1, let p,(z) be a poly- 
nomial of degree n—1, and let €, be a positive number such that 

| £2) — pals) | S en 

for |z| =1 and for z=0. 


* A proof can be given by taking the real and imaginary parts of the derivative 4,(w, w) and 
then applying the integral form of the law of the mean. 

t W. E. Sewell, Bulletin of the American Mathematical Society, vol. 41 (1935), p. 117. 

} This lemma is a special case of Theorem IIIa. 
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Let the polynomial L,(z) interpolate to the function f(z) in the set e?‘*/n, 
k=1,2,---,m. Then 


| (0) — Ln(0)| S 2en. 

For let \,,(z) be the Lagrange polynomial interpolating to the function 
pn(z) —f(z) in the set e?*#*/", Then f=e,, so |n(0)| Sen, by (3). Therefore 
| (0) — pa(0) + An(0)| 2en. 

But 
— = (k= 1,2,---,n), 
sO pn(z) —An(z) must be the unique polynomial of degree at most m—1 inter- 


polating to the function f(z) in the set e***/", which is none other than L,(z) 
itself. 


Lemma II. Let C be a curve which satisfies condition (a) and let the product 
wn(z) be formed for the corresponding set Gn. Then 


(z) 
c* 


uniformly for z on any closed point set S of the region B. 


To prove the assertion, we first write 


— ¢* kal ceztikin 


We shall compute the limit by studying that branch of the function 
log [w,(z)/—c*"] which is identified by the following equation: 


(4) as > P(z, e2tik/n) = H(z, 
k=l k=l 


By hypothesis, there exist polynomials in the variable W =1/w, f,(z, w), of 
respective degrees » —1, which satisfy the equation 


H(z, w) — w) = of 


n 


uniformly for | W| <1 and for z on S. Therefore if we denote by A,(z, w) the 
Lagrange polynomial in W interpolating to the function ®(z, w) in the points 
of the set W =e?**#/", k=1, 2, ---,m, we may write, by Lemma I, 


1 
H(z, 0) — A,(z, ©) = o(—), 
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or 
n®(v, ©) — mA,(z, ©) = o(1) 


uniformly for z on S. But by (2) and (4), 


— 


nA,(z, ©) = log 


and since ®(z, ©) =0, the proof is complete. 


Lemma III. Let C be a curve which satisfies condition (b) and let the product 
wn(z) be formed for the corresponding set G,. Let 
— [o(w) 


c"(w" — 1) 


T,(w) 


Then uniformly for |w| =1. 


The proof is the same as that of the preceding lemma except for obvious 
changes in notation. 

It is worth while noticing that the existence of this limit can also be proved 
for w on any closed point set lying exterior to the circle | w| =1 by modifying 
condition (b) accordingly. The modification would have the effect of lighten- 
ing the restriction on the curve C, for the function Y(w, w) is an analytic 
function of the two variables @ and w for |w| >1, |w| >1. Thus, in particu- 
lar, the new condition would be satisfied if the first tangential derivative of 
the function ¢(w) existed on the circle | w| =1 and satisfied a Lipschitz con- 
dition with positive exponent.* 

5. The convergence of sequences of Lagrange polynomials. We now ap- 
ply the foregoing results to the theory of interpolation. Let f(z) be a function 
known to be analytic on the curve C, but not necessarily analytic at all 
points of the region B. Furthermore, let the curve C satisfy condition (a) 
and let the product w,(z) be formed for the corresponding set G,. We de- 
termine two contours C; and C, with the following properties: (1) Ci con- 
tains C in its interior and C contains C; in its interior; (2) the function f(z) 
is analytic in the closed annular region bounded by C; and C;. Then we may 
write the following formula for the Lagrange polynomial which interpolates 
to the function f(z) in the points G,: 


t—s wn(t) 


* A number of writers have employed the limit, lim,.<|a(w)|"", |w| >1; see for example 
Fejér, loc. cit., pp. 322-324, and Kalmar, Mathematikai és Physikai Lapok, vol. 33 (1926), pp. 120—- 
140. 
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(The integration over C; is taken in a sense which is positive with respect to 
the region exterior to C2.) This is a slight extension of the Cauchy-Hermite 
form of the Lagrange polynomial; its validity may easily be checked by not- 
ing that both integrals represent polynomials in z of degree m—1, and that 


when z=2,", we have 


1 
C14, § — 


We may write 


| La(z) — | 
(5) < | dt | + 0) 1 @n(2) 


c,| 2 || walt) 2rJc,| t—2 


| ae], 


where 


z being interior to the curve C. Fejér has shown that with the present choice 
of G, and w,(z), 


(6) | won(z) | c| | | 


for all z exterior to C and uniformly for z on any closed point set exterior 
to C.* On the other hand if z lies interior to C, Lemma II indicates that 


(7) | wn(z) >| 
and that 


— 0. 


| @n(z) 
wn (t) 


Let z be any point on a Jordan curve C’ lying between C and C; and con- 
taining C, in its interior. Then combining (6) and (7), we obtain 


uniformly for z on C’, ¢ on Ci; so that inequality (5) implies that L,(z)—f1(z) 
uniformly for z on C’. The principle of the maximum then tells us that the 
sequence {L,(z)} approaches the same limit for z interior to C’. We have 
proved the following theorem: 


* Fejér, loc. cit., pp. 322-324. See also the remark following Lemma III and the accompanying 
footnote. 
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THEOREM I. Let C be a Jordan curve which satisfies condition (a) and let 
f(2) be a function analytic on C. The sequence {G,} corresponding to C yields 
effective interpolation to the function f(z). 


If we interpolate to a function f(z) which is only known to be bounded 
in modulus and integrable (R) on the curve C, we can no longer use the con- 
venient Cauchy-Hermite formula. To study the convergence in this case, we 
assume that the curve C satisfies both conditions (a) and (b) and that the 
tangential derivative of the corresponding mapping function on the circle 
| w| =1 is bounded in modulus and integrable (R). 

Let S be an arbitrary closed point set of the region B, let t=¢(e*) and let 
af” Since 


= 
“ — 1) 


we have 


(8) 


Therefore, 
1 1 do(e? rik/ n) 


w’ (2) (e?***/n) dé 


(9) 


We may now write 


= z] — dé n 


(10) 


Lemmas II and III state that 


(2) 


c™r,(e**) 


uniformly for z on S and for all real a. Therefore since both f[¢(e*) ] and 
d@(e)/d0 are integrable (R) and of bounded modulus, we have 


— dt 


uniformly for z on S. We have established the following theorem: 


— 
| 
1 d 1 t 
~ 
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THEOREM II. Let C be a Jordan curve which satisfies conditions (a) and (b) 
and for which the mapping function possesses a tangential derivative bounded 
in modulus and integrable (R) on the circle |w| =1. Let f(z) be a function 
bounded in modulus and integrable (R) on C. The sequence {G,} corresponding 
to C yields effective interpolation to the function f(z). 

6. Degree of convergence; convergence on the boundary. We shall now 
study the degree of convergence of the sequence {Z,(z) } in comparison with 
that of any other given sequence of approximating polynomials. At the same 
time, we shall be able to obtain a result which casts some light on the ques- 
tion of convergence on the boundary C of the Jordan region under considera- 
tion. 

THEOREM IIIa. Let C be a Jordan curve which satisfies conditions (a) and 
(b) and for which the mapping function possesses a first tangential derivative 
bounded in modulus on the circle |w| =1. Let S be any point set interior to C. 
Let f(z) be a function defined on C and S and let the polynomials L,(z) inter- 
polate to f(z) in the set G, corresponding to C. If there exist positive numbers €, 
and polynomials p,(z) of respective degrees n—1 such that 


| f(z) | & 
for zon C and S, then 
| f(z) — Ln(z)| S Kien 


for z on S, where K, depends only on C and S. 
THEOREM IIIb. Let C be a Jordan curve which satisfies condition (b) and 
for which the mapping function possesses the following property: 
ei? — gia 
do g(e#) — 
Let f(z) be a function defined on C, and let the polynomials L,(2) interpolate to 


f (2) in the set G,, corresponding to C. If there exist positive numbers €, and poly- 
nomials p,(z) of respective degrees n—1 such that 


| f(2) — pals) | 


< M, all 6 and all a. 


for z on C, then 


| f(z) — La(z)| < Keen log n,n > 1, 


for z on C, where Kz depends only on C. 


The restrictions on the curve C in both theorems are satisfied by a curve 


| 
| 
i 
| 
| 
| 
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for which the mapping function possesses a non-vanishing first tangential 
derivative on the circle | w| =1, and a second tangential derivative satisfying 
a Lipschitz condition with a positive exponent. 

For the proofs of these theorems we first consider the polynomial A,(z) 
which interpolates in the set G, to a function F(z) of bounded modulus on 
the curve C. Let F be an upper bound to the modulus of this function. If 
the curve C satisfies the conditions of Theorem IIIa, we may conclude at 
once, by referring to (10) and the reasoning which accompanies that equa- 
tion, that there exists a positive number K; such that | A,(z)| <(K:—1) F for 
all m and for all z on S. The number K;, depends only on C and S. 

If the curve C satisfies the conditions of Theorem IIIb, we proceed as 
follows. Using (8), (9), and (10), and setting z=¢(e), we write 


1 n 
A,(z) = DF ] 


Lemma III establishes the existence of a positive number M, such that 


= M, 


for all » and for all real 6 and a. Also, it can be shown that for n>1, 


n ein? 1 


k=1 


errikin 


where M, is independent of @ and n.* We may therefore write 
| A,(z)| < FMM,M; log n < (Kz log n — 1)F 
for all z on C and all >1, where K; is independent of n. 


The remaining steps in the proofs of the two theorems can now be given 
simultaneously. If we let F(z) = p,(z) —f(z), then F =e,, and we have 


(Ki — 1)en, z on S, Theorem IIIa, 
(Ke log m — 1)e,, 2 on C, Theorem IIIb, > 1. 


| An(z) | s { 


Therefore 


| fle) — pale) + An(z)| 


Kien, z on S, Theorem IIIa, 
Kee, log n, z on C, Theorem IIIb, ” > 1. 


* For the proof of this inequality, see Jackson, The Theory of Approximation, New York, 1930, 
p. 120. 


2rk 
sin jn(o 
n 
| 
sin — — 
n 
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But p,(z) —A,(z)=L,(z), so the proofs are complete. 

If €, log n—0, then we obtain convergence of the sequence {L,(z)} on 
the curve C in Theorem IIIb. There is no implication in either Theorem IIIa 
or Theorem IIIb, however, that the numbers e, tend to zero; they may be 
any positive numbers whatsoever. 

The example given by Fejér to establish the possibility of divergence on 
the unit circle in Theorem A employed a function f(z) which was analytic 
throughout the interior of the unit circle and continuous in the correspond- 
ing closed region. Theorem IIIb permits us to make the general assertion in 
connection with this example that if the function f(z) is continuous in the 
closed region B+C and analytic in the region B (where C satisfies the condi- 
tion of the theorem), then L,(z) =o (log m) for z on C; for by a theorem due to 
Walsh there exist polynomials such that the corresponding numbers e, tend 
to zero.* Moreover, if the curve C is analytic, if the function f(z) is continuous 
in the closed region B+C and analytic in the region B, and if the pth tangen- 
tial derivative of f(z) on C satisfies a Lipschitz condition with exponent 
a>0, then by Theorem IIIa, 


M; log n 


| La(s)| S$ sons, 


and by Theorem IIIb, 


M, (log n)? 
nPta 


| f(z) — L,(z)| < zonC, 

where M; and M, are both independent of m and z. This result follows di- 
rectly from Theorem B. In particular, the value zero is admissible for in 
these inequalities, so a sufficient condition for the convergence of the se- 
quence {L,(z)} in the closed region B+C is that the function f(z) be con- 
tinuous in the closed region, analytic in the region B, and satisfy a Lipschitz 
condition with positive exponent on C. 

7. Simultaneous interpolation to several functions. We now turn to cer- 
tain immediate generalizations of the results of §5. First of all, it is natural 
to inquire whether Theorem II admits of some form of extension when the 
Lagrange polynomial is defined by the requirement of coinciding, not with 
one function f(z) at points of C, but simultaneously with several distinct 
functions in several distinct sets of points on C. This problem may readily 
be attacked by the methods which we have previously developed, and the 
following theorem indicates the type of result to be expected. 


* Mathematische Annalen, vol. 96 (1926), pp. 430-436. 
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THEOREM IV. Let C be subject to the restrictions of Theorem II. Let fi(z), 
fo(z), - - +, fm(2) be m functions which are bounded in modulus and integrable 
(R) on C. Let Lmn(z) be the polynomial of degree at most mn—1 which inter- 
polates to the function f,(z) in the points 


(n) 


Then 
t)dt 
uniformly for z on an arbitrary closed point set S interior to C. 


The proof of this theorem is based on the fact that the mth polynomial 
under consideration may be written in the following manner: 


2,(2) 
(n) 


min 
nih a 


, 


pol kel 
The rest of the proof follows the procedure used in that of Theorem II, with 
certain minor modifications. 

The remainder of this section will be devoted to the discussion of two 
aspects of the problem of interpolation simultaneously to a finite number of 
functions defined respectively on the same number of Jordan curves. The 
first case is that in which the curves are all mutually exterior, and the 
second is that in which the curves lie one within another. 

It is possible to generalize the theorem of Fejér mentioned in §2 to the 
case of a finite number of functions analytic on and within the same number 
of mutually exterior Jordan curves. The details have been carried through by 
Walsh,* who made use of the function w=e%+i#(_, where G(x, y) is the 
Green’s function with pole at infinity for the region R exterior to the curves 
under consideration, and H(x, y) is the harmonic conjugate of G(x, y). This 
function maps R conformally, but not uniformly, onto the exterior of the 
unit circle in the w-plane so that the points at infinity in the two planes 
correspond. 

But no similar extension of either Theorem I or Theorem II is possible 
with the use of this mapping function. First it should be noted that now cer- 


* Unpublished, 


(k 
where 
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tain of the points of the mth set G, may coincide, because neither the function 
nor its inverse is single-valued if the region R is multiply connected. Thus we 
are no longer dealing with strictly the Lagrange type of polynomial, but 
rather with the Hermite type, and the existence of derivatives of the function 
to which we are interpolating must be postulated at the points of G,. This 
fact alone precludes the possibility of generalizing Theorem II by the use of 
this mapping function. The Cauchy-Hermite formula used to prove Theorem 
I is applicable when some or all of the points of interpolation are coincident; 
nevertheless we shall be able to show by an example that Theorem I cannot 
be extended either. 
The function 
(2? “an 1)1/2 
y= 
pl 2 

gives a map, of the type under consideration, of the region exterior to the 
lemniscate | z?—1| = onto the exterior of the unit circle in the w-plane. This 
lemniscate consists of the two ovals of Cassini, and if we denote the two 
branches of the inverse function by 


= + (uw* + 
and 
= — (uw? + 1)", 


the right hand oval may be considered as the transform of the unit circle 
under the first branch, and the left hand oval, the transform under the second 
branch. We form the Hermite interpolation formula for the function 1/(z—1), 
using as the set G, the following transforms of the roots of the equation 
w?*—1=0: 


= + 4 4)1/2 \ 


(n) ; 
= + 1)1/2 


Lu(e) = 1) [2 (=—)’], 


as the reader may verify directly. When the point z lies interior to either oval, 
then |z?—1| <u, so L,(z)—0 for all points z within the ovals. But in the left 
oval O; we are seeking convergence to the value 


1 1 1 
dt = 
z-—1 


Then 
| 
| 
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the function 1/(z—1) being analytic on and within this oval. Thus Theorem I 
fails to generalize under this type of map.* 

If the curves upon which the functions are defined lie one within another, 
we obtain a class of results of which the following theorems may be considered 
typical. For the sake of simplicity we shall state the theorems for the case of 
only two curves. 


THEOREM V. Let C; and C; be two Jordan curves subject to the restrictions 
upon C in Theorem II, C2 lying interior to C;. Let ¢1(w) denote the function 
which maps the exterior of the circle |w| =1 onto the exterior of C: so that the 
points at infinity in the z-plane and the w-plane correspond, and let o2(w) denote 
the analogous function for C2. Let F(n) be a monotonically increasing function 
of n such that F(n)—>~. Let f(z) be a function bounded in modulus and integra- 
ble (R) on Cz. Let vo, ---, }, m=[F(n)],¢ denote a sequence of 
sets of m numbers which is subject to the restriction that no number shall exceed a 
given fixed number in modulus. Form the Lagrange polynomial Ly+m(z) of de- 
gree at most n+m—1 which takes on the values v\” in the points o,(e?**!™), 

-, m, and which coincides with f(z) in the points 2(e?*‘*!”), 


f 
Cc 


2ridc,t — 2 


uniformly for z on any closed point set interior to C2. 


For the proof of the theorem we employ a process similar to that used in 
the proof of Theorem IT. The details are left to the reader. 

The parallel theorem for two functions respectively analytic on and within 
the two curves C,; and C; permits greater freedom in the choice of the curves 
and the function F(n): 


THEOREM VI. Lei C, and C; be two arbitrary Jordan curves, C2 lying interior 
to C;. Let f,(z) be a function analytic on and within C,, and let fo(z) be a function 
analytic on and within C2. Let ¢,(w) and $2(w) denote the mapping functions 
corresponding to the curves C, and C2 respectively. Consider as points of inter- 
polation to F,(z) the points $2(e?*‘*!") and as points of interpolation to fi(z) the 
points o,e?**"!"; where m= [F(n) |, F(n) being either a positive constant or a posi- 


* This is the mapping function which has been used most frequently in the generalization to 
several regions of theorems concerning approximation in the complex domain. See for example 
Walsh and Russell, these Transactions, vol. 36 (1934), pp. 13-28. The present writer has investigated 
the use of other mapping functions in extensions of Theorems I and II in this direction, but so far 
with only negative results. 

t The symbol [x] means the greatest integer not greater than x. 


k=1,2,---,m. Then 


‘ 
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tive monotonically increasing or decreasing function of n. Then the sequence 
{Lnym(z)} of corresponding Lagrange polynomials converges to fo(z) geomet- 
rically for z on and within C:. 


This theorem may be proved by writing down the appropriate extension 
of the Cauchy-Hermite formula and then applying (6) and Lemma III. 

Divergence to infinity is possible in the annular region between C; and C; 
in both Theorems V and VI, as can be shown by example. The restriction to 
only two curves is not important, as any finite number of curves may be con- 
sidered; the result will always be convergence to the value to be expected 
from interpolation only to the function defined on the innermost curve, for 
the sequence of Lagrange polynomials will ignore interpolating values as- 
signed to outer curves. The study of combinations of the two theorems yields 
similar results. 

It is worth pointing out that although m may remain constant with re- 
spect to m in Theorem VI, it is necessary in Theorem V that m approach 
infinity in some manner with n, as the following example indicates: Inter- 
polate to the function 1/z in the points e?***/", k=1, 2, - - - , m, and also in 
the points Re?**/™, h=1, 2,---, m. The corresponding Lagrange poly- 
nomial is 


and if m remains finite as m approaches infinity, it is apparent that the se- 
quence {Z,4m(z) } will not approach the value 
1 1 1 
dt=0 


for z interior to the circle | z| =1. 
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ABSTRACT THEORY OF INVERSION 
OF FINITE SERIES* 


BY 
LOUIS WEISNER 


1. Introduction. The summation of a number-theoretic function f(m) over 
the divisors of n, and the inversion of a series of this type by means of Dede- 
kind’s inversion formula, occupy a prominent place in the elementary theory 
of numbers.f A similar inversion formula is valid in any system whose ele- 
ments are commutative with respect to a multiplication operation with re- 
spect to which a unique factorization law holds, if every element has only a 
finite number of divisors: for example, primary polynomials in a field, and 
ideals of an algebraic field. 

There are, however, systems for which a divisor relation may be properly 
defined, but for which no unique factorization law holds, and, indeed, in which 
no rule of multiplication may be defined, as the concept of a divisor is ab- 
stractly independent of that of multiplication. For a system of this char- 
acter the extension of Dedekind’s inversion formula is not obvious. 

An important example is the class of all subgroups of a finite group, with 
“divisor” defined to mean “subgroup.” The problem suggested by Dede- 
kind’s inversion formula may be stated as follows: Suppose we are given two 
group-theoretic functions a(G) and 8(G), such that 


B(G) = Dia(D), 


where D ranges over the subgroups of G. Can a(G) be expressed in terms of 
8(G) by means of a generalized Dedekind inversion formula with the aid of a 
generalized Mébius function? One of the objects of this paper is to answer 
this question. 

Instead of confining my attention to this particular question I have 
treated the subject abstractly, showing that an inversion formula exists in 
any hierarchy (a system satisfying the axioms of §2). A hierarchy is some- 
what similar to what has been called a dual group,t an A-Menge,§ a 


* Presented to the Society, February 23, 1935; received by the editors December 5, 1934. 

Tt Dickson, History of the Theory of Numbers, vol. 1, chapter XIX. 

tR. Dedekind, Uber Zerlegungen von Zahlen durch ihre grissten gemeinsamen Teiler, Werke, 
vol. 2, p. 112; Uber die von drei Moduln erseugte Dualgruppe, Werke, vol. 2, p. 236. 

§ Fritz Klein, Zur Theorie der abstrakten Verkniipfungen, Mathematische Annalen, vol. 105 
(1931), p. 310. 
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lattice* and a structure.f These are systems which are closed with respect to 
two operations defined abstractly so as to have the essential properties of a 
greatest common divisor and a least common multiple respectively, or of a 
logical product and a logical sum respectively. I mention them because many 
examples of hierarchies will be found among those of dual groups, etc. How- 
ever, inversion formulas of the type referred to do not exist in the most gen- 
eral type of dual groups. 

2. Hierarchy axioms. A class H, consisting of at least one element, is a 
hierarchy with respect to a relation / if the following axioms (in which a, 
b, - - - denote elements of #) are satisfied: 

1. The relation / is reflexive: a/a.t 

2. The relation / is asymmetric: if a/b and b/a, then a=b. 

3. The relation / is transitive: if a/b and b/c, then a/c. 

4. For every pair of elements a and } of H an element d of H exists such 
that d/a and d/b; and such that if c is an element of H satisfying c/a and 
c/b, then c/d. 

5. For every pair of elements a and b of H an element / of H exists such 
that a/l and b/l; and such that if c is an element of H satisfying a/c and 
b/c, then 

6. For every pair of elements a and b of H only a finite number of ele- 
ments x of H exist such that a/x/b. 

A simple example of a hierarchy is the class of all positive integers with 
respect to the divisor relation, so that a/b means “a is a divisor of b.”§ In 
view of this example and the previously described purpose of this paper, the 
notation a/b may be read “a is a divisor of b” for any abstract hierarchy, 
divisor being regarded as an undefined term subject to the hierarchy axioms. 

The converse of the relation / will be denoted by \. Thus a/b and b\a 
are equivalent. The notation b\a may be read “d is a multiple of a.” 

To every term defined in terms of the relation / there corresponds a dual, 
obtained by replacing / by \ in the definition. For example, divisor and 
multiple are duals. . 

We shall call the elements d and / of Axioms 4 and 5 a greatest common 
divisor and a least common multiple respectively of a and b. (After proving 
their uniqueness, we shall call them the g.c.d. and the l.c.m. respectively.) 
These terms are duals. 


* Garrett Birkhoff, On the combination of subalgebras, Proceedings of the Cambridge Philosophical 
Society, vol. 29 (1933), p. 441; On the lattice theory of ideals, Bulletin of the American Mathematical 
Society, vol. 40 (1934), p. 613. 

¢ O. Ore, On the foundations of abstract algebra, 1, Annals of Mathematics, vol. 36 (1935), p. 408. 

t The notation a/b means “a has the relation / to b.” The notation a/x/b means “a/x and x/b.” 

§ Other examples will be found among those given in the papers cited in §1. 
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If, in the hierarchy axioms, the symbol / is replaced by \, six theorems 
are obtained which are immediate consequences of the axioms. Hence: A 
class which is a hierarchy with respect to a certain relation is also a hierarchy 
with res pect to the converse relation. It follows that a true proposition is obtained 
on replacing each term by its dual in any theorem which is a consequence of the 
hierarchy axioms. This is the principle of duality for hierarchies. For example, 
Axioms 4 and 5 are duals, while each of the other axioms is self-dual. 

3. The g.c.d. and l.c.m. of a set of elements.* Let a, - - - , an(m21) be 
a set of elements of a hierarchy H. If an element d of H exists such that 


d/a; (i= 
and such that if c is an element of H satisfying 

c/a; (¢=1,---,#), 
then c/d, we shall call d a g.c.d. of a, - - - , dn. If an element / of H exists 
such that 

a;/l 
and such that if c is an element of H satisfying 


a;/c 


then //c, we shall call Ja l.c.m. of Gn. 


THEOREM 1. A g.c.d. and al.c.m. of any finite set of elements of a hierarchy 
exist and are unique elements of the hierarchy. 

In view of the principle of duality it is sufficient to prove the existence 
and uniqueness of a g.c.d. 

The existence of a g.c.d. of a set consisting of only one element follows 
from Axiom 1: the element itself is a g.c.d. (as well as a l.c.m.). The existence 
of a g.c.d. of a set consisting of two elements is asserted by Axiom 4. We 
shall prove the theorem by complete induction, assuming that every set of 
n—1(n2=3) elements of H has at least one g.c.d., and proving that the same 
is true of a given set of m elements a, - - - , dn. 

By assumption, qi, - - - , dn, have a g.c.d., 5. Let d be a g.c.d. of 6 and ay. 
As d/a, and 


d / a; 
by Axiom 3. Suppose that 
c/ a; 


* No use is made of Axiom 6 in this section. 


| | (¢=1,---,m), 
(¢=1,---,m). 
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Writing these m statements in two parts 
c/an, ¢/ai L 


we infer that c/a, and c/5. Hence c/d. It follows from the definition that d 
is a g.c.d. of a1, , 

If d’ is also a g.c.d. of ai, - - - , dn, then d/d’ and d’/d by the definition 
of g.c.d. Hence d=d’ by Axiom 2. The proof of the theorem is complete. 

The notation (a, ---, @,) and a:A --~- Aa, will be employed for the 
g.c.d. and l.c.m. respectively of a:, - - - , a,. The uniqueness part of Theorem 
1 implis that the g.c.d. and I.c.m. of a set of elements are independent of the 
order in which these elements are taken. The following relations are readily 
established: 


(1) (a,a)=aAa=a. 
(2) (a1, d2) = (a2, a1), A = 
((@1,-- , @n), (b1,-- + bm)) = (G1, + On, bm), 
Aan) A (bi A+++ A bm) = 1A A bn. 
(4) af (a, b) = a, (a,aA 6) =a. 
(5) If c/a, then (6, c)/(b, a) and (6A c)/(bA a). 


(3) 


4, Finite subhierarchies. Let r(x, x2) be the number of divisors of x2 that 
are multiplies of x:. By Axiom 6, this number is finite. If x:/x2, we shall write 
7(%:/%2) for 7(%1, %2). Evidently r(x, x2) =0 if x: is not a divisor of x2; r(x/x) 
=1; while r(x;/x2) if 

A finite hierarchy is one which contains only a finite number elements. 
This number is the order of the hierarchy. 


THEOREM 2. If x;/%2, the class of all elements x of H which satisfy x;/x/x2 
is a finite hierarchy, of order r(x:/x2), with respect to the relation /. 


The proof is immediate, consisting principally in showing that the ele- 
ments of H which satisfy x,/x/x2 verify the hierarchy axioms. We shall de- 
note this subhierarchy of H by H(x:/x:). 

If x:/x2, but #1 x2, x: is a proper divisor of x2, and x2 is a proper multiple 
of x;. If x; is a proper divisor of x2 and the order of the finite hierarchy H (x:/x2) 
is 2, x: is a maximal divisor of x2, and x2 is a minimal multiple of x. 


THEOREM 3. If x, is a proper divisor of x2, H contains at least one divisor 
of x2 that is a minimal multiple of x1; and H contains at least one multiple of x; 
that is a maximal divisor of x.. 


If r(x;/%2) =2, x2 is a minimal multiple of x. In the contrary case H(x;/x) 
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contains at least one element x; different from x; and x2. Evidently r(x;/x2) 
>1(x1/x3) 22. If r(x1/x3) >2, the preceding argument is repeated for H(x;/xs) ; 
etc. Finally an x, is obtained such that 7(%,/x,) =2. This element x, is a di- 
visor of x2, and a minimal multiple of x. 

The second part of the theorem is the dual of the first. 

5. Functions of the elements of a hierarchy. The symbol f(x:/x2) (and 
similarly g(x:/x2), - - - ) denotes a single-valued function of two independent 
variables, defined for every pair of elements x; and 2 of a hierarchy, subject 
to +;:/x2, the values which the function assumes being elements of some 
module. Similarly f(a¢/x) denotes a function of a single variable x, defined for 
every x which is a multiple of a fixed element a. Dually, we have f(x/a). The 
functions f(a/x) and f(x/a) are not necessarily defined for every a. However, 
for every {(x:/%2) we have an f(a/x) and an f(x/a), where a is any element 
of the hierarchy. 

The symbol 


21/ 


pertains to a summation extended over all elements 22, - - - , %,-1 of a hier- 
archy H satisfying x:/22/ - - - /%n-1/%n, where x; and x, are fixed elements of 
H. Hence n= 3. In particular, 


a/d/b 


pertains to a summation extended over all elements d of H that are divisors 
of 6 and multiples of a; that is, over the elements of the finite hierarchy 
H(a/b). 


THEOREM 4. [f, for every multiple x of a, 


a/d/z a/djz 
then f(a/x) = g(a/z). 

We shall prove the theorem by complete induction. For x=a we have 
f(a/a) =g(a/a). Now let b be a proper multiple of a. Suppose that we have 
verified that, for every multiple d of a that is a proper divisor of b, f(a/d) 
= g(a/d). Then 

f(a/d) = 8(a/d). 


a/d/b a/d/b 
ab 


By hypothesis, 
f(a/d) = g(a/d). 


a/da/b a/d/b 
Subtracting, we have f(a/b) =g(a/b). 
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The dual of this theorem is 
THEOREM 5. If, for every divisor x of a, 


f(d/a) = g(d/b), 
z/d/a 2/d/a 
then f(x/a) =g(x/a). 

6. The function u(x/x2) and related functions. A P-divisor of an element 
x2 of a hierarchy H is a divisor of x2. that has the property P or the relation 
P to x2. If x: is a P-divisor of x2, x2 is a P’-multiple of x;. Examples: P =P’ 
= proper; P = maximal, P’ = minimal. 

Let P(x:/x2) be the number of multiples of x, that are P-divisors of x2; 
let P’(2;/x2) be the number of divisors of x2 that are P’-multiples of x. These 
functions are duals. For each integer k2=1, let Q,(%:/x2) be the number of 
sets of & distinct elements of H that are P-divisors of x, and such that the 
g.c.d. of the elements of each set is x1; let Q (x:/x2) be the number of sets 
of k distinct elements of H that are P’-multiples of x, and such that the 
l.c.m. of the elements of each set is x2. 

There are 


sets of k distinct elements of H that are multiples of x, and P-divisors of x2. 

‘Form the g.c.d. of the elements of each set. The number of times that a par- 
ticular element d of H, satisfying x:,/d/x2, occurs among these g.c.d.’s is, by 
definition, 0.(d/22). Hence 


P(x 

(6) X -( (k= 1,2,---). 
21/d/ 

Dualizing, we have 


P'( 2/22 
(7) = ( (k =1,2,---). 


2 k 
For the further development of the theory we find it necessary to re- 
strict P so that 
(8) P(x/x) = P'(x/x) = 0, 
(9) # 0 (x1 x2). 


These conditions are satisfied if P=proper, or P=maximal (Theorem 3). 
It follows from (8) that 


q 
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(10) QO.(x/x) = Of (x/x) = 0 
The function u(x:/x2) is defined by 
(11) u(x/x) = 1, 


(12) a2) = (— (x1 


k=l 
The series involves only a finite number of terms, as 

(13) = 0 (k > P(x1/%2)). 
The dual function yu’ (x;/x2) is defined by 

(14) u’(x/x) = 1, 


(15) (x1/%2) = (— 1)*O¥ (1/22) (x1 22). 


k=1 


It is noteworthy that u(x:/x2) and u’(x1/x2) are independent of P if (8) 
and (9) are satisfied, and that y(x;/x2) =p" (x:/x2).* We proceed to prove these 
statements. 


THEOREM 6. 


u(d/x2) = 


d/ 


if = Xe, 
O if x x. 


The theorem being obvious if x, = x2, we suppose «1 #22. By (12), 


w(d/x2) = w(xe/x2) + (— 
k=1 


1+ (- (by (11) and (10)) 


k=1 


P (21/22) P(x1/%2 


(1 — 1)P(z1/22) = 0 (by (9)). 


Dualizing, we have 


(16) D u'(x/d) = 


1 if = Xe, 
0 if m 


* Consider, for example, the hierarchy, with respect to the subgroup relation, formed by the sub- 
groups of a finite group G. If P=maximal, the equation u(1/G)=y’(1/G), in which 1 stands for the 
identity group, embodies a relation between the maximal and the minimal subgroups of G, the mini- 
mal subgroups being those of prime order if the order of G is not a prime. This relation would be too 
cumbersome to be expressed in words. 


Ei 
d# 
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It follows from Theorems 4 and 5 that the functions p(x:/x2) and p' (x;/x2) 
are independent of P if P satisfies (8) and (9). 


Let 
= w(xi/8). 
21/3/22 


Then 


Hence, by Theorem 6, 
(17) > f(d/x2) = 1. 


Let g(x:/x2) =1 or 0 according as or 41% %2. Then 


g(d/x2) = 1. 


2/d/z2 
Comparing with (17), we have f(x:/%2) =g(x:/%2) by Theorem 5. Hence, from 
the definitions of these functions, we have 


THEOREM 7. 


u(x/d) = 


21/d/z2 


1 if x1 = x, 
Comparing with (16), we have 
THEOREM 8. =p’ (x1/22). 

THEOREM 9. If x;/%2/x3, and %2#4%3, then 


u(d/ xs) 0, 


(d, 
where d ranges over all divisors of x; that satisfy (d, x2) =x. 


Separate the elements of the finite hierarchy H(x,/x2) into classes, placing 
in the same class those elements which have the same g.c.d. with x. Each 
of these g.c.d.’s is an element of H(x;/x2), and every element of H(x;/x3) oc- 
curs in one and in only one of the classes. Hence, if 


= 


(d,z2)=24 


then 


Hence, by Theorem 6, as x; #3, 


| 
{ 
+ 
i 
4 
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> (6/%2/ x3) = 0, 
21/8/22 
From this equation it follows by induction, as in the proof of Theorem 4, 
that f(x:/x2/x%s)=0 if x,x;. The theorem follows from the definition of 
The dual of this theorem is 
THEOREM 10. If x;/22/x3, and %2~%1, then 


= 0, 


dA 


where d ranges over all multiples of x, that satisfy d A x2.=%s. 

7. Inversion formulas. We proceed to answer in the affirmative the ques- 
tion raised in §1. 

THEOREM 11. Jf 


g(a/x) = f(a/d), 
then 
f(a/x) = u(d/x)g(a/d). 


We have 


Do = m(8/x)f(a/d) 


a/d/i/z 


=> ( u(6/x) ) f(a/d) 


a/d/z d/b/z 
= f(a/x) (by Theorem 6). 
The dual of this theorem is 
THEOREM 12. If 
g(x/a) = 2) f(d/a), 


2/dja 


f(x/a) = u(x/d)g(d/a). 


then 


It is noteworthy that these inversion formulas are valid in any system S 
satisfying Axioms 1, 2, 3, and 6. In other words, there exists for such a sys- 
tem S a function u(x/x%2) such that Theorems 11 and 12 are valid. The values 
assumed by this function may be calculated by induction with the aid of 
Theorems 6 and 7. This is clearly unsatisfactory if S is an infinite set. What 
is desired is a definition of the function u(x:/x2) in terms of the internal struc- 
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ture of the system. I have been unable to provide a definition of this char- 
acter without assuming Axioms 4 and 5. These axioms are verified in a suffi- 
ciently large number of important cases to warrant their inclusion in the pres- 
ent paper. 

8. Hierarchies containing a unit element. A unit element of a hierarchy 
is an element which is a divisor of every element of the hierarchy. A hier- 
archy need not contain a unit element. For example, the class of all rational 
integers is a hierarchy with respect to the relation <. The g.c.d. and l.c.m. 
of two elements x; and 2 of this hierarchy are min(%, x2) and max(x, x2) re- 
spectively. The hierarchy clearly contains no unit element. 

If a hierarchy contains a unit element, the number of divisors of each ele- 
ment of the hierarchy is finite by Axiom 6. Summations extended over all 
the divisors of an element are particularly important in a hierarchy having 
this property. Let f(x) be defined for every element x of a hierarchy H con- 
taining a unit element «. Contrary to the notation of §5, we denote by 


ajz 


the sum of f(d:), - - - , f(d,), where di, - - - , d, are the divisors of x. Define 
f(u/x) by f(u/x) =f(x). We have, by Theorem 11, 


THEOREM 13. If 
g(x) = fd), 


d/z 


jz 


This theorem can be dualized only if H contains a predominant element: 
an element which is a multiple of every element of H and which is therefore 
the dual of the unit element. A hierarchy which contains a predominant ele- 
ment as well as a unit element is finite by Axiom 4. 

For the hierarchy consisting of the positive integers, in which a/b has its 
usual meaning, Theorem 13 reduces to Dedekind’s inversion formula; for it 
is readily proved from the definitions of §6 that, in this hierarchy, 


u(%1/%2) = (=), 


the function in the right member being Mdébius’ function. 
9. An elementary application to the theory of groups.The subgroups of a 
finite group G form a hierarchy with respect to the subgroup relation. In this 


then i 

{ 

| 

a 
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hierarchy D/G means that D is a subgroup of G. The g.c.d. and I.c.m. of two 
elements are their cross-cut and the group which they generate, respectively. 

Let 8(T) be the number of subgroups of order m of the group I’, where n 
is a fixed positive integer; and let a(I') be the number of pairs of distinct 
subgroups of order u of I that generate I’. G contains exactly 38(G) (8(G) —1) 
pairs of distinct subgroups of order n, and each pair generates some subgroup 
of G. Hence 

a(D) = 38G)(6G) — 1). 


D/G 


By Theorem 13, 

1 
(18) a(G) = — u(D/G)B(D)(B(D) — 1). 

2 
Now let m= p* be a prime-power integer. If p* is not a divisor of the order of 
D, B(D) =0; while if p* is a divisor of the order of D, 8(D) =1 (mod ).* In 
either case, 

28(D)(8(D) — 1) = 0 (mod 9) (p > 2). 


Hence a(G) =0 (mod ), by (18). 
THEOREM 14. If p* (p#2) is a prime-power integer, the number of pairs of 
distinct subgroups of order p* of a group G, that generate G, is either zero or a 


multiple of p. 

To obtain more important results, a detailed investigation must be made 
of the numerical properties of the function u(D/G). I have completed this 
investigation for the case in which G is a prime-power group, obtaining the 
precise value of u(D/G), and have deduced new and interesting properties 
of prime-power groups therefrom. These results will be communicated in a 


subsequent paper. 


* G. Frobenius, Verallgemeinerung des Sylowschen Satzes, Berliner Sitzungsberichte, 1895, p. 989; 
Miller, Blichfeldt and Dickson, Finite Groups, 1916, p. 125. 
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SOME PROPERTIES OF PRIME-POWER GROUPS* 


BY 
LOUIS WEISNER 


1. Introduction. I have shown in a recent paper{ that inversion formulas, 
analogous to Dedekind’s inversion formula, exist in any hierarchy. As the 
class of all subgroups of a finite group is a hierarchy, it is to be expected that 
the inversion formulas will prove useful in the theory of groups. The num- 
ber of applications is at present limited because of insufficient knowledge of 
the generalized Mébius function, in terms of which the inversion formulas 
are expressed. The obstacles which present themselves in the general case do 
not arise in the case of prime-power groups. In the present paper I evaluate 
the generalized Mobius function for the hierarchy consisting of the subgroups 
of a prime-power group, and deduce some properties of these groups there- 
from. The theorems derived, while of interest in themselves, serve to illus- 
trate the usefulness of the inversion formulas, but by no means exhaust the 
list of possible applications. 

2. The inversion formulas. Except for some obvious changes, made to 
conform to conventional notations of the theory of groups, I shall follow 
the notations of my earlier paper. For convenience of reference, I shall re- 
state the inversion theorems and pertinent definitions. 

For every pair of subgroups X; and X; of a finite group G, such that X, 
is a subgroup of (notation: X:/X2), the function Q,(Xi/X2) (k 21) is de- 
fined as the number of sets of & distinct maximal subgroups of X2, such that 
the cross-cut of each set is X;. The function u(X1/X2) is defined by 


(1) a(X2/X2) = 1, w(Xi/X2) = (— (X1 ¥ X2). 
k 


The series terminates naturally. It is not difficult to prove that if X2 is a 
cyclic group, and the orders of X; and X:2 are x; and x2 respectively, then 


u(Xi1/X2) = + 
the function in the right member being Mobius’ function. 
The function u(X:/X:2) has the following properties: 
1 if = Xe, 
to if X; 


* Presented to the Society, February 23, 1935; received by the editors February 3, 1935. 
T In the present issue of these Transactions, 474-484. 
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(2) u(D/X:) = 


{ 
} 
at 
j 
| 
{ 
{ 
| 
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0 if Xi Xe. 


(4) »(D/Xs) = 0 (Xi/X2/X3; X2 ¥ Xs). 
(D ,X_q)=X, 

‘In (2) and (3) D ranges over all subgroups of X; that contain X;, (including 
X, and X-). In (4) D ranges over all subgroups of X; that satisfy (D, X2) =X, 
where (D, X2) denotes the cross-cut of D and X2. 

There are two inversion formulas: 
I. If [is a subgroup of a group G and, for every subgroup X of G that 
contains I’, 
A'(t/X) = A(r/D), 
T/D/x 
then 
A(I/X) = 


T/D/X 
II. If Tis a subgroup of a group G and, for every subgroup X of T, 
B'(X/T) = B(D/T), 


X/D/T 
then 


B(X/T) = u(X/D)B'(D/T). 
X/D/T 

In the first formula, A(['/X) and A’(I'/X) are single-valued functions of T 
and X, defined for every subgroup X of G that contains I’. The functions 
are not necessarily defined for every subgroup I of G. The symbols in the 
second formula have similar connotations. Finally we remark that A(I'/X) 
and B(X/T) may be functions of X alone, in which case they may be denoted 
by A(X) and B(X) respectively; but that the same need not necessarily be 
the case of the corresponding functions A’(I'/X) and B’(X/T). 

While the groups considered in subsequent sections are prime-power 
groups, we note at this point the following general theorem which we shall 
find useful. 


THEOREM 1. If X, is an invariant subgroup of Xo, then 


u(X1/Xe2) = (1/3). 


(Here and elsewhere 1 denotes the identity group.) 
The theorem is an immediate consequence of the definition of the func- 
tion u(Xi/X2) and the fact that there is a one-one correspondence between 


[November 
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the sets of maximal subgroups of X2 whose cross-cut is X; and the sets of 
maximal subgroups of X2+X, whose cross-cut is 1. 

3. Value of u(X:/X:2) for a prime-power group. We begin with the case in 
which X,=1 and X,=X is a group of order p* (p prime). We shall write u(X) 
for u(1/X). We shall prove that 


(S) = (— or 0, 


according as X is or is not an abelian group of type (1,1,1,-- -). 

If X is not an abelian group of type (1, 1, 1, - - - ), the cross-cut of all its 
maximal subgroups (the subgroups of index #) is not 1.* It follows from the 
definition that u(X) =0. 

We now suppose that X is an abelian group of type (1, 1, 1, - - - ). Be- 
cause of the importance of the result, two proofs of (5) follow. 

First proof. For the case in which x = 1, (5) is an immediate consequence of 
(6) = 0 

D/xX 
(see (3)), as this equation then involves only two terms and yu(1) =1. We pro- 
ceed to prove (5) by induction. Suppose we have verified that if D is an abelian 
group of order p¢ (d<x) and type (1, 1,1, - - - ), then u(D) 
An abelian group of order p* and type (1, 1, 1, - - - ) contains exactly 
(p? 1) (p2-4+1 1) 
1)--- =F) 


subgroups of order p4, and each of them is an abelian group of type (1, 1, 
1,---). Hence, by (6), 

(pt — 1) 1) 
8) X)=-1- 
Substituting y = —1 in Cauchy’s identityt 
*—1)--+ — 1) 


x) 


(7) 


(- 


z—1 


(9) a+ py) 


r=0 


we obtain 
z 1 z—d+1 — 1 


1 d a(d—1)/2. 
~o-n-@-n 


Comparing with (8), we have (5). 


* Michael Bauer, Note sur les groupes d’order p*, Nouvelles Annales de Mathématiques, vol. 19 
(1900), p. 510. See also Miller, Blichfeldt and Dickson, Finite Groups, 1916, pp. 123, 127. 
¢ A. L. Cauchy, Oeuvres, (1), vol. 8, p. 50. The identity is valid if p is an indeterminate. 


| 
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O=1+ 
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Second proof. As already noted, (5) is verified for x=1. We shall suppose 
that x22. Let Y be any subgroup of order p*—' of X. Taking X,=1, X2=Y, 
X;=X in (4), we have 
(10) u(D/X) = 0. 

(D,Y)=1 
Aside from D=1, the only subgroups of X that satisfy (D, Y) =1 are those 
subgroups of order p of X that are not contained in Y. This follows from the 
theorem that the order of the group generated by two permutable groups 
equals the product of their orders divided by the order of their cross-cut. 
Now the number of subgroups of order » of X that are not contained in Y is 


p? 


= 


Applying Theorem 1, we have by (10), 
= — pr 


where A,_; is an abelian group of order p*~' and type (1, 1, 1, - - - ). Again, 


u(A z— 22); u(A 2-2) = = 2-3), 


where A, is an abelian group of order p* and type (1, 1, 1, - - - ). Hence, 
as 1) 1, 


w(X) = (— prt) (= p= 1) = (= 


THEOREM 2. Let X, be a subgroup of order p* of a group Xz of order p™ 
p prime). If is not an invariant subgroup of X2, w(X1/X2) =0. 
If X, is an invariant subgroup of Xe, 


u(X1/X2) = (- gp =), 


according as X_~+X;, is or is not an abelian group of type (1,1, 1,---). 


The maximal subgroups of X2 are those of index p. They are all invariant 
in X>. Hence, if X, is not invariant in X2, X; cannot be the cross-cut of a set of 
maximal subgroups of X2. It follows from the definition that u(X1/X:2) =0. 

If X, is an invariant subgroup of Xe, u(Xi/X2) =u(X2+ by Theorem 1. 
The value of u(X2+X;) is given by (5), with x replaced by x2—-. 

4. Explicit forms of the inversion formulas. The inversion formulas of 
§2 may now be stated as follows: 

I. If T is a subgroup of a group G of order p* and, for every subgroup X 
of G that contains I’, 
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= A(P/D), 


T/D/xX 


z 


A(E/X) = (— AT /X2+), 
r=0 
where * is the order of X and, in }>A’(I'/X;), X; ranges over all invariant 
subgroups of order p‘ of X such that X +X; is an abelian group of type 
(1,1,1,---), the identity group being regarded as a limiting case of a group 
of this type. 
II. If I’ is a subgroup of order p7 of a group G of order p* and, for every 

subgroup X of I, 

B’(X/T) = B(D/T), 


X/D/T 


B(X/T) = (— BY 


r=0 


where * is the order of X and, in })>B’(X;/T), X; ranges over all subgroups 
of order p‘ of I of which X is an invariant subgroup such that X;+X is an 
abelian group of type (1,1,1,---). 

5. Number of subgroups having certain properties. We proceed to give 
a few applications of the inversion formulas. 

THEOREM 3. The number of subgroups of order p* of a group of order p* that 
contain a particular subgroup of order p* is =1 (mod p) (OShSsKg).* 

Let B(X) =1 or 0 according as X is or is not of order p*. Then 

B'(X/G) = B(D) 


X/D/G 


is the number of subgroups of order p* of G that contain X. By the second 
inversion formula, 


B(X) = BY(X/G) — (mod 


As the theorem is trivial if s =, we suppose s >. Taking X = H (the particu- 
lar subgroup of order p") we have, as B(H) =0, 


(11) B'(H/G) = (mod 9), 


where H),,; ranges over all subgroups of order p*+! of G that contain H. The 


* When h=0, the theorem reduces to a well known theorem of Frobenius. 
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number of these subgroups is known to be =1 (mod 9); that is, the theorem 
is verified for s=h+1. 

We proceed to prove the theorem by inducticn on s—h, where s is fixed; 
that is, we assume that B’(K/G) =1 (mod ?) if K is a subgroup of G whose 
order p* satisfies p*>p*>p*, so that 1<s—k<s—h; and infer that B’(H/G) 
=1 (mod 

By assumption, each term of the right member of (11) is =1 (mod p). We 
have seen that the number of terms is =1 (mod p). We conclude that 
B’(H/G) =1 (mod 

THEOREM 4. The number of non-cyclic subgroups of order p* of a non-cyclic 
group of order p* that contain a particular cyclic subgroup of order p’ is =1 
(mod p) 

Let I’ be the subgroup of order p*. Let A(I'/X) =1 if X is a non-cyclic 
group of order p* that contains I’, and 0 otherwise. Then 


A'(I/X) = A(P/D) 


T/D/X 


is the number of non-cyclic subgroups of order p* that contain I’. The theorem 
being trivial if s=g, we suppose s<g. We shall prove the theorem by induc- 
tion on g, assuming that A’(['/K)=1 (mod ) if K is a non-cyclic group of 
order p* (s<k<g), and proving that A’(I'/G) =1 (mod ), where G is a group 


of order 
By the first inversion formula we have, with X =G, 


A'(T/G) = A(T /G,-1) (mod 


where G,_; ranges over the maximal subgroups of G that contain I. If G,_1 
is cyclic, A’(T'/G,_1) =0. If G,_1 is non-cyclic, A’(I'/G,_1) =1 (mod ), by as- 
sumption. Hence, if exactly m maximal subgroups of G contain I’, and of these 
n are cyclic, 


(mod p). 


If n=1, G contains an element of order p*-. Now there are only two types 
of non-cyclic groups of order p* (p>2, g>2) containing an element of order 
p*-'. For these groups the theorem may be verified directly. We therefore 
suppose that »=0. As m=1 (mod p) by Theorem 3, we conclude that 
A’(T'/G) =1 (mod #). 


* The special case y=0 was first treated by G. A. Miller. See Miller, Blichfeldt and Dickson, 
Finite Groups, p. 128. 
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6. Number of sets of generators. When I is the identity group, the first 
inversion formula may be written* 


(12) A(X) = A(X), 


where X; ranges over all invariant subgroups of order p‘ of X such that 
X +X; is an abelian group of type (1, 1, 1, - - - ). Let X’ be the cross-cut of 
all the maximal subgroups of X; and let p”™ be the order of X+X’. It is 
known that X’ is characterized by the fact that it is the smallest invariant 
subgroup of X whose corresponding quotient is an abelian group of type 
(1, 1,1, ---). It is readily proved that X’ is a subgroup of every invariant 
subgroup of X whose corresponding quotient group is an abelian group of 
type (1, 1, 1, - - - ). It follows from (7) that the number of terms of )\A'(Xz-) 
in (12) is 
eee on 
(13) (r = 1,» = o(X)). 
These facts are useful in applying (12). 

Let X be a subgroup of order 7 of a group G of order p*, and let f(X) be 
the number of ordered sets of k (not necessarily distinct) elements of X that 
generate X. As the number of ordered sets of & elements of X is p**, and each 
set generates some subgroup of X, 


= f(D). 


D/xX 


Applying (12) and (13), observing that 
= 
and taking X =G, we have 
v—1 (~” 1) (prt! 1) 
{(G) = pko + 1)" r(r—1)/2pk(e—r) = vG)). 


This series is easily summed with the aid of Cauchy’s identity (9). 


THEOREM 5. The number of ordered sets of k (not necessarily distinct) ele- 
ments of a group G of order p* that generate G is 


po* TT (p* — p*) (v = vG)): 


* Compare with the enumeration principle of P. Hall, A contribution to the theory of groups of 
prime-power order, Proceedings of the London Mathematical Society, vol. 36 (1933), p. 39. 
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This number vanishes for k <v, confirming the known fact that G cannot 


be generated by <v(G) of its elements. 
The next theorem is proved in a similar manner. 


THEOREM 6. The number of sets of k distinct elements of a group G of order 
p* that generate G is 


g v—1 per (p’ 1) = 1) 
— v= v(G)). 
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GENERAL RELATIONS BETWEEN BERNOULLI, 
EULER, AND ALLIED POLYNOMIALS* 


BY 
E. T. BELL 


1. Introduction. The derivation of a complete set of general relations 
($§5-9, 10) between the polynomials of Bernoulli, Euler, Genocchi, and 
Lucas, is reduced by the symbolic method (§§3, 4) to elementary algebraical 
operations (addition, multiplication, resolution into partial fractions) on four 
rational functions of the form N(#)/D(#), where NV, D are polynomials of de- 
gree <2 in t#. In §9 it is shown that the relations imply a complete set of rela- 
tions between the Bernoulli and allied numbers. The second of the transfor- 
mations in §10, by specifying h, gives relations between the polynomials (or 
associated numbers) when their ranks are in arithmetical progression with 
any positive common difference. 

2. Notation. The even-suffix notation is used for the numbers B, E,G,R 
of Bernoulli, Euler, Genocchi, and Lucas: 


1 1 


Ey =1, Eoyi=O(s20), 

Go=0, Gi=1, =0(s>0), GQ=—1, Ge=1, Ge 
1 
6 
G, = 2(1 — 2°)B,, R, = (1 — 2*-))B, (s 2 0); 


Ro =—> Roi = O(s 2 0), R, = 


the E, G are integers. Let x denote a complex variable. The above numbers 
have the following symbolic generators, in which the expansions of the ex- 
ponentials converge absolutely for some | x| #0: 


x 2e7 2x xe* 
= z = = = 


? 


e*— 1 +14 — 1 


Let u be a complex variable and a the umbra of the sequence a, (n=0, 1, 
2,-- +). The Appell polynomial of degree m in u with the base a is 


(u a)" = > nC = 1); 
s=0 
* Presented to the Society, September 13, 1935; received by the editors December 4, 1934. 
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its generator is obtained by multiplying the generator e* of a by e™, thus, 
= ez(uta) 

The Appell polynomials in u with the respective bases B, E, G, R are 
(here) called the Bernoulli, Euler, Genocchi, and Lucas polynomials in u: 


Bn(u) = (u + B)", mn(u) = (u + yn(u) = (u+G)", pa(u) = (u + R)”. 


These definitions of the polynomials, instead of any of the numerous slightly 
different definitions in the literature, are chosen on account of the symmetry 
and simplicity of all calculations with the polynomials consequent upon their 
use. Other definitions can be readily translated into terms of these if neces- 
sary. 

From the generators of B, E, G, R we write down those of 8(u), n(u), y(u), 
p(u): 


t= w= e™; 


P(t) = P, 


em) = Ot) = Q, 
= e771) = S(t) = S, 


= ete(u) = = 
= T(t) =T. 
The generators are absolutely convergent for |x|, || properly restricted 
and 0. 

Let f(%) denote either a polynomial] in the complex variable 4 or, if ab- 
solutely convergent for some 40, a power series in h. The results of sub- 
stituting z for in the successive derivatives f’(h), f’’(h), - - - of f(A) with re- 
spect to / will be written f’(z), f’’(z), - - - . This applies in particular if z 
contains umbrae. 

All of the foregoing notation will be used without further reference. 

3. Order of relations; reductions. The umbrae a, ¢ are said to be distinct 
if and only if a,#o, for some integer n20. Let h, a, - - - , s be ordinaries 
(complex numbers) and a, - - - , ¢ umbrae. Symbolically, (ha)" means h"a,. 
A linear expression of the form h+aa+ - - - +sa is said to be of order p 
(in the umbrae) if precisely » umbrae a, - - - , o occur in it. The order of a 
relation involving functions of the form f(4+aa+ - - - +s¢) is by definition 
the highest order of any expression occurring as an argument of f in the rela- 
tion. 


xw 
2wt 
e+1 
t+1 
xwt 
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To find relations of order p in B(u), n(u), y(u), p(w) we multiply together 
precisely p of their generators (if p>4, at least one generator will occur to a 
power >1). The product of generators, considered as a function of ¢, is then 
separated into partial fractions, from which it is easy to exhibit the product 
as a linear homogeneous function of the generators in the product, with co- 
efficients of the form H(x, w, é), where H is a rational function. From the re- 
sult we can write down a relation involving a finite number of functions f and 
their derivatives f’, f’’,--- in which the argument of one function is of 
order ~ and the arguments of the rest are of order 1. One example of the 
simple process of reduction by which the results stated later were obtained 
will suffice. 

To reduce PQ to a linear homogeneous function of P, Q we have 


2xw't 
t 1 
@—1)(@+1) 2¢—-1) 2+1)’ 
(¢—1)xw 2wt 


2tPQ = 2wiP — xw(t — 1)Q. 


4. Derivation of general relations. Let h, x, a, d,---,s,a’,d’,---,s' 


be ordinaries, a, 5, - - - , umbrae (a"=a, for »=0, 1, - - -, a"=a,=0 for 
m <0, and similarly for 5, - - - ,o), andi, 7, integers >0. Let 


= +... 4 
be an identity in x. Multiply throughout by e*, and equate coefficients of 
x". Then, with D,?=d»/dh-, we have, form=0,1,2,---, 
+ a)" = Dyid'(h + 8)" +--+ + Dyis'(h + 0)"; 
and hence, if f(x) 
a’f(h +a) =a’ +s fP%(h+0), 


where f®) denotes the pth derivative (as in §2). Obviously the final relation 
can be written down at once from the given identity. 
For example, the identity at the end of §3 is 
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that is, 


hence 
2f(h + B(u) + n(u) + 1) = 2f(A + B(u) + u + 1) 
— + + x). 
We consider first relations in which no umbra occurs twice in the argu- 


ment of any function in the relation. 
5. Relations of order 1. From the generators of 8, n, y, p in §2 we have 


1)P = xw, (#2 + 1)0 = 2uwt, 
(¢+ 1)S = 2xw, (# — 1)T = xwt. 
Hence (as in §3) we write down the general relations 
(1) f(h + B(u) + 1) — f(h + B(u)) = f'(h + u); 
(2) S(h + n(u) + 2) + f(A + n(u)) = 2f(h + u + 1); 
(3) f(A + y(u) +1) + + y(u)) = 2f'(h + 4); 
(4) + p(u) + 2) — f(h + p(u)) = f'(h+u +1). 
Again, directly from the generators, 
4T(x) = 2P(x) + S(x), 2wT(x) = tP(2x), 2xwO(x) = tS(2x); 
(S) 4f(h + p(u)) = 2f(h + B(u)) + f(h + y(u)); 
(6) 2f(h + p(u) + u) = f(h + 2B8(u) + 1); 
(7) 2f'(h + + u) = f(h + 2y(u) + 1). 


The six possible pairs chosen from 8, 7, 7, p give relations of the first order 
from 


+ 1) t+1 


P(x) 


(8) 2f(h+ B(u) + 2) — 2f(h + B(u) + 1) = f'(h+ n(u) + 2) + f'(h+ n(u)); 
(9) 2f(h + B(u) + 1) — 2f(h + B(u)) = + y(u) + 1) + f(h + y(u)); 
(10) f(h + B(u) + 1) = f(h + p(u) + 1) + f(h + p(u)); 

(11) + + 2) + f'(h + 9(u)) = f(a + y(u) + 2) + f(h + y(u) + 1); 
(12) + (u) + 2) + + n(u)) = 2f(h + p(u) + 2) — + o(u)); 
(13) f(h + y(u) + 1) = 2f(h + p(w) + 1) — 2f(h + p(u)). 


These also follow easily from (1)—(4). 
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6. Relations of order 2. These are given by the reductions of PQ, PS, 
PT, QS, QT, ST. We have 
2tPQ = 2wiP — xw(t — 1)Q; 
2PS = 2xwP — «wS, 
tPS = 2xwT; 
2t(¢ — 1)PT = xwiP + xw(t — 1)T; 
OS = xw(t + — wtS; 
20T = + 2wT, 
QO(x)T(x) = T(2x); 
2e(t + 1)ST = xwiS + 2xw(t + 1)T. 


To these correspond respectively 


(14) 2f(h + B(u) + n(u) + 1) = f(h+u+ B(u) + 1) 
—f'(ht+ ut n(u) +1) + f'(h+ ut n(u)); 
(15) 2f(h + B(u) + y(u)) = 2f'(h+u+ B(u)) —f(h+ut y(u)), 
(16) f(t + B(u) + y(u) + 1) = 2f’(u + p(u)); 
(17) 2f(h + B(u) + p(u) + 2) — 2f(h + B(u) + p(u) + 1) 
= + B(u) + u+ 1) + p(u) + u+ 1) —f'(ht+ ut p(u)); 
(18) + n(u) + y(u) +1) = + n(u) + +1) 
+ f'(h + n(u) + u) — f(h + y(u) + u + 1); 
(19) + n(u) + p(u) + 1) = + n(u) + u) + 2f(h + p(u) + 
(20) f(h + n(u) + p(u)) = f(h + 2p(u)); 
(21) 2f(h + y(u) + p(u) + 2) + 2f(A + y(u) + p(u) + 1) 
= f'(h+ y(u) + u+ 1) + 2f'(h + p(u) + u + 1) 
+ 2f'(h + p(u) + u). 
7. Relations of orders 3, 4. The reductions of OST, PST, PQT, PQS pro- 
vide several alternatives; we choose the simplest. 
+ = — x?w2(t + + + 2xwt(t + 1)T; 
(2 — 1)PST = 2x?w*T; 
— 1)PQOT = 2xwtP — x? w(t? — 1)0 + 2xwt(t — 1)T; 
2PQS = 2xw?P — + xw’S. 


The simplest relation of order 4 is 
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2t(t? — 1)POST = 2x?w5(t? + 1)T — — 1)0. 
2f(h + n(u) + y(u) + p(u) + 2) + 2f(h + + + + 1) 
= — f"(h+(u) + 2u + 2) — 2f"(h + n(u) + 2u + 1) 
— + + 2u) + + y(u) + 2u + 1) 
+ 2f'(h + p(u) + 2u + 2) + 2f'(h + p(u) + 2u + 1); 
f(A + B(u) + + p(u) + 2) — f(h + B(u) + + p(u)) 
= 2f"(h + p(u) + 2u); 
4f(h + B(u) + n(u) + p(u) + 2) — 4f(h + B(u) + n(u) + p(u) + 1) 
= 2f'(h + B(u) + 2u+ 1) — f"(h + n(u) + 2u + 2) 
+ f(t + + 2u) + + + 2u + 2) 
— 2f'(h + p(u) + 2u + 1); 
+ B(u) + + y(u)) = 2f'(h + B(u) + 2u) — 2f"(h + + 2u) 
+ f'(h + y(u) + 2u); 
2f(h + B(u) + n(u) + y(u) + p(u) + 3) 
— 2f(h + B(u) + 4(u) + y(u) + p(u) + 1) 
= 2f"(h + p(u) + 3u + 2) + 2f"(h + p(u) + 3u) 
— + nu) + 3u + 3) + + n(u) + 3u + 1). 

8. Relations with repeated umbrae. In an expression involving a+a 
+--+ +a, where the umbra a is repeated precisely m times, the a’s are re- 
placed by a’, a’’, - - - respectively until after all exponents have been low- 
ered to suffixes, when all accents are dropped, thus a’*=a’""= - - - =a,; the 
expression a+a+ +a (m a’s) will be written a‘. As before, de- 


notes the nth derivative of f (as in §2). 
We have x*w" = (t—1)"P"; hence 


(27) + nu) = (= + BO (uw) + 0 5). 


s=0 


Similarly 


(28) + nu +n) = + 9™(u) + 2n — 25); 


s=0 


(29) (h + nu) = + y™(u) +2 — 5); 


a=0 


(30) f™(h+nu+n) = (— + p\™(u) + 2n — 2s). 


‘ 
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For n=1, these become (1)—(4). The generators of B‘™(u), y‘”(u), 
p’(u) being P", Q", S", T” respectively, we could proceed as before to find 
relations of given orders for the B‘™(u), - - - (#=1,2,---). 

9. Relations for B, E, G, R. From the generators in §2 it is clear that 
P, Q, S, T become the generators of B, E, G, R respectively when w=1. 
Hence in (1)—(30) we may replace u by 0 and B(u), n(u), y(u), p(u) by B, £, 
G, R respectively. 

10. Transformations. Considering P= P(x, u) as a function of two varia- 
bles x, u, and similarly for Q, S, T, we easily find that all the rational trans- 
formations of x, u which leave P, Q, S, T invariant to within constant factors 
are the following: 


P(x, u) = P(- x,1— 4), Q(x, u) = x, — 
S(x,u) = —S(— x,1-— 4), T(x, u) = T(— x, — 4). 


e7h(u) = eztu) = | 


ez7(u) = — | eze(u) = e7ze(—4) | 


Multiplying each of these on both sides by e*("+"“+*), where h, r, s are ordina- 
ries, and equating coefficients of x"(m=0, 1, - - - ) in the results, we get 

(h + B(u) + ru +s)" = (kh — — + 

(h + n(u) + ru +s)” = (h— 9(— + + 5)", 

(h+y(u) + rut+s)* = 

(kh + p(u) + ru +s)” = (hk — p(— + ru + 5)"; 
whence, f being as before, we have 
(31) f(h + B(u) + ru +s) = f(h— BIA — u) + ru + 5); 
(32) fh + + ru +s) = 0) ++); 
(33) fh + y(u) + ru +s) = yl —u) 
(34) S(h + p(u) + ru +s) = f(h— p(—u)+ruts), 
and similarly for f’, f’’, - - -. The arguments in (1)—(26) are of the form 
h+a(u)+rut+s (a=8, n, y, p), for r, s properly chosen. Thus (31)—(34) en- 
able us to write down from each of (1)—(26) at least one more general relation. 
The like, with obvious modifications, applies to (27)—(30). 

Another type of transformation produces relations from which follow (as 

special cases) relations between functions 6,(u), - - - whose ranks m are in 


arithmetical progression. Let m be a positive integer, and let f, f‘™ be as be- 
fore. Write 


; Hence 
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F/,,.(z) =the result of substituting z for k in Di F'm,.(k), etc. Then, in any of 
the relations (1)—(26) we may replace f(k) by Fm,s(k), f’(k) by Fn.s(k), f’'(a) 
by F%,.(k), etc., where, as above, k=h+a(u)+ru+s, or the corresponding 
argument on the right of (31)—(34). 
To see this, replace h by h+y in the argument of f(h+-a(u) +ru+s), where 
u is a primitive mth root of unity, and expand (as a function of #) by Mac- 
Laurin’s theorem, 


tuts. 


s=0 


Proceed similarly with each f, f’, - - - in a given relation. Since 1, u, - - - , 
uw” are linearly independent, the result follows. 

Added, March 27, 1935. In a recent abstract* D. H. Lehmer reports re- 
currences for Bernoulli numbers with gaps. These, apparently, are of a differ- 
ent type from those given by the above for special values of m. 


* Bulletin of the American Mathematical Society, vol. 40 (1934), p. 51. 
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ALGEBRAIC CHARACTERIZATIONS IN COMPLEX 
DIFFERENTIAL GEOMETRY} 


BY 
T. Y. THOMAS 


1. In the treatment of differential geometry from the modern invariantive 
standpoint it is usually unnecessary that the coordinates and the functions 
which define the structure of the space under consideration be real quantities. 
Adopting the more general hypothesis of complex coordinates and structure 
functions we arrive at the concept of generalized spaces of complex character. 
This procedure has the advantage that it serves to distinguish the purely 
formal aspects of the theory which are identical under the real or complex 
hypothesis from non-trivial questions of reality arising in the transition from 
the complex to the corresponding real space. 

Let S be a complex generalized space and denote by F; and F, systems 
of polynomials in the structure functions of S and their derivatives to a cer- 
tain order, the coefficients of these polynomials being definitely specified con- 
stants. We shall say that the conditions 


(1.1) F, =0, F, #0 


constitute an algebraic characterization of a property P of the space S pro- 
vided that necessary and sufficient conditions for the existence of the property 
P are furnished by (1.1). Since the property P is independent of the coordi- 
nate system adopted, the conditions (1.1) must be invariant under coordinate 
transformations. 

In particular the equations F, =0 alone may suffice for the algebraic char- 
acterization. This type of characterization may be described precisely as an 
algebraic characterization in terms of equations. We shall here be concerned ex- 
clusively with such characterizations, which for the sake of brevity will be 
referred to as simple algebraic characterizations. The results obtained will be 
seen to yield as immediate consequences certain algebraic characterizations — 
which are not simple. 

In the following discussion the above polynomials F will be found directly 
as polynomials in the components of a complete set of tensor differential in- 
variants of the space S. It will therefore be convenient to consider these 
components rather than the structure functions and their derivatives as the 
independent variables in the polynomials F. 


¢ Presented to the Society, September 13, 1935; received by the editors November 20, 1934. 
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Thus if S is an affinely connected space, a projective space of paths, a 

metric space, or a conformal space, the vanishing of the corresponding curva- 
ture tensor gives a simple algebraic characterization of the flat space S. As 
is well known, the equations 
(1.2) Basys = K (Sassy — Sar8ss); 
in which the B’s are the components of the curvature tensor and the g’s the 
components of the fundamental metric tensor, express the conditions for a 
metric space to be of constant curvature K. The above equations do not con- 
stitute a strict algebraic characterization of the space of constant curvature 
since the constant K is arbitrary. However, an algebraic characterization is 
obtained by elimination of K which gives 
(1.3) (gad8be — Sackba)Bapys — (Laskey — Sar8ss)Batea = 0. 
Since the determinant | g.s| does not vanish by hypothesis, not all of the ex- 
pressions in parentheses in (1.3) will vanish as these are the second-order 
minors of | gas|. Hence we can pass from (1.3) to (1.2) in which the quantity 
K is at most a function of position. It then follows by Schur’s theorem that K 
is a constant and hence the equations (1.3) give an algebraic characteriza- 
tion of the metric spaces of constant curvature. 

In a recent paper by J. Levine and myself a proof of the existence of alge- 
braic characterizations was given for a certain class of problems in differen- 
tial geometry.f It was shown in particular that a simple algebraic charac- 
terization exists for the metric representations of an affinely connected space 
provided that the dimensionality of the representations is unspecified. We 
now give a more exhaustive treatment of this problem on the basis of the 
theory of algebraic manifolds and the Kronecker theory of algebraic elimina- 
tion. Our methods are quite general and permit a wide range of application 
beyond the particular problem treated in this paper. We have shown that 
there exist m irreducible algebraic manifolds which are of significance for our 
characterization problem. One of these irreducible manifolds furnishes a sim- 
ple algebraic characterization of the 1-dimensional metric representations. 
' The others give necessary conditions for the existence of representations of 
dimensionality r>1 but fail to meet the sufficiency requirement, with the 
result that none of these latter representations admit a simple algebraic char- 
acterization. 

2. Consider the system of equations 


(2.1) = ay + Sacl py 
Ox? 


¢ T. Y. Thomas and J. Levine, On a class of existence theorems in differential geometry, Bulletin 
of the American Mathematical Society, vol. 40 (1934), p. 721. 
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in the set of symmetric unknowns gag and the given components I',(x) de- 
fining the (symmetric) connection of a complex space S of n(=2) dimensions. 
As integrability conditions of (2.1) we derive the following sequence: 


LeaBpys + 0, 


+ = 0, 
(2.2) 


SeaBpys.e.t + = 0, 


where the B3,s, Bgys,, - are the components of the curvature tensor and 
its successive covariant derivatives. It can be provedf that there exists an 
integer N such that the vanishing of the resultant system R(B) of the first V 
sets of equations of the sequence (2.2) is necessary and sufficient for the exist- 
ence of a solution of (2.1). If a solution gas(x) of (2.1) exists such that the 
rank of the matrix ||ga|| is , then the I$, are Christoffel symbols with re- 
spect to the gas and the space S is said to reduce to a metric space or to 
admit an n-dimensional metric representation. If the rank of the solution 
matrix || g.s|| is r, where 1 <<r<m—1, and if a metric is defined in the space 
S by the degenerate quadratic differential form g.sdx*dx*, the space will be 
multiply isomorphic to an r-dimensional metric space S*, the metric of S* 
being defined by a form which is not degenerate; we then say that the space 
S admits an r-dimensional metric representation. The equations R(B) =0 
therefore give an algebraic characterization of the metric representations of 
the space S under the hypothesis that the dimensionality of the representa- 
tions is unspecified. 

3. Now suppose that (2.1) admits a solution g(x) for which the matrix 
\|gael| is of rank . We can then solve (2.1) for the I, so as to express these 
quantities as Christoffel symbols 

a ac Ofer 
(3.1) Tsy 3g (= + ax 
in terms of the solution g.s(x). Substituting (3.1) into the expression defining 
any component B as a function of the I'’s and their derivatives it is seen that 
the component B is given by an expression of the form 
(3.2) P(gas; - ) 
| gas 


where P denotes a definitely determined polynomial, with rational coeffi- 
cients, in the gag and a finite number of their derivatives, and where m is a 


t See T. Y. Thomas and J. Levine, loc. cit., p. 721. 
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suitable positive integer. If the B’s occurring in the resultant system R(B) 
have numerical values given by the parametric equations 


| gas |™ 

where the q’s are arbitrary subject to the symmetry conditions on the corre- 
sponding quantities in the right members of (3.2) and such that the determi- 
nant | gaa! does not vanish, then R(B) =0, and the first V sets of equations 
(2.2) admit a numerical solution; in fact gag =as is a solution of these equa- 
tions. This follows from the fact that we can define a set of polynomial func- 
tions 


Sap(%) = gap + + + 
having the above quantities g in (3.3) as coefficients and these functions can 
be used to determine the I',* by means of (3.1). At x*=0 the resulting com- 
ponents B will have values given by (3.3) and since (2.1) is merely another 
form of (3.1) for the case under consideration the first N sets of equations 
(2.2), as integrability conditions of (2.1), will admit the above mentioned 
solution. Hence the number J, of algebraically independent components B 
in R(B) which correspond to a space S admitting an m-dimensional metric 
representation is exactly determined by the parametric representation (3.3). 

Let A denote a set of algebraically independent components B appear- 
ing in the resultant system R(B) without the restriction that the space S 
admits an m-dimensional metric representation, the complete sets of identi- 
ties of the B’s in S being used for the determination of these independent 
components.f If there are N; independent components B in the set A, we 
can interpret these as the coordinates of a space E of N2 dimensions. The in- 
equality evidently holds. 

Let M, denote the least algebraic manifold in E defined by the parametric 
equations (3.3). By recourse to the theory of polynomial ideals it can be 
shown that M, is irreducible.{ The algebraic equations F,,(B) =0 which de- 
fine M,, are necessarily satisfied by the components B of a space S admitting 
an n-dimensional metric representation. Under such conditions we shall say 
as a matter of terminology that a space S which admits an n-dimensional 
metric representation belongs to the manifold M,. Since M, is the least alge- 
braic manifold satisfying the required conditions given by (3.3) the equations 
F,,(B) =0 must give a simple algebraic characterization of the n-dimensional 
metric representations of S if such a characterization exists. 

t See T. Y. Thomas, The Differential Invariants of Generalized Spaces, Cambridge University 


Press, 1934, p. 134. 
t B. L. van der Waerden, Moderne Algebra, II, Berlin, Springer, 1931, p. 58. 
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4. We shall now extend the above discussion to the case of the r-dimen- 
sional metric representations of S where it is assumed that r<n. For this 
purpose we suppose that (2.1) admits a solution g.s(x) with matrix ||g.|| of 
rank r. It is then possible to make a non-singular coordinate transformation 
x—y such that ||g.s|| assumes the form 


where the quantities depend on the variables y', - -- , alone. If C4, 
denote the components of the connection with respect to the y coordinate sys- 
tem, then these components must vanish fora=1,---,7;8=r+1,---,m; 
y=1,---,m. The components for a>r and 6, y=1, - - - , m are arbi- 
trary analytic functions of the coordinates y’, - - - , y". The remaining com- 
ponents Cz, where a, 8B, y=1,---, 7 are Christoffel symbols with respect 
to the h’s in the rth-order minor in the upper left hand corner of the above 
matrix,f i.e., 


oh, oh 
: =) (indices = 1,---,r). 


ayy ay aye 


If we denote by D the components B when taken with respect to the y co- 
ordinates, we obtain a parametric representation of the D’s corresponding to 
(3.3) on the basis of the conditions (4.1) and the fact that certain of the C’s 
vanish while others are completely arbitrary; in this representation the non- 
vanishing determinant | g.s| of the rth order will occur in place of the corre- 
sponding mth-order determinant in the denominators of (3.3). To obtain the 
parametric representation with respect to the arbitrary x coordinate system 
we have merely to transform the above expressions for the D’s into the B’s 
by the tensor transformations, i.e., 


(4.2) Bays = 


{ In particular if r=1, these equations assume the form 


See T. Y. Thomas and J. Levine, loc. cit., p. 721. 
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where the ws are arbitrary parameters such that the determinant || is not 
equal to zero and the v% are their normalized cofactors. 

If we denote by M, the least algebraic manifold in E defined by (4.2) this 
manifold is irreducible as was the case for the manifold M,,, and the algebraic 
equations F,(B) =0 which define M, constitute necessary conditions on the 
space S for this space to admit an r-dimensional metric representation. If a 
simple algebraic characterization exists it must evidently be given by these 
equations. 


THEOREM. There exist n irreducible algebraic manifolds M,, - - - , M, such 
that any space S which admits an r-dimensional metric representation belongs 
to the manifold M,. 


5. We shall now prove a lemma which will have application in the follow- 
ing section. 

Lemma. If r is any integer of the set 1, - - - ,n—1 and if the solution matrix 
|| gaa || of (2.1) is of rank r at a point x* = p* of its domain of definition, then there 
exists a neighborhood of p* in which ||gas|| is of rank r. 


Take first the case r=n—1. For the derivative of the determinant | g.a| 
of the matrix ||.s|| we have 


Ox? Ox? 
where A** denotes the cofactor of the corresponding element gag of the matrix 
\|gas||. Substituting from (2.1), equations (5.1) become 
(5.2) (geal ay + = 2| | 
Ox? 

Since | g,,| =0 at x« = p* the left member of (5.2) vanishes at x* = p* and con- 
sequently successive derivatives of the determinant | g,,| will likewise vanish 
at x*=p*. By hypothesis the rank of ||gas|| is r=n—1 at «*=p* and hence 
the rank of this matrix is m—1 in a certain neighborhood of p-. 

If r<m—1 we consider the determinant | gur| in the left member of (5.1) 
to be any determinant of order r+1 selected from the matrix ||gas||, the A“ 
being the cofactors of corresponding elements of the determinant | g,,|. Then 
(5.1) is satisfied, and making the substitution (2.1) we obtain the first set of 
equations (5.2), in which the indices a, 8 are now restricted by the particular 
selection of the (r+1)st-order determinant | g,,|. The right members of these 
latter equations now expand into a linear and homogeneous expression in 
determinants of order r+1 of the matrix ||gao||. Hence the rank of ||gaa|| is r 
in a neighborhood of x* = p* and the above lemma is proved. 
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6. Suppose that S belongs to M,. We shall then show that S admits a 
metric representation of dimensionality m <r. To prove this result we make 
use of the theorem on resultant systems of homogeneous algebraic equations.t 

Denote by L,-:(B) =0 the resultant system of the first V sets of equations 
(2.2) combined with the determinant equation 


More generally denote by L,(B) =0 for r=1, - - - ,m—1 the resultant system 
of the first NV sets of equations (2.2) and the set of equations obtained by 
equating to zero all determinants of order r+1 in the left member of (6.1). 
Then L,(B) =0 will define an algebraic manifold G, in the space E. The mani- 
fold defined in E by the resultant system R(B) =0 of the first W sets of equa- 
tions (2.2) will be denoted by G,. It is evident from the equations of definition 
of the manifolds G, for r=1, - - - , m that 


G,>Gn-1> 


(6.2) 


Now M,,¢G,. Since the coordinates B of any point P of M,_, having a para- 


metric representation of the form (4.2) permit a solution of the first N sets ? 
of equations (2.2) such that (6.1) is satisfied it follows that P lies in Gas. 
If the point P of M,_: does not have the parametric representation (4.2) used 

in the determination of M,_: it follows from a theorem in the theory of alge- i 
braic manifolds that P is the limit of a sequence of points Pi, P2,--- of | 
M,-_1 having this representationf and hence must likewise belong to G,_u, i.e., | 


M,-1¢G,_1. Continuing we obtain the set of relations 


Suppose that S belongs to the manifold G, where r is an integer of the set 
1, - - - ,#. The equations (2.1) will therefore admit a solution and hence there 
exists an integer N* such that the first N* sets of equations (2.2), which we 
shall call the equations H for brevity, are algebraically consistent and all their 
solutions satisfy the (V*+1)st set of these equations. Let x*=p« denote a 


¢ B. L. van der Waerden, loc. cit., p. 14. 

t See J. F. Ritt, Differential Equations from the Algebraic Stand point, Colloquium Publications 
of the American Mathematical Society, vol. 14, New York, 1932, p. 91. Also B. L. van der Waerden, 
Zur algebraischen Geometric, III, Mathematische Annalen, vol. 108 (1933), p. 694. 


Zin 
| 
‘ 
| 


508 T. Y. THOMAS | [November 


point of S where the rank of the matrix of H has its greatest value. Denote 
by (B), the values of the corresponding B’s in H. These equations, in which 
the coefficients B have the values (B),, will possess a solution gas = (gag) p Such 
that the rank of the matrix ||(gas),|| is m<r since the resultant system 
L,(B) =0 is satisfied by the values (B),. Since the rank of the matrix of 
the equations H for B’s in a certain neighborhood A* of x*= p< is the same 
as when the B’s have the values (B),, it follows that the general solution 
Zae, Valid in A*, will yield the values (g.s), for «* = p* and for the selection 
(gas) p Of the values of those gag which enter as arbitrary quantities in the gen- 
eral solution. Now in accordance with the theory of equations of the type 
(2.1),7 these arbitrary quantities g.g are to be determined as the solutions of 
a completely integrable system of differential equations, the general solution 
of (2.1) then being obtainable as the algebraic solution of H. Hence there 
exists a solution gag of (2.1) such that gas =(gas)p at x* = p*. By the lemma of 
§5 the matrix ||g.s|| of this solution will be of rank m <r in the neighborhood 
A* of x« = p*. Hence if S belongs to G, the space S will admit a metric representa- 
tion of dimensionality m <r. Since M,c¢G, by (6.3) we have the following re- 
sult: 


THEOREM. If the space S belongs to the irreducible manifold M, when r is 
any integer of the set 1,---,m, it will admit a metric representation of 
dimensionality m <r. 


This theorem when combined with the theorem of §4 gives the following 


CoroLiary. A necessary and sufficient condition for the space S to admit a 
1-dimensional metric representation is that it belong to the irreducible manifold 

It is evident from the above that the manifold M, can be replaced by the 
manifold G, in the statement of this corollary. Hence the resultant system 
L,(B) =0 gives an algebraic characterization of the 1-dimensional metric 
representations of S. 

7. It will now be shown that the equations F,(B) =0 which define the 
manifold M, where r has any value of the set 2, - - - , m are not sufficient to 
insure the existence of an r-dimensional metric representation of S, and hence 
in accordance with the observation of §4 that the r-dimensional metric repre- 
sentations of S do not admit a simple algebraic characterization. 

Consider a one-parameter family of m-dimensional metric spaces S, the 
components of the fundamental metric tensors of which are given by the 
matrix 


t See, for example, T. Y. Thomas, Differential Invariants of Generalized Spaces, p. 202. 
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sina@d - 0 


(7.1) 


0 O--O0«# 


where a denotes the (real) parameter and ¢ is an analytic function of the co- 
ordinates x', - - - , x" in the neighborhood of the values x*=0 at which the 
function ¢ is assumed to be different from zero; all other components of the 
tensors except those appearing in the diagonal of the matrix vanish iden- 
tically. The spaces S, are thus defined for values of the parameter a different 
from zero. Calculation of the resulting Christoffel symbols give 


J a J a {cosag\ 

a ere a 0d 


a 
2 

0g I a do 


axl 11f 2 \tan 


where J, J=2, - - - , m and the remaining symbols vanish identically. Now 
let a—0 and denote the limiting values of the Christoffel symbols {,,} by 
the corresponding symbols I'j,. Then those symbols in (7.2) which do not 
approach zero become 


(7.3) where 0 = log ¢, 0. = —: 


xe 


= — a0 


Tie 30a 


Denote by S* the affinely connected space for which the components of con- 
nection Ij, and Ij, are given by (7.3), the remaining components being zero 
identically. 

Now observe that the Christoffel symbols for the spaces S, can be repre- 
sented by expansions of the form 


vot pia t+ +---, 


where the y’s are analytic functions of the coordinates x* in the neighborhood 
of x*=0. The functions represented by yo in these expansions are the com- 
ponents of the connection of the space S*. Hence the components B of the 
curvature tensor and its successive covariant derivatives for the spaces S, 
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approach, as a—0, the corresponding components B for the space S*. Since 
the spaces S, are such that the equations F,(B) =0 which define the mani- 
fold M, are satisfied, it follows that these equations are likewise satisfied for 
the space S*, i.e. the space S* belongs to the algebraic manifold My. 

Now consider the equations (2.1) in which the I'’s are the components of 
connection of the space S*. The first set of integrability conditions (2.2) then 
reduces to 


(7.4) + = 0. 
Take a=8=y=I where J=2, - - - , m and 6=1. Then (7.4) becomes 


06; 06; 


1 1 
—+—+— —6? )=0, 


1 
gnBri = 0, or en( 


where it is of course understood that no summation is involved in these equa- 
tions. Hence if we choose the function ¢ so that 


1 1 
(7.5) + <0 +++, mn), 
x 2 2 


it follows that gn =0. Now take a=6=1, and in (7.4); then these 
equations become 


06; 9A; 


1 1 
— +—+— 67 + — 6? ) =0, 


dx! 


and hence the above condition (7.5) likewise gives g:: =0. It now follows from 
the equations (2.1) that dg;,/dx*=0 fora=1,---,nandJ,J=2,---,n, 
so that the most general possible solution of these equations under the con- 
dition (7.5) is that given by the matrix 


0 
0 


0 Cnn 


where the e’s are arbitrary constants. Conversely it is seen immediately that 
this matrix represents a solution of (2.1) for the case under consideration. 
Hence the space S* does not admit an m-dimensional metric representation 
although it belongs to the manifold M,. It follows that the n-dimensional 
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metric representations of an affinely connected space S do not admit a simple 
algebraic characterization. 

8. To extend this result to the case of the r-dimensional metric representa- 
tions for r=2, - - - , m—1 we can consider a set of symmetric quantities hag, 
where a, 8=1, - - - , 7, defined by a matrix of the form (7.1) in which the 
function @ depends on the coordinates y', - - - , y" alone. We then use the 
equations (4.1) to define the components Cj, for a, 8, y=1, - - - , rand take 
the remaining C’s subject to the restrictions stated in §4. Allowing the pa- 
rameter a to approach zero we obtain a set of functions I’ defining the con- 
nection of a space S** which must belong to the manifold M,, although a 
consideration of the equations (2.1) for S** shows that this space , subject to 
restrictions corresponding to (7.4), can admit at most an (r —1)-dimensional 
metric representation. While this process is thus analogous to that carried 
out in §7 it is desirable nevertheless to give the details of the process since 
certain formal difficulties present themselves. 

For definiteness in our discussion we shall employ only the following let- 
ters as indices with the ranges indicated: 


I,J, K =2,---,7, 

h, i,j,k, 
a,B,y,¢ =1,---,7, 
A, @, ®,¥,2=1,---,n. 


Corresponding to (7.2) the limiting values are now given by 


Pn = — 31, Tia = 200 \ 
(8.1) |Other Toy = 0 

= 0, 

T'jy = arbitrary analytic function of the variables y',--- , y*. 


00 
where 6 = log ¢, 02 = 


ye 


Using these values of the I’’s we find that 
1 T I a 

(8.2) Biar = Bapy = Basi = = Big; = Boj = 0, 
Ti 
dy* 
+ The method employed to deduce this result shows that necessary and sufficient conditions for 
the existence of an n-dimensional metric representation of the space S can not be expressed by any 
system of equations of the form F(B)=0 the left members of which are continuous functions of the 
components B. As the algebraic characterization is however of primary interest we have limited the 


above statement to such characterizations. 
t I am indebted to Dr. J. Levine for the details of the treatment given in this section. 


i i h 
(8.3) + jx — 


| 
t 
i 
i 
4 
i 
a 
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Now consider the first set of integrability conditions (2.2) of the equations 
(2.1) determined by (8.1), namely 


(8.4) + = 0. 


Taking , A, =i, 7, k, respectively and making use of (8.2), these equa- 
tions become 


h h 
(8.5) + = 0. 


In these latter equations put 7 =/ so as to obtain 


(8.6) ginBint =0 (i not summed). 


Put W =n-—r. Then in (8.6) for each value of i we have W(W —1)/2 equa- 


tions in the W unknowns gin. 
CaseI. W23. Since W<W(W-—1)/2 we can form from the matrix of 
the coefficients g;, in (8.6) the following determinant of order W: 


r+1 r+2 n 

B; r+1 r+2 B; r+l1r4+2°°° B; r+1 r+2 
r+1 r+2 n 

B; r+1 r+3 B; r+1r4+3° °° B; r+1 r+3 


r+1 r+2 n 

B; r+ln B; B; r+1n 
r+1 r+2 n 

B; r+2 r+3 B; r+2r4+3°°° B; r+2 r+3 


None of the determinants B; is identically zero since the elements B in any 
determinant B; are algebraically independent quantities; this follows by re- 
course to the complete set of identities satisfied by the B’s as defined by (8.3) 
in terms of the arbitrary functions T%, in (8.1). Hence we can choose the 
Ty so that B;~0 for i=r+1, - - -,m. Hence g;,=0 in consequence of (8.6). 


From (8.4) we now obtain 
(8.7) ganBirt =0, 


use being made of the fact that the above quantities g;, are equal to zero. 
Hence ga, =0 since a determinant B; is contained in the matrix of the coeffi- 
cients of (8.7). 


Case II. W =2. From (8.4) select the following three equations: 
+ = 0, 
+ + Bumn) + = 0, 
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where m is used to denote »—1. Hence if the arbitrary I’s in (8.1) are chosen 
so that 

0 

Brun 


n 


= (Bann + — 0, 
it will follow that gmm=£mn=£nn=0. Now from (8.7) we obtain 


(8.8) 


+ = 0, 
ZamBamn + 0, 


the determinant of which is a factor of the above determinant (8.8). Hence 
Sam = 0. 
Case III. W =1. From (8.4) we obtain 


= 0. 


Choosing the arbitrary I’s in (8.1) so that not all the coefficients Bhag are 
equal to zero, we have g,,=0. Hence from (8.4) we have 


0, 


from which gan=0 can be obtained. 
We have now shown that the arbitrary I'’s in (8.1) can be chosen so that 
the solution matrix of (2.1) will have the form 


where r has any value in the set 2, - - - , m—1. To make the rank of this 
matrix be <r we now make g;,=0. By a suitable selection of the indices in 
(8.4) these equations give 


(= += = 0 (= + 0 


0 0 
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Hence to have gia = 0 we have merely to choose ¢ so that one of the coefficients 
in each of these two sets of equations is different from zero. As in §7 the 
most general solution of the equations (2.1) is thus seen to be represented by 


the matrix 


where the e’s are arbitrary constants. This gives the following theorem which 
includes the result of §7. 


THEOREM. The r-dimensional metric representations of an affinely connected 
space S, where r is an integer of the set 2, - - - ,n, do not admit a simple algebraic 


characterization. 
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MAXIMAL ORDERS IN RATIONAL CYCLIC 
ALGEBRAS OF ODD PRIME DEGREE} 


BY 
RALPH HULL} 


1. Introduction. Throughout this paper R denotes the field of rational 
numbers and x is a fixed odd prime. We consider cyclic algebras of degree n, 
order n’, over R, that is, algebras A of the following type:§ 

A has an R-basis of the form 


(1) 
where the 2; form an R-basis of a cyclic sub-corps Z of A of degree n over R 
and 1, u, - - - , #"~' form a Z-basis of A, with the relations 
(2) zu = uzS_ for every z of Z, 
where S is a generating element of the Galois group of Z over R and 2° is 
the element of Z corresponding to z under the automorphism S, and 
(3) u-=axOinR. 
This is called a cyclic generation of A and is denoted by 
(4) A = (a,Z,S). 

Artin|| has defined an order in a rational semi-simple algebra B as a sub- 
set I of elements of B with the following properties: 

(a) The sum, difference, and product of any two elements of J are also 
in J. 

(b) If 6 is any element of B there exists a rational integer u such that ub 
isin J. 

(c) The set J is of finite order, that is, there is a finite set of elements 
1, dz, - - - , a, 0f J such that every element a of J can be expressed in the form 


= mdi + 


with rational integers m, - - - , 1. 


¢ Presented to the Society, April 19, 1935; received by the editors March 13, 1935. 

t National Research Fellow. 

§ The description given here is that of Hasse: Theory of cyclic algebras over an algebraic number 
field, these Transactions, vol. 34 (1932), pp. 171-214. We shall refer to this paper hereafter as H. 
For complete bibliographies see H and the later paper by Hasse: Die Struktur der R. Brawerschen 
Algebrenklassengruppe tiber einem algebraischen Zahlkir per, Mathematische Annalen, vol. 107 (1933), 
p. 731. 

|| Artin, Zur Arithmetik hyperkomplexer Zahlen, Abhandlungen des Mathematischen Seminars, 
Hamburg Universitat, vol. 5 (1927). ein 
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An order is called maximal if it cannot be imbedded properly in any other 
order. Suppose J is maximal in B. Then it can be shown that every element of 
I satisfies an equation with rational integral coefficients and highest coeffi- 
cient 1, and also that J contains the modulus of B. Thus a maximal order is an 
integral set according to the definition of Dickson.t 

The construction of an order in an algebra A is trivial. If, for example, 
in (3), a is a rational integer and the z; in (1) are any basis of Z which is also 
a basis for the integers of Z, i.e., the unique maximal order in Z, then the 
totality of linear combinations of the basal units (1) with rational integral 
coefficients is an order in A which is independent of the particular basis 
21, - * * , 3, Of the maximal order of Z and may be called the order in A asso- 
ciated with the cyclic generation (4) of A. An order thus associated with a 
particular cyclic generation of an algebra A is not in general a maximal order. 
The importance of constructing maximal orders in an algebra arises from the 
simplicity of the arithmetic in a maximal order as compared with that in a 
non-maximal order. 

Albertf has determined explicitly maximal orders for every rational cyclic 
algebra of degree 2, that is, every rational generalized quaternion algebra Q. 
Following a similar plan but using more general methods we shall obtain 
maximal orders for every algebra A. First, by means of Hasse’s theory of in- 
variants of cyclic algebras we shall obtain for each A cyclic generations of an 
especially simple form. These will be called canonical generations. We shall 
then exhibit ” distinct maximal orders in A containing the order in A asso- 
ciated with a given canonical generation in the manner described above. 
Finally, by a consideration of z-adic components at all rational prime spots 
a of R, we shall show that these are the only maximal orders in A which con- 
tain the order associated with a given canonical generation. 

2. Canonical generations of the algebras A. An algebra A defined by a 
cyclic generation (4) clearly depends upon a, Z, and S but these are by no 
means uniquely determined by A, and a given A has infinitely many cyclic 
generations involving distinct sub-corps Z and, for a given Z, distinct a and S. 
All cyclic generations are determined by means of Hasse’s theory of the in- 
variants of a cyclic algebra (see H). A complete set of invariants of A consists 
of the degree m and the totality of the integers v, modulo m, where 7 ranges 
over all prime spots of R, defined in terms of the given generation (4) by 


((a, Z)/r) = 
where ((a, Z)/7) is the norm residue symbol. A necessary and sufficient con- 


t Dickson, Algebren und ihre Zahlentheorie, p. 198. 
t Albert, Zntegral domains in rational generalized quaternion algebras, Bulletin of the American 


Mathematical Society, 1934, p. 164. 
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dition that A be a total matric algebra is that v-=0 (mod m) for every 7. 
An algebra A is either a total matric algebra or a division algebra since m is a 
prime. We assume in this section that A is a division algebra. Then there are 
a finite number, s, of distinct primes qi, - - - , g, such that 7,,;40 (mod ) 
(j=1,---,s) and 


(5) > =0 (mod 
i=l 

whereas v, =0 (mod for every distinct from qi, - - , gs. In particular (5) 
shows that s=2. The primes qi, - - - , g. are characterized by the property 
that the q;-adic fields R,, do not split A whereas R, splits A for every other z. 
In the present case, m an odd prime, the single infinite prime spot 7, of R does 
not occur among the q; since Z is real and hence R,,,, which is by definition 
the field of all real numbers, contains a subfield isomorphic to Z and so neces- 
sarily splits A. Thus o=q - - - g, is a rational integer. For the purposes of 
this paper we now prove the existence of cyclic generations of A of the type, 
which we shall call canonical, described in 


THEOREM 1. Let A be acyclic division algebra of odd prime degree n over R, 
and let g1, - - - , Qs (S=2) be the distinct rational primes at which A does not split. 
Let c=q1 - - - Gs. Then there exist infinitely many rational primes p with the 
following properties: p=1 (mod n) and is prime to a; qi, , Js are N-ic non- 
residues modulo p and o is an n-ic residue modulo p; the unique cyclic field Z 
of degree n over R, of conductor (Fiihrer) p, discriminant p"-', has an auto- 
mor phism S such that (a, Z, S) is a cyclic generation of A. 

We first prove the following 

Lemoa.} Let n be a fixed odd prime. If q:, - - - Qs (S22) are distinct rational 
primes and Be, - - - , 8, are rational integers prime to n, then there exist infinitely 
many rational primes p with the following properties: p=1 (mod n) and prime 
to a; is an n-ic non-residue modulo p; there exist rational integers y2,--- , Vs 
such that 


(6) = yi" (mod 
To prove the lemma let ¢£ be a primitive mth root of unity and K =R(f). 

Let 
a1 = 41, a; = qi'ig; G =2,---,5). 


Suppose the quantity 


1 This lemma is similar to a lemma used by Artin in his proof of the general law of reciprocity. 
See Hasse’s Bericht, II, Jahresbericht der Deutschen Mathematiker-Vereinigung, Erginzungsband 6, 
p. 18. 
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P = ay a,*, 


where %, - - - , x, are rational integers, is the mth power of a quantity a of K. 
Then 
P=a",ain K, 
Pp i= Nrr(a") = (Nrr(a))*. 
Thus p*~' is the mth power of the rational quantity Nxr(a). It follows that P 
is itself the nth power of a rational quantity since n—1 is prime to m, and 


hence that x;=0 (mod m) (j=1, - - - , s). From this we can conclude that the 
fields 


K(a;''"), K(a,!/") 


are independentf and hence that, if 


Kz is cyclic of degree m over K,. It is known that K; is therefore a class field 
over K; for a certain cyclic ideal class group H of order m of the ideals of Ki. 
It is also known that in any generating class of H there are infinitely many 
prime ideals of the first degree relative to R and prime to ne. Let p be sucha 
prime ideal of K; and Nxr(p) = p, a rational prime. Then # satisfies the con- 
ditions of the lemma as we shall now show. 

Since p is of the first degree relative to R we must have in K; 


(7) aj!" = (mod p) Gj =2,--- » 5); 


where 2, - - - , ¥. are rational integers which are prime to p since p was chosen 
prime to no and hence does not divide the quantities on the left of (7). From 
(7) we get 


= (mod p), 


whence we get (6) since the quantities in the last congruence are rational. 
Suppose now we have g:=~¥” (mod ) with a rational integer y. Then g:=7” 
(mod p). But by aknown theoremt{ applied to the Kummer field K2 = Ki(a1"") 
= K,(q:""), the power residue symbol (q;/p) is 1 if and only if p is in the iden- 
tity class of the group H, whereas p was chosen in a generating class of this 
group. This contradiction shows that q, is an m-ic non-residue modulo #, and 
hence also that p=1 (mod m). This completes the proof of the lemma. 

We turn now to the proof of Theorem 1. Let the invariants of A corre- 


Tt Bericht, Il, loc. cit., p. 43. 
} Bericht, II, loc. cit., p. 51. 
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sponding to q:,---, be 1, respectively, so that we have v;#0 
(mod m) (j =1,---, 5), and 


(8) > v;=0 (mod 
j=l 


We shall prove that a rational prime satisfying the conditions of the lemma 
with rational integers B2, - - - , 8,, chosen such that 

(9) = — v; (mod n) (Gj =2,---,5), 
satisfies the conditions of Theorem 1. 

There is a unique cyclic field Z of degree m over R with the conductor p, 
discriminant p*-', namely, the class field over R for the ideal class group in R 
whose identity class consists of the ideals in R which are generated by n-ic 
residues modulo #. Since q; is an m-ic non-residue modulo #, q, is not in this 
identity class and hence the Frobenius-Artin symbol (Z/q:) is not the identity 
automorphism E of Z over R. Since 1 is prime to ” the automorphism S of 


Z defined by 

= (Z/q:) 
is different from E. Thus A’ =(¢, Z, S) is a cyclic algebra of degree m over R. 
Denote its invariants by v,. The vy are easily calculated from the properties 


of the norm residue symbol (H, p. 175). Thus, for a prime 7 not contained in 
po, we have ((c, Z)/x) =E, and hence v; =0 (mod m). To determine vj, we 


have 
Z)/qi) = (2/qi)* = S” 


by the definition of S, since g; is prime to the conductor p of Z and occurs ex- 
actly to the first power in o. Hence v,=v1 (mod m). Next let 722. We have, 
as for q:, 


((¢, Z)/qi) = (Z/qi)**. 
By the general law of reciprocity,{ condition (3) of the lemma implies 
(Z/qi) = G =2,---,5). 
Combining these results with the definition of S and (9) we get 
((¢, Z)/qi) = 
and hence v,, =v; (mod m) (j=2, - - - , s). For the algebra A’ the correspond- 
ing condition to (8) is 


t Bericht, I, loc. cit., p. 11. 
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+, =0 (mod 2), 


j=1 


which becomes, from what we have just shown, 


=0 (mod 
j=1 
Then (8) implies vf =0 (mod n). 

We have now shown that the algebra A’ has the same invariants as A. 
It is therefore isomorphic to A by Hasse’s Theorem A (H, p. 176). In other 
words A has the cyclic generation (¢, Z, S). To complete the proof of the 
theorem we have only to point out that qi, ---, g, are m-ic non-residues 
modulo p by the lemma, and that condition (8) is equivalent to the statement 
that @ is an m-ic residue modulo p. 

3. Maximal orders in the algebras A. We consider in this section a fixed 
cyclic algebra A of degree n over R and propose to determine maximal orders 
in A. For convenience we use the term basis, as distinguished from R-basis 
and Z-basis, to refer to a basis with respect to rational integers of an order in 
A or in one of its sub-corps. As previously stated, A is either a total matric or 
a division algebra over R. Suppose that A is a total matric algebra. Then it is 
well known that any complete set of matrix units of A is also a basis of a maxi- 
mal order in A. We assume henceforth that A is a division algebra. 


By Theorem 1, A has infinitely many canonical generations. Let 
(10) A = (¢,Z,S) 


be a fixed canonical generation of A so that Z is the unique cyclic field of 
degree n over R with a certain fixed prime conductor p=1 (mod n), discrimi- 
nant p*-', and 7=4q; - - - gs, where the g; anda have the properties in Theo- 
rem 1. Let J denote the order in A associated with the generation (10). Then 
I has the basis 


(11) 
where the z, form a basis for the integers of Z and the usual relations hold: 
(12) u” = 0, zu = uz for every z inZ. 


We shall exhibit » distinct maximal orders in A which contain J. We need 
certain properties of the field Z, and a well known representation of A as an 
algebra of matrices with elements in Z. These will now be described. 

To describe the properties of Z let ~ be a primitive pth root of unity and 
let g be a primitive root modulo p. Then Z is the field R(n), where 7 is the 
Gaussian period 
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h—1 
n=> p=hn+1. 
r=0 


It is known that the m conjugates 


form a so-called normal basis for the integers of Z. We shall assume that 
Z1, °- *, 2, im (11) are the quantities (13) in that order. Then (12) implies 


(14) u” = USe41 (k =1,---,n), 


where we agree that z, =z, if r=s (mod m). In Z a rational prime 7 factors as 
follows. If is distinct from /, 7 is the product of m distinct prime ideal fac- 
tors in Z or is itself a prime in Z according as it is an m-ic residue or an n-ic 
non-residue modulo p. The rational prime # is the power 


(15) pb =", 


of a prime ideal p which is a principal ideal, being generated, for example, by 
the quantity 


(16) p= 


which is in Z and satisfies the relations 
(17) 7, p= (8). 
We summarize these properties of Z in 


THEOREM 2. The integers of Z have a normal basis 2, - - - , 2, Such thatin A 
the relations (14) hold. In Z, the rational prime p is the power p” of a prime ideal 
p which is a principal ideal, and there exists a quantity B of Z such that (17) 
holds. A rational prime x distinct from p is the product of n distinct prime ideal 
factors or is itself a prime in Z according as it is an n-ic residue or an n-ic non- 
residue modulo p. 


The basis (11) of J is also an R-basis of A and by means of it one obtains 
in a well known manner an algebra A of matrices with elements in Z which is 
isomorphic to A. Thus, consider the vector (1, «, - - - , #"~") and let a be any 
element of A. We get, using (14), 


a(1, 


where @ is an m-rowed square matrix with elements in Z. Let 


r=0 
= (0, on, au 
(1, u"—)d, 
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(18) a= >> rational. 
i,k 


This may be written 
(19) a= = >> ante, 
k 


where the x; are elements of Z. Denote the conjugates of x; by 
where x{9 =x and so on. Then we have 
(n—1) 
Xo, OXn-1,°°* » 


(n—1) 


(1) (n—1) 
Xn-1, Xn-—2,°°° Xo 


in which o appears as a factor of every element above the main diagonal. The 
characteristic equation of d@ is the so-called principal equation of a, and the 
trace and determinant of d are the reduced trace and norm, respectively, of a. 
We shall denote them by 7(a) and N(a). It is to be noted that T(z) and N(z), 
for az in Z, are identical, respectively, with the trace and norm of z as an ele- 


ment of Z. 
We now define the reduced discriminant of the order J. Let the basis (11) 


be denoted by the vector »=(2;, - - - , ¥n:) Whose components are numbered 
as indicated by 


(21) = 21, °° * Un = Sny = USn, * , Vn? = 
Then the determinant 
A = A(v) =| | = 1,---, m?) 
is called the reduced discriminant of the basis (11). Let P be any n?-rowed 
non-singular rational matrix and define a vector w of elements of A by 
(22) w= Pov. 
Then it can be shown that 
(23) A(w) =| P|*A(v). 


Since a necessary and sufficient condition that w be a basis of J is that | P| =1, 
the quantity A depends only upon J and is called the reduced discriminant of 
I. From (22) and (23) we are also led at once to the correspondence between 
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maximal orders and minimal discriminants here as in the case of algebraic 
number fields. 

The value of A(v) =A(J) with the numbering (21) is easily calculated by 
means of the isomorphism A 4A, and the fact that the n-rowed determinant 


| | (kj =1,---,m) 
has the value p"~' since it is the discriminant of Z. We find as the result of 
the calculations 
(24) A = = 


This is the first part of 


THEOREM 3. The discriminant of I is given by (24). The discriminant of any 
maximal order in A which contains I is divisible by o*°"—. 


To prove the second part of Theorem 3 suppose the quantity a in (18) and 
(19) is in a maximal order J’ which contains J. By closure the n? quantities 
av; must also be in J’. We get, by combining (18) and (21) and multiplying 
by v, (¢=1, - - - , m”), n* equations of the form 


n? 
av, = 
r=1 


where the a, are the a;, renumbered. Taking traces and solving for the ay 
we see that the denominators of these rational coefficients are divisors of A, 
since the av; must have integral traces. With a change of notation we can 
therefore write 


(25) 


(1) (n—1) 


where now the x; are given by (19) with rational integers a,;, and are integers 
of Z. 

Since a was assumed to be in a maximal order, its principal equation, i.e., 
the characteristic equation of d, must have rational integral coefficients and 
highest coefficient 1. From this it follows in particular that |@| must be a ra- 
tional integer. From (25) we get 


A*| a| = N(x) + 


t For details see Artin’s paper cited in the Introduction. 


(1) (n—1) 
Xo, OXn-1,°°* » TX 
|| Ad = 
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where (Q is a rational integer. Hence we must have 
(26) N(x) = 0 (mod a). 


By Theorem 1 each prime factor g of o is an m-ic non-residue modulo # and is 
therefore a prime in Z by Theorem 2. Hence N(x) =0 (mod gq) implies x)» =0 
(mod q), and (26) implies x» =0 (mod a) since the prime factors of @ are dis- 
tinct. We use this in (25) which then implies that 


A*| a@| = oN(x1) + 0°Q,, 


where () is a rational integer. This implies similarly that x:=0 (mod ¢). It 
is evident that the same argument then yields x. =0 (mod ¢) and so on, and 
we can cancel a factor o in (25). Then we can repeat the whole argument for 
the resulting equation and so on. We are led ultimately to the condition 


which implies that each a;; in (19) is divisible by o*‘"-». 

We have now shown that a necessary condition that a quantity of A be in 
a maximal order, say I’, containing I, is that its coefficients, when it is expressed 
by means of the R-basis (11) of A, have denominators which are at most powers of 
p. This condition is equivalent to the second part of Theorem 3. For it is easy 
to show by the usual argument that J’ has a basis. Let its basis be w. Then w 
will be related to v as in (22) for some P, and (23) implies the equivalence just 
claimed. 

We now construct a maximal order in A containing 7. The congruence 


(27) (mod 


has a rational integral solution by Theorem 1. Let \ be a fixed solution of (27), 
let a=8*—', where is the quantity in (16) and (17), and define a quantity y 
by 

(28) py = (A — ua. 


With these definitions we are ready to prove 

THEOREM 4. For a fixed rational integral solution d of (27), the set I(X) of 
linear combinations with rational integral coefficients of the quantities 
(29) 
where y is defined by (28) with a=B"—' and the z, form the normal basis of the 
integers of Z described in Theorem 2, is a maximal order} in A. 


¢ Maximal orders similar to this in certain algebras A of degree 3 were found by F. S. Nowlan, 
Arithmetics of rational division algebras of order nine, Transactions of the Royal Society of Canada, 
(3), vol. 21 (1927). 
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To prove the theorem, we first verify that J(A) satisfies the order postu- 
lates (a), (b), and (c) stated in the Introduction, and then calculate the dis- 
criminant of its basis (29). From the value found for this discriminant the 
maximality of J(A) follows from Theorem 3. 

The definition of Z(A) is such that postulates (b) and (c) are automatically 
satisfied. It is also obvious that J(A) is closed under addition and subtraction. 
Of the order postulates there remains only to show that it is closed under 
multiplication. To do this it is clearly necessary and sufficient to show that y 
satisfies an equation of degree with rational integral coefficients and highest 
coefficient 1, and that the m quantities z,y (k=1, - - - , m) arein J(A). 

The quantity y satisfies the characteristic equation of the matrix 7 to 
which y corresponds in the isomorphism A =A. Let the characteristic equa- 
tion of py be f(t) =0. 

We have 


= 


0, a), 


whence 
= & — + — — 
where 71, - - - , Yn are rational integers. Consider first ay, with 1<k<n-—1. 
Then ¥; is the kth elementary symmetric function of a and its conjugates in Z 
and thus is of degree & in a and its conjugates. Since a=6"—', by (17) we have 
a=0 (mod p*~), and since p is unaltered by each of the automorphisms of Z, 
this implies a‘ =0 (mod p*-") for 7=0, - - - , m—1. Hence 
=0 (mod 
=0 (mod | 
This shows that y;/p*-! is a rational integer such that 
= 0 (mod p"~*), 
whence 
ve/p =0 (mod p), 


since n —k >0. Hence y,=0 (mod p*). From (30) we see that y, = N(a)(A"—<). 
Hence 7, =0 (mod p*) since N(a) = p*—' and (27) holds. These results show 


ha, Gh — ca) 
—a, da,--- 0, 0 
(30) 
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that the characteristic equation of § which is satisfied by y is of the type re- 
quired. 

Now consider a product z:y. We have 

= — + — 

= Na(ze — + 

= by + 
where 5, is an integer of Z, which we shall show is divisible by ». We have 
a=0 (mod p*-’). But 2,—2:4:=0 (mod p) for each k=1, - - - , m, since the 
so-called group of inertia (Trdgheitsgruppe) of p is the whole Galois group of 
Z and Zk41=2;°. Thus b,=0 (mod p*), b,=0 (mod p). Thus we can write 
ziy =b:/p—yZe41, where b,/p is an integer of Z, which shows that z;y is in 
I(A). This completes the proof that I(d) is an order. That it contains J is trivial 
since it obviously contains z;, - - -,z,andalsou=A+yp/a, where p/a=p/B""! 
is an integer of Z. 

We now evaluate the discriminant of J(A). Let the elements of the basis 
(29) of I(A) be denoted by w, - - - , wa: with similar numbering to that in 
(21). We then have a relation (22) with a rational matrix P which is easily 
seen to be of the form 


P; 0 
P2 


-P, 


where the P; are n-rowed square matrices, and P has zeros everywhere above 
these. The determinants | P;| are easily calculated. It is clear that P; is the 
n-rowed identity matrix and its determinant is 1. To find P: we have 


= (A — ++ , = (A — 


Since a@ is an integer of Z we have 


n 
az, = 
j=1 


where the a;; are rational integers. It is clear that pP2=||a;x||. But it is well 
known that | a;,| =N(a) =p"! and hence | P:| =1/p. The coefficients of u? 
in P*Weny1,* P'Wsn, respectively, are aaz,---, aa z,, and we see 
that p*P; is a rational matrix whose determinant is V (aa) = p*("—» so that 
| Ps| =1/p*. Similarly in general we find that | P,| =1/p*. Thus we get 
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| Pl? | P?.--- = 1/pr(r-0), 


and A(w) =0*(*-» by (23) and (24). 

That Z(A) is a maximal order in A now follows from the second part of 
Theorem 3 and the fact that an order with minimum discriminant is neces- 
sarily maximal. This completes the proof of Theorem 4. 

In Theorem 4 a particular solution of (27) was chosen. The question now 
raises itself as to the effect of choosing a different solution of (27) or of replac- 
ing a in (28) by another integral quantity of Z whose norm is p*—!. The latter 
would clearly have the effect only of yielding a different basis of the same 
order since any integral quantity of Z whose norm is p”~' is the product of a 
and a unit of Z. The effect of the former is given in 


THEOREM 5. There are n distinct maximal orders in A which contain I, 
corresponding to the n distinct solutions modulo p of (27). These n maximal 
orders are such that each can be obtained from any of the others by transformation 
with a suitable power of B. 


Let A; and X: be distinct solutions of (27), and let y: and yz be the quanti- 
ties defined by (28) for \=), and ds, respectively. Then the matrix 7:—7. to 
which — 2 corresponds in the isomorphism A&A does not have an integral 
determinant as its form readily shows. Thus J(A;) and J(A2) must necessarily 
be distinct. This proves the first part of Theorem 5. 

To prove the second part of the theorem we consider the effect of trans- 
forming J(A), for a given \, by 8. The set J’=8-J(A)B is clearly a maximal 
order in A with the basis y’‘z,, where y’=8-'y8. We shall show that J’ is 
identical with a maximal order J(A;) for a solution \; of (27) such that 414A 
(mod p). We have 


by’ = pB-'yB = ra — ua(B/6™), 
(31) arB /B — ux = py’B/B. 


The quantity 8/8 is a unit of Z, and since » is of the first degree, we must 
have 


(32) BO /B (mod p), = (mod p’), 


where y is a rational integer. To the first congruence in (32), we apply in 
succession the automorphisms E=S°, S, ---, S*~', under which » is in- 
variant, and multiply the resulting congruences. We get N(y) =N (6/8) 
(mod p) whence y*=1 (mod p). Moreover, y #1 (mod #), since otherwise we 
would have from the second congruence (32) 


B= pM... = (mod p?), 
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which with 7(8) =0 (mod #) would lead to m8=0 (mod p?), 8=0 (mod p?), a 
contradiction. 

We now set =A. Then Av =A" =a, #A (mod P) and the results of the 
last paragraph show that we have 


adB /B = (mod /B = + 2p, 


where z is an integer of Z, since a=0 (mod p*—') and 6B“ /B=y (mod p). Sub- 
stituting this in (31) we get 


Qi — ua = — ps + py’B/B, 


which shows that J(A,) £7’ and hence that J(A,) =I’ since it is maximal. 

By a continuation of this discussion it is easy to show that the transforma- 
tion of a given (A) by the powers 8, 6”, - - - ,8"~! yields maximal orders in A 
corresponding, respectively, to the distinct solutions Ay, - - - , Xy"~! of (27), 
where y is the rational integer defined in the last paragraph. An obvious 
argument now yields the second part of Theorem 5. 

We shall show in the next section by less direct methods that the m maxi- 
mal orders in A corresponding to the distinct solutions modulo p of (27) are 
the only maximal orders in A which contain J. 

4. The number of maximal orders containing an order A. In this section 
we consider the order J in A associated with a fixed canonical generation (10) 
of A and show that there are exactly m distinct maximal orders in A contain- 
ing J. We have already seen by Theorems 4 and 5 that there are m distinct 
such maximal orders and we now show that there are not more than n. To 
do this we consider the 7-components of any maximal order which contains J, 
where 7 ranges Over all prime spots of R. By the 7-component of an order, 
for a fixed 7, we mean the z-adic limit set of the order,{ which is easily shown 
to be an order in the algebra A, obtained from A by extending the centrum 
to be R,. Thus A, is the z-adic limit set of A. Conversely, we have the follow- 
ing fundamental theorem due to Hasse: 


THEOREM 6. A maximal order in A is the intersection of the totality of its 
m-components and A. 


With a view to the application of this theorem to our problem we now de- 
termine the number of maximal orders in the algebra A,, for a fixed 7, which 
contain the z-component /, of J. 

First suppose 7 is distinct from p. Let a be any quantity of A which isin a 
maximal order containing J. It was proved in §3 that, if a is expressed in terms 


1 This definition, and the proof of Theorem 6 and other properties used here, are given by Hasse, 
Uber p-adische Schiefkir per und ihre Bedeutung fiir die Arithmetik hyperkomplexer Zahlsysteme, Mathe- 
matische Annalen, vol. 104 (1931), p. 495. 
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of the basis (11) of J, which is an R-basis of A, the rational coefficients have 
denominators which are at most powers of ». These denominators are units 
of R, since 7p, and hence the z-adic limit set of any maximal order in A 
which contains J is J, itself. In other words, if r+ p, there is a single maximal 
order in A, which contains /,. 

Now consider the case t= p. The algebra A, is a total matric algebra by 
Theorem 2, since p is not one of the prime factors g of ¢. Evidently A, over 
R, has the cyclic generation 


Ay = Sp); 


where Z, is the p-adic limit set of Z which is easily shown to be a cyclic field 
of degree n over R,, and S, is the automorphism of Z, corresponding to the 
automorphism S of Z. We may regard A, as the crossed product of Z, and 
its Galois group with the operators 1, u, - - - , 4*~! corresponding to the auto- 
morphisms E, S,, - - -, S*~', respectively, and the factor system consisting of 
1’s and o’s. The equation 


(33) =0 


has a solution in R, by a well known theorem on p-adic fields, since x*—¢ 
factors modulo # into m distinct linear factors. Let ¢ be a fixed solution in R, 
of (33). We replace the operator u by v, where u=£v, which obviously has 
the effect of yielding a new factor system, equivalent to the former, consisting 
of 1’s only. 

With this operator v and factor system we can give explicitly all maximal 
orders in A,. Let 


Then every maximal order in A, is of the formt 
I(m) = m*Vm, 


where m and m* are complementary moduls in Z,. A necessary and sufficient 
condition that 7(m) contain the maxi.nal order of Z, is that m be an ideal of 
Z,. The only ideals of Z, are the prime ideal generated by the prime ideal p 
of Z and its powers. We shall denote the prime ideal of Z, also by p. Then the 
only maximal orders in A, which contain the maximal order of Z, are those 
of the form 

t This explicit form for the maximal orders in a crossed product which is a total matric algebra 
over an algebraic number field was given by Emmy Noether: Zerfallende verschrinkte Produkte und 
thre Maximalordnungen. Actualités Scientifiques et Industrielles, No. 148 (Herbrand Memorial). 
A brief examination of Noether’s proof of this and further consequences of it, in the case of an alge- 


braic coefficient field, will show that the corresponding theorems hold almost trivially in the present 
case, namely, with the coefficient field Rp. 
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(34) I(p’) = p"*Vp’, r a rational integer, 


where by p° will be meant the maximal order of Z,. Since the different of Z, is 
is p*-! we have 


p™* = 


The ideal p* of Z, is the ideal generated by the rational prime ». Combining 
these we see that 


I(p"**) (p"+r)*V ptr = (pp’)*V pp’ = p’*Vp" = I(p’), 


since (pp’)* = p"*/p and p is commutative with V. This shows that in the set 
(34) (r=0, +1, +2, - - - ) there are at most » distinct maximal orders. Hence 
there are at most distinct maximal orders in A, which contain the maximal 
order of Z, and a fortiori, at most m which contain J,. 

The results obtained for the two cases r#p and r=, combined with 
Theorem 6, show that there are at most » distinct maximal orders in A which 
contain J. For, by Theorem 6, two such maximal orders in A must have dis- 
tinct +-components for at least one 7. But we have shown that their 7-com- 
ponents can differ only for r=? and that here there are at most distinct 
possibilities. We combine this with the earlier theorems of §§2 and 3 and sum- 
marize the results of this paper in 


THEOREM 7. A cyclic division algebra A of odd prime degree n over R has 
infinitely many distinct canonical generations of the type described in Theorem 1. 
The order in A associated with a fixed such generation in the manner described in 
the Introduction, can be imbedded in exactly n distinct maximal orders in A and 
these maximal orders are of the type given in Theorems 4 and 5. 
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OF THE GAUSS-GREEN LEMMAt 
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JOHN F. RANDOLPH 


INTRODUCTION 


1. The Gauss-Green lemma for the plane connects the double integral of 
a partial derivative of a function over a region R with the line integral of the 
function around the curve C bounding R. This connection is given by the 


formula 
ff 9») dxdy = f f(x, y) cos Bds 
rR oy c 


where s is the arc length of C and 8 is the angle made by the external normal 
to C at a variable point of C, with the positive y-axis. Thus for the line in- 
tegral to have a meaning it is necessary that C have length and consequently 
be defined by two functions x =¢(#), y=y(#) of bounded variation in ¢. 

2. The applications of this lemma, through Green’s theorem, are numer- 
ous. Consequently many investigations have been concerned with the types 
of regions and boundaries for which the lemma is valid. In most cases it has 
been deemed inherent in such a relation that the boundary be a curve, i.e., 
that an order relation be known among the points of the boundary. However, 
attacking the problem by radically different methods, J. P. Schauderf ob- 
tained results for a class of boundaries with no order relation prescribed.True, 
the only boundaries shown by Schauder to be admissible are those repre- 
sented by two functions each satisfying the Lipschitz conditions, thus indi- 
rectly again introducing order and also a condition more restricting than that 
of bounded variation. 

Also Schauder assumed that all points of the boundary of the second 
class§ project on the x-axis in a set of Lebesgue measure zero. Thus so simple 
a region as all points of the unit circle except the points 0 <« <1 of the x-axis 
does not satisfy his conditions. 


Tt Presented to the Society, October 27, 1934; received by the editors January 8, 1935. 

t Fundamenta Mathematicae, vol. 8 (1926), p. 1. Schauder states his results in terms of an 
integral over a volume and an integral over the boundary of the volume, but, as he points out, 
analogous results hold connecting m- and (n—1)-dimensional integrals, n=2, 3, - - - . We discuss his 
results for n=2. 

§ This subset of the boundary is defined in §16 below. 
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3. The present paper contains a proof of the Gauss-Green lemma under 
what seems extreme simplification of the conditions on the boundary. For 
a simply connected region there is no restriction except that the boundary 
have Carathéodory linear measure finite. Then by methods which have the 
effect of the usual crosscut scheme, applicable regions are extended to a wide 
class not simply connected. Furthermore, simplicity of restrictions on bound- 
aries is gained by more careful analysis of properties of boundaries, and 
not by specialization of the function f(z, y). 

From the proofs given, analogous results are seen to hold connecting n- 
and (m—1)-dimensional integrals. 


I. CARATHEODORY MEASURE OF A SET AND ITS CLOSED SUBSETS 


4. Carathéodoryt developed on five axioms a general theory of measure 
in which most of the theorems of the usual Lebesgue theory have analogues. 
The theorem that the inner measure of a set is the upper limit of the measures 
of closed subsets of the set, which plays such a central role in the Lebesgue 
theory, has not, however, been shown to follow from Carathéodory’s five 
axioms. This closed subset theorem does follow, as proved by Hahn,f if in 
place of Carathéodory’s fifth axiom the following modification is used: 


Axiom V’. To each point set A there is a sequence of open sets whose inter- 
section contains A and has the same measure as the outer measure of A. 


After developing his general theory of measure, by merely postulating the 
existence of a number associated with each set, Carathéodory gave the follow- 
ing specific method of attaching a number to a set. 

Let A be an arbitrary set in a euclidean space R, of g dimensions. With 
p a positive number let Ui, U2, - - - be a sequence of convex sets open in 
the space R,,§ each with diameter less than p, whose union contains A. With 
d, the diameter of U,, consider the sums 


ditd,+--- 


for all such sequences of point sets. Designate the least upper bound, which 
may be + ©, of such sums by L,A. Then L,A does not decrease as p decreases. 
Thus as p—0, L,A approaches a limit, finite or infinite, which in either case 
is called the exterior linear measure of A and is represented by L*A. 

The exterior two-dimensional measure of A is also defined by means of 
sets U;, Us, - - - ,each with diameter less than p, except that d; is replaced 

¢ Géttinger Nachrichten, 1914, p. 404. 

t Hahn, Theorie der reellen Funktionen, vol. 1, 1921, Theorem III, p. 445. 


§ Carathéodory did not assume the sets U; to be open, but proved that the same number would 
be obtained if open convex sets were used. 
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by the two-dimensional diameter of U;. The two-dimensional diameter of an 
open convex set is the least upper bound of the Lebesgue plane measures of 
the projections of the set on planes of all possible orientations. 

Exterior linear measure is shown by Carathéodory to satisfy his five meas- 
ure axioms. In proving that exterior linear measure satisfies his fifth axiom, 
Carathéodory did not use the fact that each U; is open, but merely that it is 
linearly measurable. Upon following this proof, but using in addition the 
openness of U;, one will see that Hahn’s axiom V’ is also satisfied. It thus 
follows from the above reference to Hahn, that if a set A has inner linear 
measure LyA finite, there is a sequence of closed subsets of A whose union has 
the same linear measure as the inner linear measure of A. This closed subset 
theorem plays a fundamental role in the work that follows. 

5. One easily sees the following projection relation: 

If A is a plane set and / a line of the plane, the projection A; of A on / 
has Lebesgue exterior measure m*A ; less than or equal to L*A. 

With this projection relation established, Grosst proved that if each 
point of A, is the image of at least NV points of A then m*A,<L*A/N. Spe- 
cifically, if L*A is finite and each point of A, is the image of an infinite number 
of points of A then m*A,=0. 

It follows also from the above projection relation and the closed subset 


theorem that, if A is linearly measurable with LA finite, then A, is Lebesgue 
measurable. 


II. MEASURABLE SUBSETS OF THE UNION OF A SEQUENCE OF CLOSED SETS 


6. A line perpendicular to the x-axis through a point of a plane set B 
may or may not contain a lowest point of B on it. We designate the set of all 
such lowest points, when they exist, by B'. In general we designate by B™ 
the set of all points p of B such that exactly m—1 points of B lie below p 
on the same perpendicular to the x-axis. 

Again a line perpendicular to the x-axis through a point of B may contain 
a finite or an infinite number of points of B. We designate by B” (or B*) the 
collection of all points of B on all lines perpendicular to the x-axis that con- 
tain exactly m (or an infinite number of) points of B. 

Arguments similar to those of Schauder show that if B is a Souslin set, 
each subset of B defined above is Carathéodory linearly measurable. Corre- 
sponding theorems of course hold if B is the union of a sequence of closed 


+ Monatshefte fiir Mathematik und Physik, vol. 29 (1918), pp. 174-176. 
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sets. However, simpler proofs can be made for the more restricted sets and at 
the same time furnish all that is necessary for our purpose.f 

7. Suppose then B is the union of a sequence of closed sets Ki, Ke, - - - 

Toward establishing the measurability of the subsets of B mentioned 
above we notice that the set P(B), of all points on all lines perpendicular 
to the x-axis through points of B, is linearly measurable. For P(B) = P(K,) 
+P(K2)+ --- and each P(K;) is linearly measurable, since the part of it 
in or on any square is closed. 

With k a positive integer let W; be the collection of all points of the plane 
whose y-coordinates satisfy the relation h/2*<y<(h+1)/2*, h=1, 2,---. 
Since each set W}, as well as B, is the union of a sequence of closed sets, the 
same is true of their intersection. Consequently, from the above proof, the 
set P(BW;) is linearly measurable. 

Let << --- <hm» be m integers. We define 


(1 ) 
as all points of all lines perpendicular to the x-axis that contain points of B 
in each of the strips 


(2) We. ++ 


but no point of B in any strip below y = (km+1)/2*, other than these. 
The point set (1) is linearly measurable. For the set of lines perpendicular 
to the x-axis with points of B in all the strips (2) may be written as 


G, = J] P(Bw;'). 
Then to obtain the set (1) we must remove from G; any line perpendicular 
to the x-axis that contains a point of B outside the strips (2), but still below 
y= (hn+1)/2*, i-e., 
hm—1 


G.= > + +--- + 


jmhm—itl 
Since each point set P(BW)) is linearly measurable, the point sets G; and G; 


t Schauder used a general measure © satisfying Carathéodory’s axioms I-IV and a modifica- 
tion (different from Hahn’s) of axiom V. He did not however prove the closed subset theorem for his 
general measure. To obtain this theorem he introduced a specific measure o, a modification of one 
defined by Gross (loc. cit.), which satisfies his modified axioms. In his proof he used some measure 
properties of B™ which in turn he obtained from measure properties of Souslin sets. For Carathéodory 
linear measure, indeed for the general measure satisfying Hahn’s modification of the five axioms, 
the closed subset theorem followed without the use of Souslin sets and we now establish the requisite 
measure properties of B™. 
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are linearly measurable. Consequently, P"”:-:'= =G,—G,G, is also linearly 
measurable. 
We now define the set 


as all points » of B in the strip W;" such that a line through p perpendicular 
to the x-axis contains points of B in all of the strips (2), but no point of B 
in any strip below y=(4n+1)/2* other than these. The formulation for this 
set, Bh-:-==(BW)") P4--:'=, shows it to be linearly measurable, a fact 
we use in proving 


THEOREM 1. The subset B™ of B is linearly measurable. 


First consider the set 


where each summation sign means the union of the sets indicated as the m 
distinct integers hh<In< --- <h,» take on all possible values. The set E, 
is then the union of a countable number of linearly measurable sets, so is 
itself linearly measurable. 

We next assert that Bc £,. For if p is a point of B™ there are exactly 
m—1 other points of B below p on the same perpendicular to the x-axis. 
Then with & fixed, there is a number j so large that the distance between any 
two of these m points is greater than 1/2*+/. These m points then belong to 
some set of m strips Wis, tee, Wri and there are no points of B on their 
common line in any strip below y=(4+1)/2*+/ other than these. Thus p 
belongs to some set B;':;"" and so to E,. 

Thus the set E=E,:E,: - is linearly measurable and also B™ c E. 

We assert, conversely, that B”> E. For if » were a point of E and there 
were less than m—1 points of B below » on the same perpendicular to the 
x-axis, p and these points would not lie in any m distinct strips, so p would 
not belong to any set BP", so not to E. However, if there were more than 
m—1 points of B below , for every k large enough, say k>K, there would 
be more than m strips including p and the points of B below p. Thus p would 
not belong to any set Bi", k>K, so not to E;, k>K, and finally not to E. 

Thus B™ is the linearly measurable set £. 

8. Toward proving B” linearly measurable we designate by 


Ayho-+-hm 


Bi 
the totality of all points p of B such that the line through perpendicular 
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to the x-axis contains points of B in each of the strips Wh,---, We, 
but no others. This set is then the part of B on those lines P™-:*'= that do 
not contain points of B above y=(h»+1)/2*; that is, 


imhm+1 
This formulation shows the set to be linearly measurable. 
We now state 


THEOREM 2. The subset B™ (and B*) of B is linearly measurable. 


One will see that the linear measurability of B” follows from that of 
8," **-' in the same way the linear measurability of B™ followed from that 
of Then =B—)>°_,B™ is also linearly measurable. 


III. NORMAL SETS AND SIMPLY CONNECTED REGIONS 


9. Following Schauder, a family F, of circles will be said to cover a plane 
set A if every point of A is the center of a sequence of circles of F4 with radii 
approaching zero. The set A is said to be normal with respect to a measure if 
in every F, covering A there exists a mutually exclusive sequence of circles 
whose union contains almost all of A. Here a circle includes its circumference. 

From the Vitali covering theorem? it follows that every bounded set A 
is normal with respect to Lebesgue plane measure. It is not known whether 
under any of the definitions of linear measure, the set A is normal with re- 
spect to linear measure even if A is linearly measurable with linear measure 
finite or, in fact, even if A is closed. The peculiar adaptability of Carathéodory 
linear measure to our problem is shown by the fact that the boundary B of 
of every simply connected region is normal with respect to Carathéodory 
linear measure if LB is finite. It is necessary, however, before proving this 
fact to obtain several auxiliary results. 

10. With c(p, r) a circle with center and radius r, we shall call the limit 
superior and limit inferior as r approaches zero of the ratio 


L*Ac(p, r) 
2r 
the upper and lower exterior density of A at p and represent them by 
D*(A, p) and D*(A, p) respectively. If A is linearly measurable the asterisk 


is not used and the word “exterior” is dropped. 
W. Sierpifiskif has shown that in every F4 covering A there exists a se- 


+ Carathéodory, Vorlesungen iiber Reelle Funktionen, p. 229. 
t Fundamenta Mathematicae, vol. 9, p. 172. 
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quence of mutually exclusive circles ¢;, ¢2, - - - such that if C, is a circle (not 
necessarily belonging to F4) with the same center, but diameter three times 
that of c,, then _ the union S=C,+C:+ - - - contains A. He also shows that 
if L*A is finite, D*(A, p) $1 at almost all points of A. We use these two facts 
in proving 

Lemma 1. If L*A is finite and the lower exterior density of A is bounded 
from zero by a positive constant k for almost all of A, then A is normal.t 

From the conditions of the lemma and Sierpifiski’s density theorem, men- 
tioned above, the subset A’ of A where simultaneously k<D*(A, p) and 
D*(A, p) <1 has L*A’=L*A. 

Let F, be a family of circles covering A. Then the collection of all circles 
c(p, r) of F4 such that, with p a point of A’, 
L*Ac(p,r 


(1) 2r 


while the concentric circle c(p, 3r), which may not belong to F,, is such that 
L*Ac(p, 3 
c(p, 3r) 


2, 
6r 


(2) 


is a family F’,, of circles covering A’ in the sense defined above. 

Then from Sierpifiski’s covering theorem, there exists in F'4, a sequence 
of mutually exclusive circles c(i, 71), c(p2, 72), - - - such that the union of 
the larger circles c(i, 371), c(p2, 3r2), - - - contains A’. Since (1) is true for 
each small circle and these circles are mutually exclusive, 


>> < L*Ac(pi, r;) = L* E c(pi, r)| s L* E c(pi, r)| L*A, 
1 1 1 1 
Thus the series of radii converge and 
(3) k> L* [4 
1 1 


But the union of the larger circles contains A’, almost all of A, and (2) is 
true for each of these circles, so 


(4) L*A S L*Ac(p;, < 120 
1 1 


From (3) and (4), 


t Henceforth we use “normal” for “normal with respect to Carathéodory linear measure.” 


} 

$ 

| 

1 

4 
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kL*A < 12L* > 
1 


There is then a number m such that, for s:=) ri), RL*A <12L*As. 
Thus (12—k)L*A>12(L*A—L*As;), so, since s; is linearly measurable 
(closed), 


12—k 
(5) L*(A — <( 


Next let F’, denote the collection of all circles of F4, that have no point 
in common with s;. Since s; is closed this family covers A’—A’s;. We now 
proceed as above, but use the set A’—A’s; instead of A’ and the family of 
circles Fy, instead of F4,, and obtain a set s2 (the union of a finite number 
of mutually exclusive circles of F’;-) and a relation similar to (5), namely, 


L*[(A — Asy) — (A — Asy)s2] < (- — As}). 


But s2 has no point in common with s;, so, with the aid of (5), 


12 — k\? 


L*[A — + s2)] < 
( 12 


We thus see the existence of a sequence of mutually exclusive sets 
$1, each consisting of a finite number of mutually exclusive circles of 
F,4, such that for each n, 


12 — k\" 


But & is positive and L*A is finite so A is normal. 

11. By a region R we shall mean a connected portion of the plane, and by 
the boundary B of R, all points } such that every circle c(b, r) contains both 
points of R and points of the complement of R. The boundary is a closed point 
set and is hence linearly measurable. A region is simply connected if every 
simple closed curve of the region contains on its interior only points of the 
region. 

We now prove the proposition mentioned earlier. 


THEOREM 3. The boundary B of a —-, connected region R (not the whole 
plane) is normal if LB is finite. 


This theorem follows from the above lemma upon showing that 
D(B, b) =1/2 at each point b of B. First let c(b, r) be a circle with center b 


538 [November 


1935] CARATHEODORY MEASURE AND THE GAUSS-GREEN LEMMA 539 


which does not contain all of R. The circumference of c(b, r) then contains 
points of R, since R is connected, and points of the complement of R, since R 
is simply connected. Consequently there are points of B on this circumference 
and, moreover, on the circumference of every concentric circle c(b, r’) with 
r' <r. 

Let Ui, U2, - - - be a sequence of open convex sets whose union contains 
Bc(b, r). If U;, contains b let I, be the radius of the smallest circle with center 
b containing U,. If U; does not contain d let 7, be the difference of the radii 
of the two circles with centers b, one the smallest containing U;, the other 
the largest containing no point of U;. Since J; is not greater than the diameter 
d, of U;, and there is a point of B at every distance <r from b, r<> JS). di. 
Thus r<LBc(b, so 

LBc(b,r)_ 1 
D(B, 6) = lim inf 2 —- 


2 
12. We shall also use the following property of normal sets. 


THEOREM 4. If a set B is normal and A is a linearly measurable subset of B 
with LA finite, then A is also normal.t 


First, any closed subset K of B is normal. Let Fx be a family of circles 
covering K, and, since K is closed, Fs_x a family of circles none with a point 
in common with K, covering B—K. Then Fx together with Fs_x constitutes 
a family F; of circles covering B. But B is normal, so there exists in Fz a se- 
quence of mutually exclusive circles ci, ¢2, - - - whose union s contains al- 
most all of B. However, those circles c/,c/,--- of this sequence having 
points in common with K are circles of Fx and their union s’ is such that 
Thus L(K — Ks’) < L(B—Bs) =0, so K is normal. 

Next A is normal. For let Fa be a family of circles covering A and e, 
a sequence of decreasing numbers approaching zero. Since A is linearly meas- 
urable with LA finite, there exists a closed subset Ki of A such that LA <LK, 
+e,/2. But Ki, a closed subset of B, is normal, so there exists a finite number 
of mutually exclusive circles of F4 whose union s; is such that LKi<LKis; 
Thus LA <LKis: +645 LAs:+e. But s; is closed, so the circles of F'4 

t The inequality r< 4)Bc(b, r), plausible as it seems, has not been established. That caution is 
necessary with &o measure is indicated by the example of a set A in the ring c(p, r’)—c(p, r), r’>r, 
with a point on every radius, but with @)4 =0 (and of course LA =2zr), given by Saks, Fundamenta 
Mathematicae, vol. 9, p. 16. If, however, the inequality were established, our results would hold for 
po, as well as for Carathéodory, linear measure. 

t Results similar to those of this theorem and its corollary were indicated by Schauder. However, 
his theorem VIII does not follow from his previous work since he has not proved the closed subset 
theorem for the general measure &. A theorem that does follow would be obtained if © were replaced 
by throughout. 


‘ 
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with no point in common with s; constitute a family F4_,,, covering 
A—As,. Hence in F4_4., there exists a finite number of circles whose union 
$2 is such that L(A —As,) <LAs.+e, or, since s; and sz have no point in com- 
mon, L[A —A(s,+52) ] <€. Consequently, there exists a sequence of mutually 
exclusive sets 51, S2,-- +, each the union of a finite number of mutually 
exclusive circles of F4, such that for each n, L[A—A(si+52+ - - - )] 
<L[A—A(s,\+ - - - +5s,)] <€,, so A is normal. 

Coro.iary. If LB is finite, F, a family of circles covering A, and € an 
arbitrary positive number, there exists in F4 a sequence of mutually exclusive 
circles whose union s is such that simultaneously 


LA = LAs and L(B — A)s < «. 


Since the set B—A is linearly measurable with L(B— 4) finite, it contains 
a closed subset K such that L[(B—A)—K]<e. Then the circles of F4 with- 
out points in common with K again constitute a family Ff,’ covering A. Thus 
in F’ there exists a sequence of mutually exclusive circles whose union s is 
such that LA =LAs. But the part of s in common with B—A is at most 
(B—A)—K, so L(B—A)s<e. 


IV. PROJECTION OF A SET AND FURTHER NORMALITY PROPERTIES 


13. Let B be a linearly measurable set with LB finite. From §5, the pro- 
jection Bx of B on the x-axis is linearly measurable. 


We shall show that for a fixed point p the two functions LBc(p, r) and 
m|Bc(p, r) |x of r are continuous from the right. With r, a decreasing sequence 
approaching 7) >0, temporarily let B, = Bc(p, r,) and By=Bc(p, ro). The in- 
tersection of the sets B, is Bo, so lim,..2B,=LBo. Also (B,)x=(Bo)x 
+(B,—Bo)x,so m(B,,) x —m(Bo)x <m(B,—Bo)x L(B,— By), and both func- 
tions have right hand continuity in r. 

Next for r fixed the set of points P, where LBc(p, r) =>A>0 is closed. For 
suppose LBc(po, r) <d where fp is a limit point of Py. We first choose a 6>0 
such that LBc(po, <X, then a point of P, such that c(p, r) ¢ c(po, r+), 
and thus obtain a contradiction. In the same way the set of points of the 
plane where m|[ Bc(p, r)] x =>0 is seen to be closed. One then sees that the 
set of points where these functions take on values between two constants is 
linearly measurable. Hence, following the terminology of the Lebesgue 
theory, we say for r fixed LBc(p, r) and m| Bc(p, r)| x are linearly measurable 
functions of p. 

14. We shall let Bo represent the set of all points » of B such that 
LBc(p, r) =0 for some circle. By the Lindeléf-Young theorem there is a 


{ Carathéodory, Vorlesungen tiber Reelle Funktionen, 1927, p. 46. 
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sequence of such circles whose union contains Bo. But the intersection of this 
union with B has linear measure zero, so LB, =0. 
Thus for every point 8 of B— By, the quotient 


m| Bc(8, r)] x 


LBcB,r) Q(B, B, 1) 


is defined. Moreover, for r fixed, Q(B, 8, r) is the quotient of two linearly 
measurable functions, so is itself linearly measurable on B—By. Also for 8B 
fixed, 0(B, 8, r) has right hand continuity in r. 

If Q(B, 8, r) has a limit as r approaches zero, we designate this limit by 
C(B, 8), otherwise by C(B, 8) and C(B, 8) its limit superior and limit in- 
ferior.{ We extend these functions to all points of the plane by arbitrarily 
assigning the value zero at points not in B—Bp. 

The function C(B, 8) is linearly measurable on B—Bo. For let r, be a de- 
creasing sequence of numbers approaching zero and qi, gz, - : - the positive 
rational numbers in some ordering. Then let 

R(8, r,) =least upper bound of Q(B, 8, qm) for 0<qm<fn, 

F(8, r.) =least upper bound of Q(B, 8, r) for 0<r<r,. 
Then r,) SF (8, r,). But the right hand continuity in r of Q(B, 8, r) re- 
veals that R(, r,) = F(8, r,), so these two functions are equal. Both functions 
are then linearly measurable on B— By, since R(8, r,) is the least upper bound 
of a sequence of functions linearly measurable on B— Bp. But it is seen that 

C(B, 8) = lim sup Q(B, 8, r) = lim F(8, rn). 

Thus C(B, 8) is the limit of a sequence of functions linearly measurable on 
B—B,, so is itself linearly measurable on B— Bo. 

A similar procedure shows that C(B, 8) is also linearly measurable on 
B-—B,. Consequently C(B, p) and C(B, ) are linearly measurable on the 
plane or on any linearly measurable subset £ of the plane. But these func- 
tions are bounded, soif LEis finite, the integrals /,C(B, p) dLand /,C(B, p) dL, 
taken over E in the sense of Lebesgue with respect to Carathéodory linear 
measure, exist. 

15. We now let B be normal, in addition to being linearly measurable with 
LB finite, and prove two lemmas and an important integral theorem. 


Lemma 1. If A is a linearly measurable subset of B that projects on the x-axis 
in a set of Lebesgue measure zero, then C(B, a) =0 at almost all points a of A. 


t While no notion of direction is involved here, yet if 8 were a point of an ordinary curve, C(B, 8) 
would be the absolute value of the cosine of the angle between the x-axis and the direction of B at f. 
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Since C(B, p) is a linearly measurable function, the subset A, of A where 
C(B, ~) >>0 is linearly measurable, and hence, being a subset of a normal 
set B, is normal. Suppose the lemma is not true. There is then a A>0 such 
that also LA,>0. Then the collection of all circles c(a, r), with centers at 
points of Aj, such that 

A m|Bela,r 
2 LBc(a, r) 
is a family F4, of circles covering A). 
Since A, projects on the x-axis in a set of Lebesgue measure zero, 


m| Be(a, r) |x = m[(B — Ay)c(a, r) |x S L(B — Ay)c(a, 7). 
Also LAjc(a, r) $ LBc(a, r). Thus for each circle of F4,, from (1), 


LAjc(a, r) L(B — Ay)c(a, 7). 


But, with e an arbitrary positive number, from the corollary of §12, there 
exists a sequence of mutually exclusive circles of F4, such that for their 
union s, LA,s=LA, and L(B—A,)s<e. We thus have the contradiction, 
(A/2) LA, <e, to our assumption. 

Lema 2. Let A be a linearly measurable subset of B with at most one point 
on each line perpendicular to the x-axis. If at each point a of A 


\ < C(B, a), then LA S mAx, 


or if 
\ > C(B, a), then ALA = mAx, 


where C(B, «) means either C(B, «) or C(B, a). 
We shall prove only the first part of this lemma. 
_ Let 7 be an arbitrary positive number. For either interpretation of 
C(B, a), the collection of all circles c(a, r) with centers at points of A for 
which the inequality 
m|Bc(a, r) |x 
r) 


holds, is a family F, of circles covering:A. But A is a subset of B, so for each cir- 
cle of F4, (A—n)LAc(a, r) <m[Be(a, r) <m[Ac(a, |x-+m[(B—A)c(a, |x 
r) ]x+L(B—A)c(a, 1). 

Since there is at most one point of A on any line perpendicular to the 
x-axis, mutually exclusive subsets of A project into mutually exclusive sets. 


A— 
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Thus if s is the union of any sequence of mutually exclusive circles of Fa, 
(A—»)LAs<m(As)x+L(B—A)s. But (corollary §12) with e>0 arbitrary 
there is an s such that LAs=LA and L(B—A)s<e. For this s also 
m(As)x =mA x, so we have (A—7) LA <mAx-+e. Thus SmAx. 

Now let E be a linearly measurable subset of B with at most one point 
on each perpendicular to the x-axis. From Lemma 2 we see that 


mEx = f C(B, p)dL = f C(B, p)dL. 
E E 


But C(B, p) =C(B, p) so C(B, p) exists at almost all points of E. 

Furthermore, C(B, ~) exists at almost all points of B. For there is a se- 
quence of closed subsets of B whose union B has LB=LB. But (Theorems 1 
and 2) B is the union of a sequence of linearly measurable sets B', B?, - - - 
(each with at most one point on any line perpendicular to the x-axis) and a 
linearly measurable set B” (every point of whose projection is the image of 
an infinite number of points of B). From consideration of the above integrals, 
C(B, p) exists at almost all points of each set B™, and consequently at almost 
all points of the union >>“_,B™. Also, from §5, m(B*)x=0, so, Lemma 1, 
C(B, p) exists and is zero at almost all points of B®. Thus C(B, #) exists at 
almost all points of B so finally at almost all points of B. 

We later make direct use of 


THEOREM 5. Let E be a linearly measurable subset of B with at most one 
point on any line x =x, and let F(p) be a function summable on B with respect 
to Carathéodory linear mecsure. Then the function of x defined for each value xo 
as 

™ { 0 if xo is not a point of Ex, otherwise 
f(x0) = F(p), where p is the point of E on the line x=%o, 


is summable on Ex with respect to Lebesgue linear measure and 


f f(x)dx = f F(p)C(B, p)dL. 
Ex E 


First F(p)C(B, p) is linearly measurable on E, since it is the product of 
two such functions. Then f(x) is Lebesgue measurable on Ex, since the part 
of Ex where f(x) >k is the projection of the linearly measurable subset of E 
where F(p) >&. 

With M and N two non-negative numbers, define 


Fuy(p) ={-M if F(p)<—M, F(p) if -M<F(p)<N, N if F(p)2N} 
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and in a like manner, fuw(x). Let —M =a, ai, - - - , dn = N be a subdivision 
of the interval (—M, N). Call the subset of E where F uw(p) <ax. 
Then (E;)x is the subset of Ex where a4_1Sfuw(x) <ax. 

Consequently, from Lemma 2, 


m(Ex)x = | C(B, p)dL. 


E, 


Ey 


k=1 k=l 


But this is true of every subdivision of (—M, NV), so 
(rae = ff Pun pat. 
x E 


However, /zF(p)C(B, p)dL exists since the integrand is the product of 
two functions summable on E, one of which is bounded. Consequently, 
the summability of f(x) and the equality 


f = f roe, pat 
Ex E 
follows. 


V. A REPLACEMENT FOR DIRECTION AND GENERALIZATION OF THE 
Gauss-GREEN LEMMA 


16. We divide the boundary Bof a plane set Ginto three mutually exclu- 
sive subsets B;, By, Bur; with B; consisting of two parts. Let 6 be a point of 
B and FY the line through 6 perpendicular to the x-axis. Then 6 shall belong to 

By, if there is a segment a<y<b of Y below 6 of points of the comple- 
ment of G and a segment b<y<c of Y above b of points of G. 

By, if there is a segment a<y<b of points of G and a segment b<y<c 
of points of the complement of G. 

By if there exist two segments aS y<b and b<y<Xc which either both 
contain only points of G, or both contain only points of the complement of 
G. 

Bin if either half of every segment of Y with mid point 6 contains both 
points of G and points of the complement of G. 


Then 

so 
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One sees that a line perpendicular to the x-axis through a point of Bm 
contains an infinite number of points of B, i.e., Br ¢ B*. 
17. In the introduction we pointed out that Schauder made the material 
restriction that m(By)x =0. We are able to avoid this restriction by showing 
eventually that By, and also B*, contribute nothing to the boundary integral. 
The result is then obtained by integrating over the remaining part of B, 
i.e., over B;—B,B*. However, we find it convenient to integrate over By, 
— B,,B° and B;,—B,,B* separately. It is thus necessary to know that these 
two sets are linearly measurable. We give the demonstration only for the 
first set. 
First let B;,, be all points b of B such that b—1/n<y<b consists only of 
points of the complement of G while b<y< 5+1/n consists only of points 
of G. Let bo be a limit point of By;,,. Then bo is a point of B, since B 
is closed. If bo is a point of B,,, there is an interval a<y<bd, of points of G, 
each of which is a limit point of points of the complement of G, i.e., aS y<b 
is an interval of boundary points, so by belongs to B®. In a like manner one 
sees that each limit point of B;,, which is a point of By is a point of B*. 
Hence with By,,, the closure of By,,, Br,.¢ Br,+B* and > 
so >> -1(Bi,. +B") = Br, +B*. Thus B;,+* is linearly measurable because 
each By,, is linearly measurable (closed) and 8* is linearly measurable (The- 
orem 2). Consequently, the set By, —B,,B® is linearly measurable since it is 
the intersection (B— B~)(B;, +B*) of two linearly measurable sets. 
Likewise, the set B;,—B;,B* is linearly measurable. Thus B,;—B,B*, 
and then By —ByB”, is linearly measurable. 
18. At all points b of B we now define the function 
—C(B, b) if b is a point of By, —B,,B* 
C(B, b) if b is a point of B;,—B,,B” 
0 if b is a point of By —ByB* 
C(B, 6) if b is a point of B*. 

If 5 is given by its coordinates (x, y) we designate 


cos(B, b) by cos[B, (x, y) ]. 


Since, as we’ have seen, C(B, b) exists at almost all points of B it would 
have been as well, in the following integral theorems, to define cos (B, 5) 
in terms of C(B, b). Also, since C(B, 6) =0 at almost all points of B*, we 
could have defined cos (B, 6) =0 at all points of B*. 

In the ordinary Green’s theorem, the points of a crosscut correspond es- 
sentially to By —ByB*. Since the integral around the complete boundary 
traverses a crosscut twice, and its value when taken in one direction is 
annulled by its value in the opposite direction, the same result would be ob- 


cos(B, b) = 
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tained if at each point of a crosscut the direction cosine of the external nor- 
mal were arbitrarily replaced by zero. In an analogous manner, even though 
there is no notion of direction in our case, we have defined cos (B, 6) to be 
zero at all points of By —ByB". 

19. We now prove the theorem connecting a double integral over a plane 
set and a single integral over the boundary of the set. 


THEOREM 6. Let G be a bounded plane point set whose boundary B is nor- 
mal with LB finite, and let (G+B)xo be the intersection of G+B and the line 
x=2x9. If a function F(x, y) is summable on B with respect to linear measure 
and is absolutely continuous in y on (G+B)xo for almost all values of xo in 
Bx, and if F(x, y)/dy is summable on G+B with respect to Lebesgue plane 
measure, then F(x, y) cos [B, (x, y)] is summable on B with respect to linear 
measure, and 


ff, 
G dy ° 


The plane measure of B is zero since LB is finite, t hence 


OF (x OF (x OF (x, 
ff andy = ff andy = fax f ( 
oy Gp OO By (G+B)z2 «OY 


But the set B” (of all points of B on all lines perpendicular to the x-axis 


containing exactly m points of B) is linearly measurable, so 


OF (x, OF (x, 
By (G+B)z OY (B*), (G+B)2 OY 


- OF (x 
m=1 (B™), (G+B)z ey 


However, since m(B*)x =0 and C[B, (x, y)]=0 at almost all points of 8», 


OF (x, ¥) 
f ax f dy = f F(x, y) cos [B, (x, y)]dZ = 0. 
(B”), (G4B)2 OY 


Thus the proof of the theorem will be complete upon showing that F(x, y) 
- cos [B, (x, y)] is summable on B” and 
aF (x, 
(A) dx f mi = f F(x, y) cos [B, (x, y)]aL. 
(B™)x (G4+B)z2 OY 


Toward proving (A), let x» be a point of (B”)x. Then each of the m 
points of B on x=» belongs to either B; or By. If there are points of B; on 


t Gdttinger Nachrichten, 1914, p. 425. 


1935] CARATHEODORY MEASURE AND THE GAUSS-GREEN LEMMA 547 


2% =o, there are an even number of such points; the lowest belonging to By,,, 
the highest to By,. With (xo, b:), b2),- ben) the points of B; in 
order of increasing ordinates, the set (G+.B)x» consists of the non-abutting 
intervals 2,+--, m, and a finite number of points of By. 
Thus 


OF (xo, 9) OF (xo, y) 
(G+B) zo dy dy 

except perhaps for a set of measure zero made up of the values of x where 
the integral on the left fails to exist and those values of x for which F(xo, ) 
is not absolutely continuous. The second equality follows from the fact that 
an absolutely continuous function is reproduced by the integral of its deriva- 
tive.t 

We recall that the set B* consists of all points » of B such that exactly 
r—1 points of B lie below p on the same perpendicular to the x-axis. With 
(xo, y) the point of Br on the line x =%o, define 


(r 1, 2, m) 


as —F (xo, y), F(xo, y) or zero according as (%o, y) belongs to By,, By,, or Br. 
Then since (xo, b;) belongs to By, if 7 is odd or to By, if 7 is even, 


= (— 1)'F (ao, 


t=1 
Consequently, from (1), >>”; f-(x) is summable on (B”)x and 
OF (x, y) m 
(2) f dx f dy = f(x)dx. 
(B™)x (G+B) z oy (B™)y 


Since F(x, y) is summable on B and Br has at most one point on any line 
perpendicular to the x-axis, while all three sets B;,—B;,B*, B°, and Br are 
linearly measurable, it follows from Theorem 5 and the definition of 
cos [B, (x, y) ] at points of By, that 


J, B™Br — F(x, y)C[B, (x, y) 


1 


F(x, y) cos [B, (x, y) ]aL. 


By, 


In like manner 
= 9) cos [B, (x, 
ByyB™Br 


t Hobson, Real Variables, p. 553. 
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But f,(x) =0 at each point of (ByB’)y and cos [B, (x, y)]=0 at each point 
of By —ByB*, so 


f = f F(x, y) cos [B, (x, y) |dZ 
(By; B"B")y By B™Br 


Consequently, from the last three equations, by addition, 
= 9) c0s [B, (2, ») 
(B™), 
Now, since f,(x) is summable on (8”)x, we have 


= > 


m 


S(x)dx. 


But from the last two equations and (2) 


OF (x, m 
f dx f 008 [B, (2, 9) 
(B™)y (G+B)z 


r=1 


= F(x, y) cos [B, (x, y) ]dZ, 


which is equation (A). The proof is thus complete. 

In Theorem 6 the only condition on the boundary B of G is that it be 
normal and have LB finite, while there is no condition on G except that it 
be bounded. The boundedness of G and the finiteness of LB are inherent in 
the problem, whereas the normality of B is a less natural restriction intro- 
duced to fit the method of attack. That, however, the normality condition 
is not a very drastic restriction is shown by the fact that the boundary of 
every simply connected region is normal if this boundary has Carathéodory 
linear measure finite. Furthermore, it follows that a much larger class of sets 
G have normal boundaries. For let G be a set whose boundary B is contained 
in the union B’ of the boundaries B,, Bz, - - - , B, of a finite number of simply 
connected regions, where each B; has Carathéodory linear measure finite. 
Then B’ is normal (lemma §10) since D(B’, 6) 21/2 at each point b of B’. 
Consequently, B is normal] (Theorem 4) since it is a linearly measurable sub- 
set of B’. The usual crosscut scheme is included in this extension. 
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EXISTENCE THEOREMS FOR DOUBLE INTEGRAL 
PROBLEMS OF THE CALCULUS OF VARIATIONS.+} 


BY 
E. J. McSHANE 


For single-integral problems of the calculus of variations there are in the 
literature a number of existence theorems of considerable generality. Re- 
cently Tonelli has established several existence theorems for double integral 
problems of the form //f(x, y, %, 22, 2,)dxdy=min. But to the best of my 
knowledge, except for the several discussions of the problem of Plateau the 
literature contains no proof of any existence theorem for double-integral 
problems in parametric form, that is, for problems of the form F(S) 
= Sf f(x,y, z,X, Y,Z)dudv=min, where the equations x=x(u, v), y=y(u, 2), 
z=2(u, v) represent a surface and X, Y, Z are the three jacobians of (x, y, 2) 
with respect to (, 2). 

The present paper gives the proof of two such theorems, in each of which 
the integrand function is permitted to be a function of (X, Y, Z) of quite 
general type, but is required to be independent of the coordinates (zx, y, 2). 
The theorems are based on a semi-continuity proof and a convergence theo- 
rem. The semi-continuity of quasi-regular functionals F(S) I have already 
established under conditions of adequate generality. Here I develop the con- 
vergence theorem needed. The methods are extensions of those previously 
used in connection with the problem of Plateau.{ 

1. Preliminary remarks. The word surface will always be used to mean a 
continuous surface of the type of the circle, represented by three equations 
x=2x(u, v), y=y(u, v), z=2(u, v), where (u, v) ranges over the interior and 
boundary of a Jordan region B (i.e., a region bounded by a simple closed 
curve). In case the six partial derivatives x,, x,, etc., all exist and are finite, 
we denote the three jacobians of x, y, z with respect to u, v by the symbols 
X,Y, 2: 

xy -|™ y=|*™ za|™ 
Yo Zy Yo 

Let us suppose that f(X, Y, Z) is a function positively homogeneous of 
degree 1 in (X, Y, Z) and continuous together with its first partial derivatives 
for all (X, Y, Z) (0, 0, 0). For all arguments (X, Y, Z) such that X?+ Y?+Z? 

t Presented to the Society, October 28, 1933; received by the editors July 28, 1934. 


t E. J. McShane, Parametrizations of saddle surfaces, etc., these Transactions, vol. 35 (1933), 
pp. 716-733. This paper will henceforth be cited as S.S. 
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=1 the function f is bounded, say |f| <M; hence by homogeneity the in- 
equality 


| ¥,Z)| M[X?+ ¥?+ < m(| 


holds for all X, Y, Z. Consequently, if « =x(u, v), y =~y(u, v), s=2(u, v), 2) 
on B, is a representation of a surface such that the six partial derivatives x., 
etc., are defined almost everywhere in B, and the jacobians X, Y, Z are sum- 
mable over the set on which they are defined, it follows that the integral 


f Y, Z)dudo 
exists. 


As in the case of single integrals, the mere existence of this integral is 
inadequate for our purposes.{ In the study of the parametric problem (single 
integrals) we restrict ourselves to representations x=x(é), etc., in which the 
functions x(é), - - - are absolutely continuous. Lacking an adequate gen- 
eralization of the notion of absolute continuity to the pairs of functions of 
two variables, we say that a surface S with finite Lebesgue area L(S) is an 
admissible surface (for the integrand f(X, Y, Z)) if S has representation 
x=2x(u,v), y=y(u, 3=2(u, v), (uw, v) on B, for which the jacobians X, Y, Z 
are defined almost everywhere in B and for which the following approxima- 
tion property holds: there exists a sequence {7,} of polyhedra 7,:%=2n(, 2), 
y=Yn(u, 2), 2=2,(u, 0), (wu, v) on B,, such that lim 7,=S, lim L (1,)<@, 
and lim ffs, f(Xn, Yn, Zn)dudv=ffef(X, Y, Z)dudv. The representation 
x=x(u, v), etc., is then called an admissible representation of the surface S. 

If for the corresponding single-integral problem we write the analo- 
gous definition of admissible curves, we find that for every integral 
Sf(x, y, 2, x’, y’, s’)dt the class of admissible curves is the same as the class 
of rectifiable curves; and if in addition the integral is positive definite (i.e., 
f>0O whenever (x’, y’, 2’) ~(0, 0, 0)) and positive quasi-regular, the admissible 
representations are the same as the absolutely continuous representations. 
For double integrals no such simple characterization is at present known. 
But it can be stated that for every integrand f(X, Y, Z) with the continuity 
and homogeneity properties above described the class of admissible surfaces 


¢ The integrand may be undefined on a set of measure 0. Here and henceforth we agree that if a 
function ¢(x) is defined at all points of a set E except those of a set V of measure 0 and is summable 
on E—N, the symbol /¢(u)du shall mean the integral /g_w¢(u)du. 

¢ As has been shown by M. Lavrentieff, Sur quelques problémes du calcul des variations, Annali 
di Matematica, (4), vol. 4 (1927), p. 7. 
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includes the class of surfaces of “typet C,” which in turn includes the class 
of all continuous surfaces having representations x=x(u, v), y=y(u, 2), 
z=2(u, v), (uw, v) on B, which satisfy the conditions 

(1.1a) for almost all numbers K, the functions x(u, v), y(u, v), 2(u, v) are ab- 
solutely continuous functions of ~ on every segment of the line »=XK lying 
interior to B, and are absolutely continuous functions of » on every segment 
of the line «=K lying interior to B; 

(1.1b) the six partial derivatives +., %», Yu) Yo) Zu, 20 (which by (1.1a) exist 
almost everywhere in B) are summable together with their squares over the 
region B. 


For surfaces of type C typically represented (in particular, for representa- 
tions satisfying conditions (1.1)) we already know{f that the value of the in- 
tegral is independent of the particular representation and is thus a func- 
tional of the surface alone. We then have the right to denote the integral by 
the symbol F(S), 


(1.2) F(S) = f f f(X, Y, Z)dudo. 


But for admissible surfaces not of type C it is not known that this invariance 
property holds; hence for general admissible surfaces we shall always write 
the integral in full, avoiding the (possibly multiple-valued) symbol F(S). 
We define the Weierstrass €-function as usual: 
E(x, Y, Z, X, Z) Z) Xfx(X, Y, Z) 
Yfr(X, Y, Z) - Zfa(X, Y, Z); 

and as usual we call F(S) positive quasi-regular if E(X, Y, Z, X, Y, Z)=0 
for all (X, Y, Z) and all (X, Y, Z) ¥(0, 0, 0), and we call it positive definite 


if f(X, Y, Z) >0 for all (X, Y, Z) #(0, 0, 0). 
We shall say that a surface S is of type L, if it possesses a representation 


(1.3) 


(1.4) x(u, 0), y = y(u, 2 = 2(u, 0), w+ S 1, 


in which the functions x(u, v), etc., satisfy conditions (1); the representation 
(1.4) we shall correspondingly call a typical representation. It is known§ that 
if a surface S has a representation 


t Defined and studied in Integrals over surfaces in parametric form, Annals of Mathematics, vol. 
34 (1933), p. 815; cf. also C. B. Morrey, A class of representations of manifolds, American Journal of 
Mathematics, vol. 55 (1933), p. 701. 

} E. J. McShane, loc. cit. in the preceding footnote. 

§ E. J. McShane, On the minimizing property of the harmonic function, Bulletin of the American 
Mathematical Society, vol. 40 (1934), p. 593. 


E. J. MCSHANE 


x(u, v), y(u, v), 2(u, v), (u, v) on B, 


which satisfies conditions (1.1), it is necessarily of type L2; but we shall not 
make use of this. 

2. A transformation of the integrand. By change of coordinates we can 
bring the integrands under consideration into a special form, useful for later 
proofs. 


Lemma 2.1. Let the inequality 
(2.1) Y,Z) + f(— X, Y¥, —Z) >0 
hold for all (X, Y, Z) ¥(0, 0, 0). There exists a linear transformation 
X = A,X’ + B,Y'’+ CZ’, 
(2.2) VY = A,X’ + BY’ + C22’, 
Z = A3X' + + C32’, 
of determinant 1, such that the function 
(2.3) ¢(X’, ¥’, 2’) = f(X, Y,Z) 
satisfies the conditions 
gy’(1, 0,0) = gy-(— 1, 0, 0), 
$z'(1, 0,0) = ¢z-(— 1, 0, 0), 
$z(0, 1,0) = ¢z-(0, — 1, 0), 
1,0) = ¢x-(0, — 1, 0). 


(2.4) 


Let us define 
(2.5) g(X, Y,Z) = f(X, Y,Z) + f(—X, — Y, —Z). 
The function g obviously has the same differentiability and homogeneity 
properties as f, and the surface S in X YZ-space defined by the equation 
(2.6) g(X,Y,Z) =1 


is symmetrical with respect to the origin. (By (2.1) the surface exists, and 
in the direction of the unit vector X., Y., Z, has the distance from the origin 
r=([g(X., Y., Z.) |-!.) Moreover, from the homogeneity relation 


Xgx + Ver +Zgz=g=1 


we see that the three derivatives cannot vanish simultaneously, so that the 
surface S is continuously differentiable. 

On S there is a point at maximum distance from the origin. By a rotation 
of axes we bring this point to the X-axis. Then for Y=Z=0 the tangent 
plane to S is parallel to the YZ-plane. We now introduce polar coordinates, 
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r, 0,@ so that X =r sin ¢, Y=r cos ¢ cos 0, Z=r cos ¢ sin 0. The surface S 
can then be represented in the form 


r(8, 9), 
where r(r+0, —¢) =r(0, Since this implies 


a , 0) = 


and this derivative is continuous, there exists a point, with arguments (4, 0), 
at which 0r/d¢ vanishes. By rotation about the X-axis we bring this point 
to the Y-axis, so that dr/0¢ vanishes for =¢ =0 (that is, for X =Z=0). The 
tangent plane at @=¢=0 is then parallel to the X-axis, but not necessarily 
to the Z-axis. Let /, be the line through the origin parallel to the intersection 
of that tangent plane with the YZ-plane. By an affine transformation T of 
the form X =X, Y=Y+KZ, Z=Z, we bring /, to the Z-axis, leaving the X 
and Y axes unchanged. After this transformation the tangent plane at 
X =Z=0 is parallel to the XZ-plane; the tangent plane at Y = Z =O and the 
YZ-plane are unchanged, hence remain parallel. 

The two rotations and the affine transformation T can be combined into 
a single linear transformation of the form (2.2). In terms of the new coordi- 
nates, the surface S has the equation 

o(X’, 2’) + X’, Y', =1 
where ¢ is defined by equation (2.3). The normal to S has the direction num- 
bers (dropping primes) 
ox(X, — ox(- xX, Y, ~ £), 
(2.7) oy(X, Y,Z) — X, — Y, — 2), 
$2(X, Y,Z) $z(— X, ~ — 2). 

But for Y = Z =0 the normal has direction cosines (+1, 0, 0), so that the last 
two of the numbers (2.7) are 0 for Y = Z=0 whether the positive or negative 
value of X be chosen. Recalling that ¢y and ¢z are positively homogeneous 
of degree 0, this yields the first pair of equations (2.4). For X = Z =0 the nor- 
mal has direction cosines (0, +1, 0); this likewise yields the second pair of 
equations (2.4). 

Let us suppose that we are given an integrand f(X, Y, Z) satisfying in- 
equality (2.1), and let the matrix 


a, ade ay 
be 
Ci Ce C3 
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be the reciprocal of the matrix of the transformation (2.2). We find readily 
that for every surface 


S3 x = x(u,v), y = y(u,v), 2 = 2(u,v), (u,v) on B, 
for which f(X, Y, Z) is summable the transformation 

= + by’ + 
(2.8) y = dex’ + boy’ + 

Z = + bsy’ + 


induces transformation (2.7) on the jacobians X, Y, Z, and 


(2.9) S foc, Y’, Z’)dudv = [fs Y, Z)dudv. 


The surfaces admissible for f transform into surfaces admissible for ¢; like- 
wise the class of surfaces of type C transforms into itself and the class of 
surfaces of type L also transforms into itself. Hence if we are given a Jordan 
curve I’, transformed by (2.8) into a curve I’ of x’y’z’-space, the problem of 
finding a minimizing surface for [ff(X, Y, Z)dudv in the class of all surfaces 
bounded by I and belonging to any one of the three analytic classes just 
mentioned is equivalent to the problem of finding a minimizing surface for 
Sf Y’, Z’)dudv in the class of all surfaces bounded by I’ and belonging 
to the corresponding analytic class. In other words, there is no loss of gen- 
erality in assuming to begin with that f(X, Y, Z) satisfies the equations 


fr(1, 0, 0) = fr(— 1, 0, 0), 
f2(1, 0,0) = fz(— 1, 0, 0), 
fz(0, 1,0) = fz(0, — 1, 0), 
fx(0, 1, 0) = fx(0, — 1, 0). 


3. First existence theorem for positive definite integrals. In this section 
we shall consider integrands f(X, Y, Z) which satisfy the condition 


(3.1) {(X, Y,Z) > 0 for (X, Y,Z) ¥ (0, 0, 0). 


Given a Jordan curve I, it is clear that the greatest lower bound 7 of 
SS {(X, Y, Z)dudv for all admissible surfaces bounded by I is non-negative. 
Another lower bound associated with I we define in the following way: 

Let S,: x=%,(u, v), etc., m=1, 2, - - - , be a sequence of admissible sur- 
faces whose boundaries tend to I’, and let m({S,}) be the lower limit of 
SS (Xa, Vn, Z,)dudv. We define m to be the greatest lower bound of the num- 
bers m ({S,}) for all such sequences {S,,}. Clearly 


(2.10) 
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(3.2) m < i, 


for we can construct a sequence {S,} of admissible surfaces bounded by I 
for which the integrals tend to 7, and m is not greater than the limit of the in- 
tegrals over the surfaces S,. 

We now proceed to the proof of 


THEOREM 3.1. Let the integral 


(3.3) f f f(X, Y, Z)dudo 


be positive definite and positive quasi-regular, and let the curve 

r: x(t), y = 2 = 

be a Jordan curve in xyz-space, bounding at least one admissible surface.t Then 
there exists a triple of functions x(u, v), y(u, v), 2(u, v), defined for u?+0? <1, 
with the following properties: 

(1) the surface 

(3.4), S: x = x(u,v), y = y(u,v), 2 = 2(u,v), u@+? <1, 

is bounded by the curve 1; that is, the equations x =x(cos 0, sin 6), y=y(cos 8, 
sin 0), z=2(cos 0, sin 0), form a representationy of the curve T; 

(2) the functions x(u, v), y(u, v), 2(u, v) satisfy conditions (1.1); 

(3) the surface (3.4) minimizes the integral (3.3) in the class of all admissible 
surfaces bounded by T, and in fact 

(3.5) F(S) =i =m. 


In accordance with the remark at the end of §2, there is no loss of general- 
ity in assuming that equations (2.10) are satisfied. By the homogeneity of f 
we have 


(3.6) f2(0, 0, 1) = f(0, 0, 1), f2(0, 0, — 1) = — f(0, 0, — 1). 
By hypothesis inequality (3.1) is valid; and from (3.6) and (3.1) we see that 
there exist numbers a, b such that 

afz(0, 0, 1) + fx(0, 0, 1) - afz(0, 0, fa 1) + fx(0, 0, 1 1), 


(3.7) 
bfz(0, 0, 1) + fr(0, 0, 1) = df2(0, 0, — 1) + fr(0, 0, — 1). 
¢ From the results of S.S. (Lemma 3 and Theorem JI) this is equivalent to requiring that I 
bound at least one surface of finite area. 
¢ But in this representation it is possible that two distinct points (cos @:, sin 6;) and (cos 62, 
sin 6.) might yield the same point (x, y, 2). 
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We define the number & by the relation 
(3.8) k = 2(1 + a? + 0’). 
Let us now select a sequence of admissible surfaces 
x = x,*(u,v), y = ya"(u,v), 2 = v), (u,v) on By, 


bounded by curves I’,* such that I',*—T and such that 


(3.9) lim ff I(X*, Z*)dudv = m. 
Bn 


no 


Since the S, are admissible surfaces, we can for each S, find a polyhedron r,, 
which we assume to have non-degenerate triangles for faces, such that 


(3.10) dist Sn) < 1/2" 


and 


(3.11) - ff Z.*)dudv 
Bn 


From (3.10) and the relation ',*—T' we see that the boundary curves I, of 
the polyhedra 7,_satisfy 


(3.12) 
and from (3.11) and (3.9) we see that 
(3.13) F(x,) > m. 


It is knownf that every polyhedron z with non-degenerate faces admits 
of a parametric representation of the following kind. 

(a) The functions representing 7 are defined in the unit circle; that is, is 
represented by equations 
(3.14) x = x(u,v), y = y(u, v), 2 = 2(u, 1. 

(b) The unit circle is subdivided by arcs into a finite number of curvilinear 
triangles 6,, - - - , 6, and equations (3.14) carry each triangle into a recti- 
linear triangle in xyz-space. 

(c) The triangles 5; are bounded by arcs which are analytic, including end 


points. 
(d) Interior to each triangle 5; the functions x(u, v), y(u, v), 2(u, v) are 
analytic and satisfy the relations 


t See, e.g., Carathéodory, Conformal Representation (No. 28 of the Cambridge Tracts in Mathe- 
matics and Physics), chapter VII. 
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(3.15) E=G, F=0. 


(e) Three arbitrarily given distinct points Ai, Az, As on the boundary 
curve of x correspond to three arbitrarily given distinct points A*, A*, A* 
on the unit circle =1. 

Accordingly, we choose on the curve I three distinct points A:, A, As, 
and on each I’, we choose three distinct points A:™, A2™, A;™ such that 


lim Am = A; 1, 3). 


no 


On the circumference of the unit circle u?+? <1 (which circle we shall hence- 
forth denote by K) we choose three distinct points Ai*, As*, As*, and we repre- 
sent each polyhedron 7, by equations 


(3.16) Tn: = Xn(U,v), = 0), 2 = 2,(u, 0? S 1, 


such that conditions (a), (b), (c), (d) are satisfied and the points A: A.™, 
A;™ correspond to Ai*, respectively. 

Let »>0 be the lower bound of f(X, Y, Z) on the bounded closed set 
X?+Y?+2Z?=1; then for all X, Y, Z we have 


(3.17) f(X, Y,Z) = w[X? + + 


We may assume without loss of generality that F(z,,) <m+1 for all m; whence 


m+1> f f Vn, Zn)dudv = f f u[X2 + V2 + Z,2 


K K 
so that 


(3.18) +G,)dudo H, H = 2(m + 1)/u. 


On the functions (3.16) we now operate to reduce their monotonic defi- 
ciency.{ We choose a cube dS xSd+h,dsysd+h,dsz<d+h large enough 
to include the whole curve I and all the curves I’, in its interior (as is possi- 
ble, since I',--I'). The set of points (w, v) such that z,(u, v) >d is an open set, 
except that it may contain limit points on the circumference of the unit circle 
K, and it consists of a finite number of maximal connected subsets. We reject 
those subsets which have points in common with the circumference of K, and 
name the rest Ri, - - - , Rp. We proceed similarly with the set z,(u, v) <d; 


tS.S., p. 717. 
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the maximal connected portions of this set which have no point in common 
with the circumference of the unit circle we call Rpiz, - , Re. 

On each R; we define the functions &(u, v), 9“ (u, v), ¢(u, v) by the 
relations 


(3.19) ED = + a(n — d), = yn + — d), = d; 
on the remainder K —)_R; of the unit circle we set 
(3.20) EY) = x, 7) = Yny = z,. 


The functions &, »™, ¢ clearly retain properties (a), (b), (c), (e), and the 
surface 


(3.21) 0), y = 0), 2 = 0) 


is bounded by I. Moreover, if we denote the jacobians of &, 7, ¢ by 
2, H®, Z®, we find 


(3.22) =0, H = 0, Z = Z, — aX, — (u,v) on >> Ri, 


so that 


Sf Vin Zn) S(E™, Z) |dudv 
K 


= f [E(O, 0, Xn, Va, Zn) — Yafy(0, 0, 2) 
— (aX, + bY,)f2(0, 0, Z™) |dudo 

2-2 {X,[fx(0, 0, + afz(0, 0, Z)] 
4 Z™) + bfz(0, 0, Z)]} dudo. 


Since the derivatives fx, etc., are positively homogeneous of degree 0 in 
(X, Y, Z), it follows from (3.7) that for all Z“ #0 the equations 


fx(0, 0, + afz(0, 0, fx(0, 0, 1) afz(0, 0, 1) = ¢1, 
fr (0, 0, Z) + bfz(0, 0, Z) = fx(0, 0, 1) + afz(0, 0, 1) = Cs 
hold. If Z‘ =0 we assign fx the value fx(0, 0, 1), and likewise for fy and fz; 


(3.23) continues to hold, and also the equations (3.24). But for each of the 
regions R; we have 


(3.24) 


(3.25) f X,dudv = ff 
R, 
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the single integral being taken around the boundary of R;. On the boundary 
of R; we have z, =d, by the definition of R;; hence z,, =0, and 


(3.26) f X,dudv = 0. 
Ri 


From this and (3.23) follows 
(3.27) F(3™) S F(x). 
To the surface =, in its representation (3.21), we apply a similar proc- 


ess, the number d being replaced by d+4/n in defining the sets R; and in 
equations (3.19). We thus obtain a surface 


(3.28) = y = (u,v), = v). 

As before, the functions £, n°, ¢ continue to satisfy conditions (a), (b), 
(c), (e), and also 

(3.29) F@™) S F(a), 

where 2°” is the surface x= £‘?)(u, v), - - -, (u,v) on K. We repeat the process 
with d+2h/n in place of d+1/n, obtaining the functions &®, n®, ¢, and 
continue +1 times, using the numbers d+ih/n (i=3, 4, - - - , m) succes- 
sively to obtain functions We re-name these functions, 
calling them £,, jn, 2, respectively. They satisfy conditions (a), (b), (c), (e), 
and also 

(3.30) F(3,) 

where >, is the surface x =é,(u, v), etc. 

The set > R; is an open set, and its boundary, which consists of a finite 
number of analytic arcs, is of measure zero. Hence, neglecting a set of meas- 
ure 0, we have for (u, v) in K—)_R; the equality 

E, = E,, = Ga. 
At each point of >>R; the functions £,, etc., are defined by equations (3.19) 
or their analogues, so that by the use of elementary inequalities we find that 
E, kEn, G, kG,, 


where k is defined in (3.8). Hence, recalling inequality (3.18), 
K 


We readily see that the function 2, has a monotonic deficiency not greater 
than h/n. 


q 
( 
4 
¥ 
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To the functions 4, of equations (3.3) we now apply a similar process. 
The points (uw, v) such that 4,(u, v) >d fall into a finite number of maximal 
connected sets; we reject those which have points in common with the cir- 
cumference of K, and name the others Ri, Re, - - - , Rp. We treat the points 
(u, v) for which 4,(u, v) <d similarly, obtaining sets R41, - - - , Ry. We now 
define 

4% = d, (u, v) on > Ri, 
4 = aa, (u,v) on K — 
The surface 
(3.32) = &,(u, 0), y = v), = %,(u, v), (u,v) on K, 


is easily seen to satisfy the inequality 


(3.33) f + G)dudv f (E, + G,)dudo, 


where the functions E™, correspond to and E,, G, to for 
E, — E® 
has the value 0 on K—)-R; and the value (0%,/0u)? on >-R;. Moreover, an 
argument similar to the above proves that 
we need only to permute X, Y, Z cyclically and set a=} =0 in (3.23), recalling 
equations (2.10). 

Applying the same process to the sets R; on which 4>d+h/n or 
4° <d+h/n gives 4; and continuing the process we obtain successively 
-- +, The function we re-name Each alteration reduces 
(or leaves unchanged) the value of f{fdudv and of [{(E+G)dudv, and leaves 
z,(u, v) and é,(u, v) unaltered. 

Finally, we apply to the function £,(u, v) the same process as we have 


just applied to 4,(u, v), arriving at a function #,(u, v). We define the surface 
S, by the equations 


(3.34) = &,(u, 2), = Fn(u, 0), 2 = Zn(u, 0), (u,v) on K. 
The following relations then hold: 
(3.35) F(S,) S F(a); 


(3.36) f f (E, + G,)dudv < k*H. 
K 
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Moreover, the functions x,(u, v), etc., have monotonic deficiency not greater 
than h/n, and they satisfy conditions (a), (b), (c), and hence satisfy condi- 
tions (1.1). Since the functional values on the boundary have been left un- 
altered, it remains true that the points A;™ of I’, correspond under (3.34) 
to the points A ¥* of the circumference of K. 

The hypotheses of Lemma 2 of S.S. are satisfied by the surfaces (3.34). 
Hence there exists a representation 


y = y(6), 2 = OS S 
of the curve I and a subsequence {5,} of the {5,}, the subscript a ranging 
over a subset of the positive integers, such that 
(3.37) lim = ~(6), lim Fa(6) = lim 2.(6) = 2(6) 


uniformly in 6. 

Now by Lemma 1 of S.S. we can select a subsequence {5,} of the se- 
quence {3,} such that the functions # converge uniformly over the whole 
circle K to a limit function x(u, v). From the sequence {3,} we can select a 
subsequence {5,} such that ,(u, v) converges uniformly on K to a limit func- 
tion y(u, v). Finally, we can select a subsequence {3;} of the sequence {5,} 
such that 2; converges uniformly on K to a limit function 2(u, v). Moreover, 
by Lemma 1 of S.S. these limit functions are monotonic and the surface 


(3.38) S: = x(u,v), y = y(u,v), = 2(u, 0? S 1, 
satisfies conditions (1.1). From (3.37) we see that S is bounded by I; hence 
(3.39) F(S) 2 i. 

By hypothesis the integral F(S) is positive quasi-regular and positive defi- 
nite; and we have just seen that the surfaces S,, S all satisfy conditions (1.1), 
and by (3.36) their areas are uniformly bounded. Under these conditions it 
is known{ that F(S) is lower semi-continuous, so that 
(3.40) F(S) S lim inf F(S,). 

This, in conjunction with inequality (3.35) and equation (3.13), implies 
(3.41) F(S) i. 
Comparing inequalities (3.39) and (3.41) we find 

F(S) = 


and the theorem is proved. 


We here use to denote #,(cos @, sin 8), etc. 
YE. J. McShane, Integrals over surfaces in parametric form, Annals of Mathematics, vol. 34 
(1933); in particular, Theorem ITI. 


| 
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4. Second existence theorem: non-definite integrals. If we restrict our at- 
tention to rectifiable curves ! and admit only comparison surfaces of typeT 
I, the hypothesis that F(S) is positive definite can be omitted, and we have 


THEOREM 4.1. Let the integral 
(4.1) F(S) = f Y, Z)dudo 


be positive quasi-regular, and let T be a rectifiable Jordan curve in xyz-space. 
Then in the class of all surfaces of type Lz boundedt by T there exists a surface 
S which minimizes F(S). 


We first show that for any constants a, b, c the integral 


(4.2) Jfcx + bY + cZ)dudv 


has the same value for all surfaces 
x = x(u,v), y = y(u,v), 2 = 2(u,v), (u,v) on K, 


bounded by I and such that the functions x(u, v), etc., satisfy conditions 
(1.1). (As before; K is the unit circle.) Since the Dirichlet integrals of x, y 
and z are finite over K, the same is true of the harmonic functions &, 7, ¢ 
having the same boundary values as x, y, z respectively. Reflecting these 
functions in the unit circumference yields harmonic functions £, 4, ¢, defined 
outside of K, having finite Dirichlet integrals over the region u?+v7?21. 
Hence if we set #(u, v)=x(u, v) for u2+v°<1 and #(u, v)=E(u, v) for 
1<u?+v? <2, and define 7, analogously, the functions 4, satisfy con- 
ditions (1.1) over the whole circle u?+ v? <2 and coincide with x, y, z respec- 
tively for u?+0? <1. 

We can now apply the proof of Lemma 4 of the last-cited paper, with the 
trivial change that the integrals fyz’dt, etc., are replaced by Lebesgue- 
Stieltjes integrals fydz, etc.; we thus find that 


ff Xdudo = fyds, Sf Vdudo = fudz, ff Zdudv = fray. 
K K K 


The single integrals are taken around I and are independent of the particu- 
lar representation of I’, and the invariance of the integral (4.2) follows at 
once. 


t Defined at end of §1. 
t Cf. footnote to Theorem 3.1. 


1935] EXISTENCE THEOREMS 563 


We treat separately the cases in which the E-function E(X, Y, Z, X, Y, Z) 
is identically zero and that in which it is not identically zero. If it is identi- 
cally zero, the integrand has the form 

f(X, Y,Z) = aX + bY + cZ; 
for 


0 = (0,0, 1, X, Y,Z) = f(X, Y,Z) — f(0, 0, 1) 
= Xfx(0, 0, 1) Yfy(0, 0, 1) (Z 1)fz(0, 0, 1) 
= Y, Z) Xfx(0, 0, 1) Yfy(0, 0, 1) Zfz(0, 0, 1). 
Hence the integral F(S) has the same value for all surfaces under considera- 
tion, and if we choose any surface S of type Lz bounded by I (the existence 
of such surfaces being obvious), it serves as a minimizing surface for F(S). 


If the €-function is not identically zero, it is possible to find three con- 
stants a, b, c such thatT 


(4.3) o(X, V,Z) = f(X, ¥,Z) + aX + +cZ>0 


for all (X, Y, Z) ~(0, 0, 0). For all surfaces of the type under consideration 
which are bounded by I, the integrals F(S) and 


o(X, Y, Z)dudv 


differ by a constant, hence a minimizing surface for @(S) is simultaneously 
a minimizing surface for F(S). But because of inequality (4.3), Theorem 3.1 
guarantees the existence of a minimizing surface of type L, for ®(S), and our 
theorem is established. 


+ E. J. McShane, Remark concerning Mr. Graves’ paper, etc., Monatshefte fiir Mathematik und 
Physik, vol. 39 (1932), p. 105. The proof applies without change to the present case. 
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THE CHARACTERIZATION OF PLANE COLLINEATIONS 
IN TERMS OF HOMOLOGOUS FAMILIES OF LINES* 


BY 
WALTER PRENOWITZ 


Introduction. This paper is concerned with the problem of specifying 
minimal conditions that a transformation be a plane collineation.f 

Let I' represent any regiont of the euclidean plane. A set of line intervals§ 
contained in I is called a family of lines or a family of lines in T, if the end 
points of each interval of the set are not in I’, and each point of I is on ex- 
actly one interval of the set. The region I is said to contain the family of lines. 
If n families of lines are contained in I’, and no two have a common line, they 
are said to constitute an n-web of lines in T. 

We may now state our principal result. 


THEOREM V. Any topological transformation of region T which carries a 
4-web of lines in T into a 4-web of lines is a projective collineation. 


This theorem was proved by E. Kasner|| on the assumption that the trans- 
formation is differentiable twice. Other results characterizing projective 
transformations have been derived by E. Gourin{] and by W. Blaschke and 
his co-workers at Hamburg in connection with their study of webs of curves.** 
The theorem is related to the work of the Hamburg geometers on transforma- 
tions of webs of curves since it is equivalent to the assertion that if two 4-webs 
of lines are topologically equivalent, thev are projectively equivalent. 

The proof of this theorem is given in §III of the paper. It is preceded by a 
set of lemmas in §II, which establish the requisite properties of families and 


* Presented to the Society, March 26, 1932, and October 27, 1934; received by the editors 
January 20, 1935. 

t We use the term collineation in the sense of a one-to-one transformation of a point set which 
carries collinear points into collinear points. Any projective transformation which carries points into 
points is a collineation. 

t The word region is used in the sense of an open set of points, such that any two points of the 
set can be joined by a broken line wholly contained in the set. 

§ The term line interval is used in the general sense to mclude half lines and infinite lines as well 
as finite intervals. 

|| Bulletin of the American Mathematical Society, vol. 9 (1903), pp. 545-546. 

{].In an unpublished manuscript he proved that any one-to-one transformation on the general pro- 
jective plane, which carries four independent pencils of lines into four pencils of lines, carries a net of 
rationality into a net of rationality. This result first attracted the writer to the present problem. 

** See Mayrhofer, Mathematische Zeitschrift, vol. 28 (1928), p. 733; Reidemeister, ibid., vol. 
29 (1929), p. 433; Mayrhofer, ibid., vol. 30 (1929), p. 142, and Abhandlungen Hamburg Seminar, 
vol. 7 (1929), pp. 9, 10; Blaschke, Abhandlungen Hamburg Seminar, vol. 7, p. 69; Podehl, ibid., vol. 7, 
p. 397. 
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webs of lines, and of transformations which carry webs of lines into webs of 
lines. The most important of these lemmas are the following: 


Lemma X. If a topological transformation of region T carries a regular* 3-web 
of lines in T into a 3-web of lines, it is differentiable and its Jacobian is nowhere 
zero. 


Lemma XI. If a topological transformation T carries w, a 3-web of lines, into 
a 3-web of lines, and a family of w is not regular* at one of its lines, then T is a 
projectivity on this line. 


Lemma XII. The slope function of a regular* family of lines is differentiable. 


The proof of the main theorem consists of two parts in which different 
methods are used. If the given 4-web contains a regular 3-web we show that 
the transformation can be extended twice by the application of Lemmas X 
and XII. It is then easy to prove that the transformation is projective in the 
neighborhood of a point by a method essentially that of Kasner’s paper. On 
the other hand, if the given 4-web does not contain a regular 3-web, Lemma 
XI makes it possible to show that the transformation is projective in the 
neighborhood of a point, without reference to questions of differentiability. 
In either case, the result then follows by Theorem IV, which asserts that 
any one-to-one transformation of region T which carries a 3-web of lines in T 
into a 3-web of lines, is projective, if it is projective in the neighborhood of one 
point. 

In §I we derive characterizations of collineations on the projective plane 
in terms of homologous pencils of lines, with and without the assumption of 
the continuity of the transformation. Likewise §III contains characteriza- 
tions of projective transformations of a region of the euclidean plane in terms 
of pencils rather than arbitrary families of lines, without the assumption of 
continuity. 


I. COLLINEATIONS ON THE PROJECTIVE PLANE 


We assume only the postulates of alignment and extension, and the funda- 
mental theorem of projective geometryT in the following theorem. 


THEOREM I. A one-to-one point transformation on the projective plane is a 
collineation, if it carries three independent} pencils and a line not of these pencils 
into three pencils and a line respectively. 


* The sense in which we use this term is given on p. 579. 

¢ See Veblen and Young, Projective Geometry, vol. I, assumptions A, E, P. 

t Three pencils are called independent, if their vertices are not collinear, otherwise they are 
dependent. 
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Let A, B, C (Figure 1) be the vertices of the three given pencils, and / 
the line which is not in the pencils. Let D, E be the intersections of / with 
AB, AC respectively, and F the intersection of BE and CD. Let A’, B’,C’, F’ 
be the images of A, B, C, F respectively, under the given transformation T. 
Then no three of the points A’, B’, C’, F’ are collinear and there is a projec- 
tive collineation, S, which carries A’, B’, C’, F’ into A, B, C, F respectively. 
Let R be the resultant of T and S. Transformation R preserves points A, B, 
C, D, E, F, pencils A, B, C, and line /. 


A(0,*) 


C(0,0) ,0) 


FicureE 1 


Now we introduce non-homogeneous coordinates in the plane so that 
A, B,C, F are designated by (0, ©), (%, 0), (0, 0), (1, 1) respectively. Then 
any point, not on the line at infinity, is representable by (x, y) where x and y 
are elements of some field. 
Thus, R is represented by 
¢(x,y), y =¥(x,y), 


and pencils A, B, C by the equations x =t, y=t, y=tx respectively, where ¢ 
is a variable element of the field. The invariance of the pencils x =#, y =¢ im- 
plies that ¢ is independent of y and y of x. Hence R may be expressed by the 
equations 

x’ = ¢(x), 
Moreover, since the line y =x is invariant, R may be represented in the more 
simple form 

x’ = (x), = o(y). 

The invariance of the pencil y = ¢x yields 

(1) o(tx) = plt)o(x). 
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Since R leaves (0, 0) and (1, 1) invariant, ¢(0) =0 and ¢(1) =1. Substituting 
x=1 in (1) and eliminating p(é) from (1), we have 


(2) o(tx) = o(¢)o(x). 


Since the equation of line / is y=x+1, its invariance implies 


(3) o(% + 1) = +1. 
We have from (2) and (3), 

o[t(y + 1)] = + 
and 
(4) o(ty + t) = o(ty) + 
Substituting x for ¢y in (4), we may assert 
(S) o(x + t) = o(x) + o() 


for all x, ¢ in the field. 

The relations (2) and (5) are sufficient to prove that R is a collineation. 
For the finite points of any line not in pencil A are represented by the equa- 
tion y=mx-+n. Then 

= o(mx + n) = o(m)o(x) + O(n) = o(m)x’ + o(n), 
so that collinear points not on AB have collinear images, and parallel lines 
have parallel images. From this it is easy to show that R is a collineation 
and T is likewise. 

For the case of the real projective plane, we have the following result. 

COROLLARY. A one-to-one transformation on the real projective plane is a 
projective collineation, if it carries three independent pencils and a line not of 
these pencils into three pencils and a line respectively. 

In this case, the functional equations (2) and (5)* hold for the real field 
and it is known that the only common solution is ¢(x) =x. This may easily 
be proved. From (2) we have 


o(x*) = [¢(x)}? 


so that ¢(x) >0, if x >0. This implies, in virtue of (5), that (x) is monotonic. 
By means of iteration on (5), we can show that 


o(rx) = 


* Darboux, Mathematische Annalen, vol. 17 (1880), pp. 55-61, derives essentially these equa- 
tions, in proving the fundamental theorem of projective geometry. We use his method of solution. 
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and hence that 
(6) o(r) =r 


for all rational r. Since ¢ is monotonic, (6) holds for all real r. It easily follows 
that R is the identical transformation. Thus T is S—', a projective collineation. 

The hypothesis of Theorem I cannot be lessened with respect to the ad- 
ditional line. For there exist transformations on the real projective plane 
which are not collineations and which carry three independent pencils of lines 
into three pencils. For example, the transformation 


vast, y= 

preserves the pencils x = pt, y = pt, y = px, where p is a parameter. The condi- 
tion of independence of the three pencils also is essential. In fact, if ¢(x) is a 
discontinuous solution of (5)* which assumes each real value exactly once, 
the equations 


x’ = ip(x/t), = (y/2), = (¢ ¥ 0), 
x’ = 2, y=y%, = (¢ = 0) 


define a one-to-one transformation on the real projective plane which pre- 
serves the infinitude of pencils of the form y=rx+ pt, where r is rational and 
? is a parameter. 

However, if we assume that the transformation is continuous, we can les- 
sen the remainder of the hypothesis a good deal. This is shown in the follow- 
ing theorem. 


THEoREM II. A topological transformation} on the real projective plane is a 
projective collineation, if it carries into lines, the lines of two pencils with ver- 
tices A, B and three additional lines which concur on AB, provided that these 
three lines and AB are not in a net of rationality. 


Let C be the intersection of the three lines. Let D be a point, distinct 
from C, on one of these lines, E and F, the intersections of AD with the other 
two lines, and G, the intersection of CD and BE. (See Figure 2.) Then, as in 
the preceding theorem, apply to the given transformation a projective col- 
lineation, such that the resultant transformation leaves A, B, D, G invariant. 
Introduce coordinates so that A, B, D, G are represented by (0, ©), (~, 0), 
(0, 0), (1, 1) respectively. 


* See Hamel, Mathematische Annalen, vol. 60 (1905), p. 459. 
+ A topological transformation is a uniform continuous transformation which has a uniform con- 


tinuous inverse. 
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B( ,0) 
FIGURE 2 


The equations of the three lines through C, and of their images, are, re- 
spectively, y=x, y=x+1, y=x+e and y=x, y=x+1, y=x+b. Since, by 
hypothesis, CF is not in the net of rationality determined by CD, CE and 
CA, its intercept a, on the axis DA, is not in the domain of rationality de- 
termined by their intercepts on DA, namely 0, 1, ©. Hence a is an irrational 
number. 

By the same argument as in the preceding theorem, the transformation 
takes the analytic form 


a’ = (x), = o(y). 


The functional equations characterizing ¢ are 


+ 1) = +1 


and 

o(x + a) = o(x) +d. 
From these we get by iteration 
(1) o(x + m + na) = o(x) + m+ nb 


where m and are arbitrary integers. 
Now if x=0 in (1), we have 


m + nb = o(m + na), 
which with (1) yields 
o(x + m + na) = $(x) + o(m + na). 
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Since a is irrational, m and n can be chosen so that m+ na approximates any 
given real number as closely as we please. Thus, 


(2) + y) = o(x) + O(y) 


holds for all rea] x and an everywhere dense set of values y. Hence (2) holds 
for all x and y, since ¢ is continuous. Therefore ¢(x) is of the form cx, which 
is the only continuous solution of the functional equation (2). In fact 


(x) =x since =1. 


From this the theorem follows as in the preceding corollary. 

If the three lines mentioned in the hypothesis of the above theorem concur 
at a point not on AB, the result does not hold. This is evident from the first 
example given at the end of Theorem I. 

If the three lines are mot concurrent, the result holds with a slight modi- 
fication as is shown in the following theorem. 


THEOREM III. A topological transformation on the real projective plane is a 
projective collineation, if it carries into lines, the lines of two pencils A, B and 
three additional non-concurrent lines, provided that no two of these three lines 
intersect on the line AB. 


Let C, D, E (Figure 3) be the intersections of pairs of the three non-concur- 
rent lines. Consider ACDE. It may be that the lines joining a vertex of ACDE 
to A and B are harmonically separated by the sides of ACDE which contain 
this vertex. But such an harmonic relationship cannot hold at each of two 
vertices of ACDE. For suppose it does hold at C and D. Then we have the 
harmonic sets of lines 


H(CA, CB; CD, CE] 


and 
H|DA, DB; DC, DE}, 


three pairs of corresponding lines of which meet on AB. Hence the fourth 
pair, CE, DE, meet on AB. Thus, £ is on AB, contrary to the hypothesis. 

Therefore, there is a vertex of ACDE, such that the lines joining it to A 
and B are not harmonically separated by the sides of ACDE which contain 
this vertex. Let us suppose that C is such a vertex. 

Now, apply to the given transformation a projective collineation, such 
that the resultant transformation leaves A, B, C, D invariant; and introduce 
coordinates so that A, B, C, D are represented by (0, ©), (, 0), (0,0), (1, 1), 
respectively. 
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A (0,20) 


C(0,0) B( ,0) 
FIGURE 3 
The equations of CD, CE, DE are, respectively, 
(a 0, + 1), 
(b #0), 
and those of their images are, respectively, 
y = dx (d ¥ 0, 1), 
y=ex+f (e #0, f #0). 
The transformation takes the form 
x’ = ¢(x), = oy), 
where ¢ is characterized by the equations 
(1) o(ax) = do(x), 
(2) o(bx + c) = ep(x) + f. 


We need only consider the case where |a| >1, since if |a| <1, we may re- 
place (1) by 


(3) o[(1/a)x] = (1/d)p(x) 


and proceed in the same manner. 
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From (1) and (2), we have 
o(abx + c) = dep(x) + f, 
which yields, in view of (3), 
o(bx + c/a) = ep(x) + f/d. 
By repetition of this procedure, we have 
(4) + c/a”) = ep(x) + f/d™ 


where m is any positive integer. Let m—~ . Then, since ¢ is continuous, f/d™ 
has a limit, which must be zero, as d¥1. Thus, 


o(bx) = e6(x), 
which, with (2), gives 
o(bx + c) = o(bx) +f 
and 
+c) = d(x) +f. 
Thus 
(5) + nc) = o(x) + nf 


easily follows, where n is any integer. 
Applying to (5) the procedure used in deriving (4), we have 


(6) o(% + nc/a”) = o(x) + nf/d?, 


where # is any non-negative integer. By iteration, (6) yields 


+ c(mo + m/a'+--- + n,/a%)| 
= o(x) + f(mo + m/d'+ --- + n,/d), 


(7) 
where the ’s are arbitrary integers and q is an arbitrary positive integer. 
Letting x =0 in (7), we may get 
(8) + y) = o(x) + o(y) 
where x is any real number and 

y = + m/a'+--- +n,/a%). 


Since we can choose g and the n’s so that y approximates any given real num- 
ber as closely as we please, (8) holds for all x, y and the desired result follows 
as in the preceding theorem. 
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II. LEMMAS ON FAMILIES OF LINES 


We employ a series of lemmas on families and webs of lines, in proving 
the later theorems. Families of lines are indicated by the letters f, g, h, etc., 
and lines of a given family by the letter which represents the family, usually 
with subscripts affixed. Sometimes, the letter f will be used to represent an 
arbitrary line of the family f, in which case the context will indicate the sense 
intended. Let family f be contained in region I’. Then if P is any point of I, 
fr represents the line of the family f which contains P. A line interval /, which 
is in I’, and the end points of which are not in I, is called a transversal to fp 
at Q, if it intersects* fp at Q. 

Lemma I. If a transversal intersects fp, it also intersects fx, where X is any 
point of some neighborhood of P. 


Let T be the region containing f, / the transversal, and Q the intersection 
of / with fp. Choose A and B on fp, so that P and Q are between A and B. 
(See Figure 4.) 


FIGURE 4 


If I has a boundary, the closed interval AB has a positive distance e 
from this boundary. Choose points C and D on J, so that Q is between them 
and the distance of each from Q is less than e. Then the quadrilateral ACBD 
is contained in I’, since the distance of each of its points from the closed inter- 
val AB is less than e. If X is any point inside the quadrilateral ACBD, fx 
intersects segment} CD and hence intersects /. Thus, since the interior of the 
quadrilateral ACBD contains P, it may be taken as the required neighbor- 
hood and the lemma is proved. 


Corotiary. If Q is a point of fp and N is any neighborhood of Q, there exists 
VV, a neighborhood of P, such that if X is in N, fx contains a point of N. 


* We say that lines / and m intersect, if they have exactly one common point. 
+ A segment is an open finite interval. 


(64 j 
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Let / be a transversal to fp at 0. Choose A, B, C, D as in the lemma with 
the additional condition that segment CD be in N. Then the interior of quad- 
rilateral ACBD can be chosen as WN. 


DEFINITION. If in region I’, containing a family of lines f, the sequence of 
points {P,,} converges on point P, we say the sequence of lines {fp} approaches 
or converges on fp, and we write {fp,}—fp. 


Lemma II. If {f,} +f and a transversal to f at Q, then intersects {f,} in a 
sequence of points {Q,} and {Q,}-—>Q.* 


Since {f,}—f, there exists, for each m, a point P, on f, such that { P,}—P, 
where P is some point on f. Thus, for all sufficiently large , / intersects f,, 
by Lemma I, so that {Q,} exists. 

Now, if we identify P, Q and / with the objects denoted by those symbols 
in Lemma I, we have that, for CD any segment on / containing Q, there exists 
U, a neighborhood of P, such that fp, intersects / in segment CD for all P,, 
contained in U. Thus, Q, lies in segment CD, any assigned neighborhood of Q, 
for all n>, where p is a natural number depending on the given neighbor- 
hood, and the lemma is proved. 


DerinitTi0n. Let | be a transversal to f, an arbitrary line of family f, and I’, 
the infinite line which contains |. Let a fixed side of l’ and a fixed direction on I’ 
be specified. Then the inclination of f with regard tolis Z PQR,{ where Q is the 
intersection of f andl, P is a point of f on the specified side of Il’, and Ris a 
point of lin the specified direction from Q. 


Lemma III. The inclination of a line of a family with regard to a transversal 
is a continuous function of its intersection with the transversal. 


Let the family be f in region ' and the transversal /. Let Pi, P (Figure 5) 
be, respectively, fixed and variable points of /, and 4, 0, the inclinations with 
regard to / of fp,, fp respectively. We shall show that as P—P,, 6-4. If the 
extensions of fp,, fp outside of T intersect, Jet the intersection be Q. Let the 
lengths PP, and PQ be s and ¢ respectively. 

Then if Q exists, we have 


(1) 


* We use the lemma frequently to infer convergence of a sequence of points from that of a se- 
quence of lines. It is interesting to note that it guarantees that a convergent sequence of lines con- 
verges on a unique line. 

t We use this symbol in two senses, viz., the angle PQR and the measure of the angle POR. 


|sin(@—@:)|_ s 
= sin A; 
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and if Q does not exist, we have 
(2) sin (@ — 0:) = 0. 
As P—P,, t is always greater than a positive constant a, since Q is not in 


and P is in some closed neighborhood of P;. Thus, by (1) and (2), as P—P,, 
sin (@—6;)—0. We have either 


<A, 


since Thus 
|@—0:| <b<z, 
so thatas P—P,, 
and 6-4. 


Lemma IV. [f f’ and f are two lines of a family f, and 1, m are transversals 
to f’ at the same point, the ratio of the distances intercepted on | and m by f and f' 
converges to a non-zero limit as f—f' .* 


* That is, the ratio approaches the same limit for all sequences {f,} which converge on f’. 
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Let P (Figure 6) be the common intersection of / and m with f’, and L, 
M be the respective intersections of /,m with f. If L = M, the theorem is trivial. 
If we have 


PL/PM = sin B/sin a, 


where a and £ are the inclinations of f with regard to / and m respectively. 
As ff’, M—P and L-P by Lemma II, so that by Lemma III, a and 8 
converge to limits neither of which is zero or 7, since both / and m are distinct 
from f’. Thus PL/PM approaches a non-zero limit as f—/’. 

l m 


FIGURE 6 


Lema V. If f’ and f are two lines of a family f and 1, m are transversals to 
}’, the ratio of the distances intercepted on | and m by f and f’ has an upper bound 
and a positive lower bound as f—f' .* 


Let family f be contained in region I and let J, m intersect f in L, M and f’ 
in L’, M’ respectively. If L’=M’, the result is immediate, by Lemma IV. 


FIGURE 7 


* That is, the ratio has fixed bounds for all sequences {f,} which converge on f’. 
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If L’#M’ (see Figure 7), consider the line through M’ parallel to J. 
Since m intersects f’, it intersects all f sufficiently close to f’ by Lemma I. 
Let WN be the intersection of m with f. Then, we have 


L'L/M'M = (L'L/M'N)(M'N/M'M), 
and M’N/M’M converges as f—f’, by Lemma IV. Consider L’L/M’N. Let 


the intersection of the infinite lines LN and L’M’ be X, if it exists. Then, if 
X exists, 


L'L/M'N = XL'/XM! = (XM' + L'M’)/XM' = 1 + (L'M'/XM), 
and if X does not exist, 
L'L/M'N = 1. 
But L’M’ is fixed and XM’>a>0 since X is not in I. Thus L’L/M’N is 


bounded above and the same is true of L’L/M’M. By the identical argument 
M'M/L'L is bounded above, so that L’L/M’M has a positive lower bound. 


DeriniTion. Let P be a point of the region of definition of a uniform trans- 
formation T, | a line containing P, and Q a point onl. Let P’, Q’ be the images 
under T of P, Q respectively. Then if limg.pP’Q’/PQ exists, it is called the 
directional derivative (abbreviated D.D.) of T at P in the direction 1.* The D.D. 
of T at P in the direction fp is called the D.D. of T at P in the direction of 


family f. 
Lemma VI. If a topological transformation T carries w, a 3-web of lines, into 
a 3-web of lines, then 


(a) the D.D. of T exists at almost all points of l, any line of w,t{ in the direction 1; 


(b) if the D.D. of T exists at a point in the direction of one family of w, it exists 
at that point in the direction of each family of w; 


(c) the D.D. of T is not zero at any point of wt in the direction of a line of w. 


(a) Since the transformation is topological, betweenness is preserved for 
points on /, any line of w. Thus, if we establish scales of ordinates on / and 
on its image, the ordinate x’ of the image point is a monotonic function of x, 
the ordinate of the given point. Therefore, by a theorem of Lebesgue, the 
derivative of x’ with regard to x exists and is finite almost everywhere on I. 
Since the absolute value of the derivative dx’/dx at a point of J is the D.D. 
of T at this point in the direction /, conclusion (a) is true. 


* Note that the phrase is defined only if J contains P. 
¢ The lines of the families which constitute a web are called lines of the web, and the points of 
these lines, points of the web. 
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(b) Let the three families which form w be f, g, and 4. Then it will suffice 
to show that if the D.D. of T exists at P (Figure 8) in the direction fp, it 
also exists at P in the direction gp. Let Q be any point on gp, close to P. Then 
hg intersects fp at R by Lemma I. Let the images of P, Q, R be P’, Q’, R’ 
respectively. Then we have 


(1) P'Q'/PQ = 
The fractions P’Q’/P’R’ and PR/PQ converge as Q—P in view of Lemma 


IV. As QP, R-P also, by Lemma II. Thus P’R’/PR converges as Q—P. 
Therefore, the desired D.D. which is limg.pP’Q’/PQ exists. 


P Q 


FIGURE 8 


(c) Suppose that the D.D. of T is zero at some point in the direction of a 
line of the web, let us say at point P in the direction fp. We notice from (1) 
in the proof of (b), that if P’R’/ PR-0, P’Q’/PQ-30 likewise. In other words, 
if the D.D. of T is zero at a point in the direction of one line of the web, 
it is zero at that point in the direction of each line of the web through that 
point. We shall use this to show that the D.D. of T is zero in the direction fp, 
at each point of fp. 

Let Q (Figure 9) be any point on fp distinct from P. Then if R is an arbi- 
trary point on gg, sufficiently close to Q, fr intersects gp at S. Let the corre- 
sponding image points be P’, Q’, R’, and S’. We have 


(1) Q’R'/QR = 


The first and third factors of (1) are bounded as R-(Q in view of Lemma V, 
and the second factor approaches zero. Thus, the D.D. of T at Q in the direc- 
tion gg is zero, whence it is also zero at Q in the direction fp. But since Q is 
arbitrary, the D.D. of T is zero everywhere on fp in the direction fp, which 
implies that the image of fp is a single point. Thus our original supposition 
is false and (c) is proved. 
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DEFINITION. If f; is a line of family f, such that the ratio of the distances 
intercepted by f and f; on each pair of transversals to f, converges as f—f,, the 
family f is said to be regular at f;. A regular family is one which is regular at 
each of its lines, and a web is called regular if each of its families is regular. 


FIGURE 9 


Regular families are important in this paper mainly because their slope 
functions are differentiable, as is shown in Lemma XII. An example of a regu- 
lar family is a set of parallel lines in a circular region; the family consisting 
of the lines 


y=k (15k <2), y=Ux—-2)+1 
contained in the triangular region whose vertices are (0, 0), (2, 0), (2, 2) is 
not regular at the line y=1. 


Lemma VII. A sufficient condition that family f be regular at f,, is that the 
ratio of the distances intercepted by f and f; on a single pair of transversals which 
intersect f, at different points, converge as f—pf,. 


Let m, n (Figure 10) be the two given transversals, and r, s any two trans- 
versals to fi, and let their respective intersections with fi, f be Mi, M, Ni, 
N, R:, R, Si, S. We have to derive the existence of limy.;,RRi/SS; from that 
of lim;.;,!@M,/NWN,. Draw parallel transversals to f; at M1, Ni, Ri, Si, which 
intersect f at 7, WV, R, S respectively. 


m 


M, 


Ficure 10 
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Then we have 
(1) MM,/NN, = 


The first and third factors on the right in (1) converge as f—/,, by Lemma 
IV; thus 4M,/NN, converges as f—f;. In the same way, we show that the 
existence of limy.;,RR:/SS; implies that of limy.y,RRi/SS:. Thus we have 
only to prove the existence of lim,.;,RRi/SSi. 

By the point of division formula of elementary analytic geometry, we 
have 


RR, MM, + aNN, MM, + bNN; MM,/NNi+ a 


2 = os 
(2) SS, i+a MM,/NN, +6 1+4 
(a# —1). 


In addition 
| + b| =| + 5)| >c>0 


where c is constant, by Lemma V. Thus, by (2) the convergence of MM,/NN, 
as f—f, implies that of RR,/SS; and the lemma is true. 


Lemma VIII. If a topological transformation carries a regular 3-web of lines 
into a 3-web of lines, the latter is regular also.* 


Let f and g be any two families of the given web, and f’ the image of f. 
It will be sufficient to show that f’ is regular at f/ , any one of its lines. Let f/ 
be the image of f,. Choose distinct points P, Q on fi, at each of which the 
D. D. of the transformation exists in the direction f,. Let gp, gg intersect f, an 
arbitrary line of family f, at R, S respectively. Let f’ be the image of line f, 
and P’, Q’, R’, S’, the images of P, Q, R, S, respectively. 

Then 

Q's’ PR Qs/ QS 

We know that limrg.pP’R’/PR and lims.gQ’S’/QS exist and the latter is not 
zero, by Lemma VI (b), (c), and limy.,,PR/QS exists, by hypothesis. How- 
ever, f’—f/ implies that f—f; and hence that R-P and S—Q by Lemma II. 
Therefore lim, .,,.P’R’/Q’S’ exists and the result follows by Lemma VII. 


P'R’ Q's’ 


Lemma IX. If a topological transformation carries w, a regular 3-web of 
lines, into a 3-web of lines, the D.D. of the transformation exists at each point 
of w, in the directions of the lines of w. 

* The proof which follows also justifies the more general result: If a topological transformation 
carries w, a 3-web of lines, into a 3-web of lines, and a family of w is regular at a line, then the image of 
the family is regular at the image of the line. 


[November 
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Let f and g be any two families of w. We shall show that the D.D. exists 
at P, any point of w, in the direction of f. There is a point Q, distinct from P, 
on fp at which the D.D. exists in the direction of f. Choose an arbitrary point 
R on gp, distinct from P and close enough to P so that fz intersects go at S. 
Denoting image points in the usual way, we have 


(P/R'/PR) = 


Now we can show that the three factors on the right converge as RP, the 
first by means of Lemma VIII, the second by Lemma VI(b), and the third 
directly by the hypothesis. Thus limr.pP’R’/PR, i.e., the D.D. of the trans- 
formation at P in the direction of g, exists, which implies its existence at P in 
the direction of f, and the lemma is proved. 


Lema X. If a topological transformation of region T carries a regular 3-web 
of lines in T into a 3-web of lines, it is differentiable and its Jacobian is nowhere 
zero. 


We shall show that if there are established arbitrary rectangular coordi- 
nate systems in the given and image planes, the functions representing the 
transformation are differentiable and have a nowhere vanishing Jacobian. 
However, if we prove that the transformation is differentiable and its 
Jacobian is not zero at P, an arbitrary point of I’, for special] cartesian axes 
dependent on P, the above result will follow. For the change of coordinates 
which must be applied to shift from the special axes to those originally chosen 
is a non-singular linear transformation, and hence is differentiable with a non- 
vanishing Jacobian. 

Let f, g be two families of the given web and let their images be 4, » re- 
spectively. Take fp, gp (Figure 11) as the special cartesian axes and set up 
a coordinate system using an arbitrary unit distance and arbitrary positive 
directions on fp and gp. We represent image points as heretofore. In the image 
plane, we establish a similar coordinate system using up. and vp. as coordinate 
axes and choosing an arbitrary unit distance. However, the positive direc- 
tions on “p- and vp, are taken to be the images of the positive directions on 
fr and gp respectively. 

Let Q(x, y) be any point in the neighborhood of P and Q’(x’, y’) its image. 
We shall show that x’ and y’ are differentiable functions of x and y, at (0, 0). 
Let gg intersect fp in R, and vg. intersect up in R’. 

If R is in the positive (negative) direction on fp from P, then R’ is in the 
positive (negative) direction on up, from P’. Moreover, if R is in the positive 
(negative) direction from P, x is positive (negative) and a similar relation 
holds for R’ and x’. Thus, x and x’ have the same sign. 
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Q(x, y) 


iad R fr 


Ficure 11 


Now suppose that Q is not on gp, so that x~0. Then we have 
(1) x’ = (| x’| /P’R’)(P’R'/PR)(PR/| x | )x. 


As Q-P, R-P and P’R’/PR-a, the D.D. of the transformation at P in the 
direction of f. Also, as Q—P, the first and third factors of the right member of 
(1) converge to unity. We shall prove this for PR/|x|; the proof is similar 
for | x’|/P’R’. 

Let S be the intersection of gp and the line through Q parallel to fp. Then 
either 


PR=|x | 


PR/| x | = PT/ST = (ST + PS)/ST = 1 + (PS/ST), 


where T is the intersection of the extensions of gp and gg. As QP, PS—0 
and ST>k>0, so that PR/|x|-—1. 
Therefore for Q not on gp, we have 


(2) x’ = (1 + &:)(a + e2)(1 + €3)% = ax + ex, 


where a#0 by Lemma VI (c) and e-0 as QP. If Q is on gp, x=x’ =0, so 
that (2) holds in this case with e=0. Therefore (2) holds for all (x, y) in the 
neighborhood of (0, 0), and ¢ approaches zero with x and y. Similarly 

y = by +ny 


where 6 is the D.D. of the transformation at P in the direction gp and hence 
is not zero, and 7 vanishes with x and y. Thus by definition x’ and y’ are 
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differentiable functions of x and y at (0, 0). Moreover, the Jacobian at (0, 0) is 
a 0 


| 0, 


and the desired result follows. 


Lemma XI. If a topological transformation T carries w, a 3-web of lines, 
into a 3-web of lines, and a family of w is not regular at one of its lines, then T 
is a projectivity on this line. 

Let two families of the given web be f and g and suppose that f is not 
regular at fi. Let Pi, P2, P (Figure 12) be distinct points on f; at which the 
D.D. of T in the direction f; exists; P; and P; are to be fixed and P is a varia- 
ble point. Consider three parallel transversals to f, at Pi, P2, P respectively, 
and let their intersections with f, a variable line of f distinct from fi, be Ri, Re, 
R respectively. Let fi, f’, Pi, Pz, P’ be the images of f,, f, Pi, P2, P respec- 
tively. Consider three parallel transversals to ff at Pi, Pi, P’ meeting f’ in 
Ri, Re, R. Let 51, Se, 5, 51, 52, § represent the respective distances PiRi, P2Re, 
PR, Pi Ri, Pi P’R. 


FicureE 12 


Then, as ffi, the ratios 5,/s1, 52/s2, 5/s approach non-zero limits. We shall 
show this for 5,/s,. Let 4, be the distance intercepted on gp by fi and f, and 
t{ the image distance. Then lim,.,,t/ /t, exists and is not zero by Lemma VI 
(b), (c), since the D.D. of T exists at P; in the direction f;. By Lemma IV, as 
ffi, 5,/ti and t,/s; converge to values different from zero. Thus, since 


$1/s1 = (tf 


5,/s, converges to a non-zero value as f—/,. 
We have 


Ss = (s1 + As2)/(1 + A) (A # — 1), 
= (5, + + (\’ — 1), 


where X, \’ are the ratios in which P, P’ divide the directed segments P:P2, 
P{ Pi respectively. By division, we obtain 


0 6b 7 

7 
| 
; 
R 

| 
| if 
f 
P, P, P 
| 


WALTER PRENOWITZ [November 


31 + 
$1 + 


(1) —=5 


where 
b= (1+ +2) #0. 

Then if a;, a, are the respective limits of 5:/s:, 52/s2 as ff, 

= + (a; ¥ 0) 
and 

= + €252 (a2 ¥ 0), 
where ¢,—0 with s; and ¢,— 0 with sz. Thus, substituting in (1), we have 
+ €151 + + 

$1 + ASe 


5 

— = 5 

and 

51 + Ase $1 + ASe 
The second term of the right member of (2) converges as f—f:. For, if we 
divide its numerator and denominator by ss, we have 
€1(S1/S2) + 
(s:/s2) 


the numerator of which approaches zero as f—f1, since, by Lemma V, 5;/se is 
bounded; and the absolute value of the denominator 


| (s1/se) +2| =| (si + Ase)/s2| =| cs/s2] >d > 0 


where c and d are constants, by Lemma V. Thus, the third term on the right 
in (2) converges as f—f;. But this term is 


= 
S1 + (s1/s2) 
and 5;/s_ does not converge as f—:, since family f is mot regular at f:. Thus 


(2) = ba, + b 


— AQ, = 
and 
(3) = (a;/a2)d. 


Now we may consider X, ’ to be the projective ordinates of P, P’ on 
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the lines f:, ff respectively. Thus by (3), the transformation is a projectivity 
on f; for the everywhere dense set of points P, and hence for ali points. 


DEFINITION. If a family of lines f is referred to rectangular coordinate axes, 
the slope of fp, considered as a function of the coordinates of P, is called the slope 
function of the family f. The slope function is not defined at any point of a ver- 
tical line of the family. 

Lemma XII. The slope function of a regular family of lines is differentiable.* 


Let the family be f, contained in I’, and let P(x:, y:) be any point of T 
at which m/(zx, y), the slope function of f, exists. We shall show that m(zx, y) 
is differentiable at (x1, y:). Let Q(x, y) (Figure 13) be any point in the neigh- 
borhood of P. Then the line x =; intersects fg at (x1, yi If distinct 
from but close to 1, the line x = x2 intersects fp and fg at (2, ye) and (x2, ye+de), 
respectively. We note that d; and d; have the same algebraic sign. 


Y x=X 


qd, 
P(x1,91) 


Ficure 13 


By Lemma I, fg intersects x = 2, and hence has a slope, m(x, y). We write 
m,, m for m(x1, y), m(x, y) respectively. Suppose that Q is mot on fp. We may 
assert that 


yo + de — (y1 + di) 
m= 


Hence, we have 
(1) m — m, = — dy) 


* The proof which follows also justifies the more general result: The slope function of family f 
ts differentiable at P(x, yi), if f is regular at fp. 


Q(x.) 

f P (x2,y2) 
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and 
(2) m = m, + a(dz — dy), 
where a =1/(x2—2;). We may easily get 
(3) d, = Ay — mAz, 
where Ay=y—y; and Ax=x—2,. Substituting for m in (3) its value in (2), 
we have 
(4) d, = Ay — mAx — a(dz — d,)Ax. 
Since d, ~0, we may obtain from (1) and (4) 
m™— = ay — — a(dz — d:)Ax). 
1 

Since family f is regular, lime .p d2/d; exists and hence limg.p(d2—d;) /d; exists. 

Therefore 

m — m, = (b+ «:)(Ay — mAx + eAx), 

and we have 
(5) m — m, = b(Ay — m,Ax) + eAx + ndy, 
where 6 is constant and ¢ and 7 vanish with Ax and Ay. 

If Q is on fp, we have 


m — m, = b(Ay — m Ax) = 0. 


Consequently (5) holds for all Q, and ¢€ and 7 vanish with Ax and Ay regard- 
less of how the latter approach zero. Thus, by definition, m(x, y) is differ- 
entiable at (x:, :). 


III. COLLINEATIONS OF REGIONS OF THE EUCLIDEAN PLANE 


We shall first establish the following result, which is used as a lemma to 
the succeeding theorems. 


THEOREM IV. Any one-to-one transformation of region T which carries a 
3-web of lines in T into a 3-web of lines is projective, if it is projective in the 
neighborhood of one point. 

Let the given web w consist of families f, g, and 4. Let P be a point of T 
in a neighborhood of which the given transformation T is projective. Choose 
four points, no three of which are collinear in this neighborhood of P, and 
let S be the projective transformation which carries the images of these four 
points under T into the original points, respectively. Transformation S is de- 
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fined for all points of the image web, with the possible exception of points of 
one line, the so-called vanishing line of the projective transformation. 

Let R be the resultant of T and S in that order. Transformation R is de- 
fined for all points of T', with the exception of those whose images under T 
are on the vanishing line of S, if such exist; and R carries points on any line 
of w into collinear points. Moreover, if R is not defined for a point of I, the 
lines of w which contain this point are carried into sub-sets of parallel lines 
by R. Hence, if R carries any two of fu, gu, Au into sub-sets of lines which 
intersect at NV, R is defined for point M and carries M into N. 

It is evident that R is the identical transformation in the neighborhood 
of P. We shall obtain the result by showing that R is the identity over the 
whole region I. 

Consider points X, contained in I’, such that all points in the neighbor- 
hood of X are invariant under R, and X can be joined to P by a broken line, 
each point of which has a neighborhood composed of points invariant under R. 
Let I be the set consisting of P and all points X. It can easily be shown that 
IT’, is asub-region of I’. We shall show that I; is identical with I’, thus proving 
that R leaves each point of I invariant. 

First we show that if A is a point of T on the boundary of T,, not more than 
one of the lines fa, ga, ha contains a point of T:. We shall call this assertion (1). 
Let us suppose that this is not so. Then there is no loss in generality in as- 
suming that f, and ga each contains a point of I. It follows that each con- 
tains several points of T;. Therefore R carries f4 and ga into sub-sets of the 
respective infinite lines which contain f4 and ga. This implies that A is an 
invariant point of R. 

If Y is any point in a sufficiently small neighborhood of A, fy and gy each 
contains a point of I',, by the corollary to Lemma I. Thus the invariance of Y 
follows by the argument just used to prove the invariance of A. In other 
words, we have shown that A has a neighborhood consisting of points in- 
variant under R. It follows that A can be joined to P by a broken line, with 
the property that each of its points has a neighborhood composed of invariant 
points. Because if Q, distinct from P, is a point of I’, in the neighborhood of A, 
A can be joined to Q, and Q to P by broken lines which have the same prop- 
erty. Thus, by definition, A belongs to T':, which is impossible because A is a 
boundary point of T',. This contradiction establishes our original assertion 
concerning A. 

Now, in order to prove that I, and I are identical, let us suppose that 
they are distinct. Then we can show there is a line of the web, which contains 
a point of I’, and a point of its boundary. For, since ['; is a proper part of T, 
there is, in I’, a point B, of the boundary of I. Then, if fs contains a point 
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of I, it is the desired line. If fg contains no point of IT, we can find C, a 
point of T;, so close to B, that gc intersects fg at a point which we call D. 
Since gc contains C, a point of T',, and D, a point not of Ti, it must contain a 
boundary point of I',. Hence in this case, gc is the desired line. 


hp 


Ficure 14 


Let f, (Figure 14) be a line which contains a point of I’, and a point of its 
boundary.* Then f; contains point P, on the boundary of I, and point Q, 
such that the segment PQ consists of points of T;. Let a be a semicircular 
region, with P as center, with diameter on gp, and containing a point of seg- 
ment PQ. If each such region a contains a boundary point of T',, we can find 
E, a boundary point of T;, in a region a which is so small that gz intersects 
fr at a point of segment PQ, and fg contains a point of I';. Thus fz and gz 
each contains a point of I’,, which contradicts assertion (1) proved above. 

Therefore, there exists a semicircular region a, which contains no bound- 
ary point of I’,. Since this region contains one point of I, it can contain only 
points of T';. Hence hp, which contains a point of each region a, contains a 
point of I’,. But this also is inconsistent with assertion (1), since fp contains 
a point of T’,, and P is on the boundary of I. 

Hence, the assumption that I and I; are distinct is false, and the truth 
of the theorem follows. 

Now we shall prove the principal theorem. 


THEOREM V. Any topological transformation of region T' which carries a 
4-web of lines in T into a 4-web of lines is a projective collineation. 


* There is no loss of generality in supposing that family f contains a line of this type. 
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We need merely show, in view of Theorem IV, that the transformation is 
a projective collineation in the neighborhood of one point of I’. 

First, we shall prove the theorem on the supposition that [' contains a 
sub-region T’;, in which three families of the given web are regular.* Let P be 
any point of I’). Choose rectangular coordinate axes in the given and image 
planes so that the lines of the web through P and their image lines have 
slopes. Then, in view of Lemma I, I; contains V, a circular neighborhood of 
P, such that the lines of the given and image webs have slopes, if they con- 
tain points of V or of V’, its image. 

By Lemma X, we can extend the transformation in V, and get 


dy’ pi + po(dy/dzx) 
dx’ = ps + pa(dy/dz) 


where the #’s are the partial derivatives of x’, v’, the coordinates of the image 
of (x, y), and the Jacobian 


(1) 


pi pe 
ps ps 


does not vanish in V. Let m; (x, y) be the slope functions of the three given 
regular families in V, and m} (x’, y’) the slope functions in V’ of their respec- 
tive image families, which also are regular by Lemma VIII. These six slope 
functions are differentiable by Lemma XII. Moreover, m/ is differentiable 
with respect to x and y, since it is differentiable with respect to x’ and y’ 
which are differentiable with respect to x and y. 

Then 


J= 


_ + pom,(x, y) 
ps + pam(x, y) 


m; (x’, y’) (i 1, 2, 3), 


the denominator of which cannot vanish since m/ ~ © and J does not vanish. 
Thus, we have 
(2) pit pom; — pym;' — pam,’ = 0 (i = 1, 2, 3), 
which we shall solve for the p’s. 
The matrix of the system (2), 
1 my, mymy 
(3) 1 me mam! ||, 
1 ms; —mgmi 


* That is, three families of the web are regular at those of their respective lines which contain 
points of 


if 
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is of rank three for each (x, y). For, if we assume the contrary, we have 
1 m, 1 m, mym{ 
1 mz |=|1 mm | = 0, 
1 ms ms 1 ms mgm 
which yields upon eliminating m/ 
(m, — mz)(m, — — mg) = 0. 
But this is impossible, since there are exactly four lines at each point of a 


4-web. Thus (2) is a set of three linear homogeneous equations of rank three 
in four quantities p;. Therefore, all solutions may be put in the form 


AL; G = 1, 2, 3, 4), 
where \ is a parameter, and the L’s, which are certain minor determinants 
in the matrix (3), are polynomials in the m’s and m’’s. For each (zx, y) in V, 


the p’s are uniquely determined, and are solutions of (2). Hence for each (x, y) 
in V, there is a A(x, y) such that 


pi = A(x, y)L; G 1, 2, 3, 4), 


where A(x, y) cannot vanish, since J does not. 
Thus, substituting for the p’s in (1), we have 


4 Li + L2(dy/dzx) 


(4) 


and 
Le 
K= ~ 0 
ITs Ls 


where the L’s are differentiable functions of x and y. Therefore we may ex- 
tend the transformation once more. We obtain 


d dy\? 2); d*y 
pod 
d 3 
(1. + Ls 
dx 


Since four non-vertical lines through each point of V go into non-vertical lines, 
there are at each point of V four directions at which d’y’/dx’? vanishes with 
d*y/dx*. Thus the equation in m 
a -+ Bm + ym? + im = 
* We are following the method used by Kasner, loc. cit. 


(S) 


dx’ Li(dy/dx) 
a+B 
dz 
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has four roots for each (x, y) and 
a=B=y7y=6=0. 
Therefore, we have from (5) 
d*y’ dx? 


dx’? dy\3 
dx 


Thus, if at a point of V, dy/dx has a value such that L;+L,(dy/dz) is not 
zero, then for this value, d?y’/dx’? vanishes with d?y/dz?. 

Now consider /, any non-vertical line interval in V. If L3+L,(dy/dx) 
vanishes identically on /, its image /’ is a vertical interval. Suppose that 
L;3+L,(dy/dx) does not vanish at A, a point on /. Then, since L; and Ly are 
continuous, there is an interval on /, containing A, at each point of which 
L3+L,(dy/dx) is not zero. If L3+L4(dv/dx) equals zero anywhere on /, there 
is, on /, a point B such that this expression vanishes at B, but not on the 
segment AB. Thus, on the image of segment AB, d?y’/dx’? is zero and dy’/dx’ 
is a finite constant. But dy’/dx’ is infinite at B’, the image of B, which is 
absurd since the L’s in (4) are continuous. Thus it is impossible that 
L3+L,(dy/dx) vanish on 1. Hence d?y’/dx’? is zero everywhere on /’, and 1’ 
is a line interval. 

We have thus shown that all non-vertical line intervals in V go into line 
intervals. This implies that vertical intervals, also, go into line intervals. 
Thus (4) defines a projectivity on each pencil of lines whose vertex is in V, 
and it easily follows that the transformation is projective on V. This com- 
pletes the proof of the theorem under the original supposition. 

Now let us suppose that in mo sub-region of I are three families of the 
given web regular. Then there are at least two families of the web which 
are not regular in amy neighborhood of a given point of I. 

Let N be a point of I’, and f and g two families of the web which are not 
regular in any neighborhood of NV. Let / and k be the other two families of 
the web. Then in each neighborhood of N, there is a line of f and a line of g 
at which f and g respectively are not regular. Hence in a sufficiently small 
neighborhood of N, we can find a line fi, at which f is not regular, such that fi 
intersects gy. Similarly, we can find a line g; at which g is not regular, such 
that intersects f,. Let f; and intersect at Q. 

We can easily prove that the transformation is projective in the neighbor- 
hood of Q. Let C, D be two points on f; distinct from Q, and E, F two points 
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on g:, also distinct from Q. Consider S, the projective transformation which 
carries C, D, E, F into their respective images under the given transforma- 
tion. The given transformation and S coincide at C, D, E, F, Q. By Lemma 
XI, the transformation is a projectivity on f; and g:. Hence the transformation 
and S are identical on f; and g:, by the fundamental theorem of projective 
geometry. Let W be a neighborhood of Q, such that if X is in W, hx and kx 
intersect both f; and g:. Then, if X is in W and not on hg or kg, the images of 
hx under the given transformation and S are sub-sets of the same infinite line. 
And the same is true for kx. Thus the transformations are identical for all 
such points X. Since they are continuous, they coincide for all points of W. 
Thus, the transformation is projective on W, which establishes the theorem. 


DEFINITION. A family of lines is called a pencil if its lines concur when ex- 
tended.* The point of concurrence is the vertex of the pencil. 


Now we may prove the following analogue of Theorem I, for a region of 
the euclidean plane. 


THEOREM VI. A one-to-one transformation of region T is projective, if it 
carries a line and a web of three independent pencils in T into a line and a web 
of three pencils, respectively. 

Let T be the transformation and 7, 7’ the planes which contain the given 
and image webs respectively. Let f and g be two pencils of the given web. 
Let S; be a projective transformation on a which carries f and g into parallel 
pencils. Since the vanishing line of Si, if it exists, contains no point of I, S; 
is a topological transformation over I’. Thus S; carries T' into a region T), 
and the given web into a web, in Ti, consisting of two parallel pencils and 
an ordinary pencil. 

In the same way, we apply to 7’ a projective transformation Sz, which 
carries the images of f and g under T into parallel pencils. Thus R, the re- 
sultant of Sy!, T and Ss, is a one-to-one transformation of T'1, which carries 
a web composed of two parallel pencils f, g and an ordinary pencil / into 
a web composed of two parallel pencils p, g and a third pencil r. R also carries 
an additional line / into a line /’. We shall prove the theorem by showing 
that R is projective in the neighborhood of a point. 

Set up a cartesian coordinate system in 7, with the vertex of pencil / as 
origin, and with coordinate axes parallel to lines of pencils f, g respectively. 
Let A, any point on /, have coordinates (1, 1). Similarly, establish a coordi- 
nate system in 7’ so that the point with coordinates (1, 1) is D, the image 
of A under R, and the origin is an arbitrary point on the infinite line which 


* We make the usual agreements about “ideal points” so that our results may apply to parallel 
pencils. 
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contains rp. Choose the coordinate axes parallel to lines of pencils 9, g re- 
spectively. 

Let (x, y) represent any point of T,, and (x’, y’), its image. Then R car- 
ries line y =x and pencils x =t, y=t¢ into y’ =x’ and x’ =’, y’ =?’ respectively. 
It follows that, in the neighborhood of (1, 1), R can be represented by the 
equations 


(1) = (x), = oy), 
where ¢(1) =1. 

Let y=ax+1-—a, y’=bx’+1-—b be the equations of /, 1’ respectively. 
Then we have 


(2) o(ax + 1 — a) = bo(x) +1—5 


for all values of x sufficiently close to 1. 

Now we shall show that r is an ordinary pencil. Suppose that it is not. 
Then since r contains the line y’=x’, it can be represented by y’ =x’ +4. 
Thus, since / is of the form y= mx, we have 


(3) o(mx) = o(x) + p(m) 


for all « and m such that (x, mx) is in the neighborhood of (1, 1). It follows 
that (3) holds for all x and m in the neighborhood of 1, i.e., for all x and m 


between 1—e and where is a real number. 
In (3) we assign to x the value 1, and easily derive 


(4) o(mx) = o(m) + — 1. 
Applying (4) to (2) we get 

olamx + (1 — a)m| = o(m) + b¢(x) — 

= b[4(m) + o(x)] + (1 — b)o(m) — 

Thus 
(5) lama + (1 — a)m| = bo(mx) + (1 — b)(m) 
holds for all m and x in the neighborhood of 1. If in (5) we replace mx by x, 
and m by y, we may assert 
(6) [ax + (1 — a)y] = bp(x) + (1 — 


for all x and y in the neighborhood of 1. 
If we substitute 1 for x in (6), then 1 for y in (6), and eliminate b¢(x) 
and (1—5)¢(y) between the resulting equations and (6), we get 


olax + (1 — a)y] = +1 — a) + (1 — a)y] —1, 


4 

4 
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and hence 


o[(ax + 1— a) + {a+ (1 —a)y} 1] 
= ¢(ax +1—a)+¢[e+ (1 —a)y] —1. 


Thus 
(7) o(u + v — 1) = o(u) + o(v) — 1 
holds for all «, v in the neighborhood of 1. Expressing (4) with u and v as 
variables, we have in view of (7) 
(8) o(uv) = o(u +0— 1). 
Substituting 1/u for v in (8), we have 
+ (1/u) — 1] = 
for u close to 1. This contradicts the fact that R is a one-to-one transforma- 
tion. Thus the assumption that r is not an ordinary pencil is false. 

In the discussion thus far, the origin of coordinates in plane 7’ has not 
been uniquely determined. Now we choose the vertex of the pencil r as the 
origin in 7’. Relations (1) and (2) hold as before, and in addition, since y = mz 
goes into y’ = m’x’, we have 
(9) o(mx) = o(m)o(x) 
for m and x in the neighborhood of 1. 

Applying (9) to (2), we have 
(10) olamx + (1 — a)m] = bo(mx) + (1 — b)o(m) 
for m and x near 1. But (10) is identical with (5). Thus (7), which follows 


directly from (5), holds for all «, v near 1. 
For convenience, we write (9) as 


(11) o(uv) = 


The result follows from the functional equations (7) and (11). We apply to 
these equations the substitution 


u=1+U, v=1+Y, 
and change the function from ¢ to y where 
¥(Z) = o(1+2Z) —1. 
As a result, we have for U, V near zero 


(12) ¥(U + V) = ¥(U) + WV) 
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and 

(13) + U+ V) = + + WV). 
Applying (12) to (13), we have 

(14) W(UV) = 


Relations (12) and (14) enable us to show that ¥(x) =x in the neighbor- 
hood of zero. The method is essentially the same as that used in the corollary 
to Theorem I, where (12) and (14) hold with U and V as unrestricted real 
variables. Thus ¢(x) =x in the neighborhood of x=1, and transformation R 
is projective in the neighborhood of (1, 1), from which the desired result 
follows by Theorem IV. 

The following theorem and corollary are concerned with the case of three 
dependent pencils. 


THEOREM VII. A one-to-one transformation of a region I’, which is not the 
entire euclidean plane, is affine, if it carries three parallel pencils in T into three 
parallel pencils. 


Let f, g, 4 be the three pencils contained in I, and 9, q, r their respective 
images under the given transformation T. Let I’’ be the image of I, and 7, 7’ 
the planes which contain I, I’, respectively. 

Since I is a proper sub-set of the euclidean plane, one of the pencils f, g, h 
contains a line which is not an infinite line, i.e., it contains a half line or a 
finite interval. Let us suppose that f,4 is such a line. Let D be the image of A 
under T. 

We shall show that the inverse transformation T-! is projective in the 
neighborhood of D. We establish cartesian coordinate systems in 7 and 7’, 
locating the respective origins at A and D, and the points (1, 1) on ha, rp re- 
spectively, and choosing the coordinate axes from the pencils f, g, p, q re- 
spectively. 

It follows, by the method used in the preceding theorem, that T-' may 
be represented in the neighborhood of D by 


(1) x= ¢(u), y= 
where 


(2) o(u + v) = o(u) + 


for all « and v near zero. Moreover, the fact that T-' carries pp into a half 
line or a finite interval implies that ¢(u) has an upper or lower bound. From 
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this we can show that ¢(u) =cu in the neighborhood of zero, where c is a con- 
stant.* 

Hence T-' is projective, by Theorem IV. It obviously is affine since (1) 
defines an affinity in the neighborhood of (0, 0). Thus T is affine also. 


CoroLitary. A one-to-one transformation of a region I’, which is not the 
entire euclidean plane, is projective, if it carries a web of three dependent pencils 
in T into a similar web. 


By the application of projective transformations to the given and image 
figures, we can reduce the given transformation to one which carries three 
parallel pencils into three parallel pencils. Thus the resultant transformation 
is affine, and the original is projective. 

It is evident that the condition in the above theorem and corollary, that I’ 
be a proper sub-set of the euclidean plane, may be dispensed with, if we as- 
sume that the transformation is topological. 

Finally, we prove the following theorem. 


THEOREM VIII. A one-to-one transformation of a region is projective, if it 
carries a 3-web of lines composed of two pencils and a family not a pencil, into 
a similar 3-web, families of the same type corresponding. 


By the application of projective transformations as in Theorem VI, the 
given transformation can be reduced to a transformation 7, which carries 
a web of lines composed of two parallel pencils f, g and a family h, not a 
pencil, into a similar web. It suffices to show that T is projective in the neigh- 
borhood of a point. 

Let I be the region containing f, g, 4 and let A be any point of I’. If there 
exists a positive number ¢ such that all the lines of k whose distance to A is 
less than e concur at B, when extended, we shall say that h is a pencil with 
vertex B in the neighborhood of A. 

We shall show that there exists a point M in I’, such that 4 is not a pencil 
in the neighborhood of M. Suppose that this is not so. Then 4 is a pencil in 
the neighborhood of each point of I’, and we shall prove that h is a pencil. 
Let C be a fixed point of I’, and X, a variable point of I, distinct from C. 
Let 4 be a pencil with vertex D, in the neighborhood of C. We shall show that 
hx, when extended, contains D. 


* This can be proved, essentially, by the method which Darboux (loc. cit., pp. 56, 57) employs 
to derive the analogous result when (2) holds for all real 1, v. 

{ Dubourdieu, Abhandlungen Hamburg Seminar, vol. 7 (1929), p. 219, derives this result on the 
assumption that the transformation and the families are differentiable. Kasner, in his studies of near- 
collineations, also has derived a related result. See Bulletin of the American Mathematical Society, 
vol. 36 (1930), p. 796, abstract No. 388. 
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Let / be a broken line joining C and X in I’. Separate the points of / into 
two sets, the first of which contains all points P such that for each Q on / 
between C and P, hg, when extended, passes through D. Let the second set 
contain all other points of J. If the second set is not empty, there is a point 
E on / such that we can find two lines of 4 as close to E as we please, one and 
only one of which passes through D, when extended. But this is impossible 
since k is a pencil in the neighborhood of EZ. Thus the second set is empty, 
and kx, when extended, passes through D. Therefore, / is a pencil since X is 
an arbitrary point of I. This absurdity implies the existence of a point M, 
such that / is not a pencil in the neighborhood of M. 

Now establish a cartesian coordinate system in the given plane with M 
as the origin, V any other point on fy as (1, 1), and fu, gu as the coordinate 
axes. In the image plane introduce coordinates similarly, with the images of 
M, N as (0, 0), (1, 1), respectively, and the images of fu, gu as coordinate 
axes. As in previous theorems, T may be represented, in the neighborhood 
of M, by 


a’ =¢(x), = (y). 


In view of Lemma I, the lines of 4 which are sufficiently close to M are 
represented by 


y=axt+b 


where 6; <b <62, 5:<0<6:, a=a(b) and a(0) =1. It follows from Lemma IIT 
that a(b) is a continuous function. 
Since each line of / goes into a non-vertical straight line, 


(1) o(ax + b) = co(x) +d 


holds for all x and 6 near zero, where c=c(b) and d=d(bd). If 6, is an arbitrary 
value of b, we may similarly assert 


(2) + bi) = + dh, 


where a,=a(b:), c.=c(bi), Substituting for x in (1) and 
ax+b for x in (2), we have, for x, b, b; sufficiently close to zero, 


(3) o(aa,x + aby + = + cdi +d 

and 

(4) + a,b + = + ad + dh. 

Eliminating ¢(x) between (3) and (4), we have 

(5) + ab; + 5b) = + + + + d — — dy. 
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Substituting (w—a,b—b,)/(aa;) for x in (5), we have 
(6) o(u + aby — a,b + b — = O(u) + cdi + d — aad — dh, 


for all u, b, b; sufficiently close to zero. Letting u be zero in (6), we easily de- 
rive 


(7) o[u + p(b, b:)] = o(u) + o[p(d, 
where 
p(d, ab, + b by. 


The function p is continuous and (0, 0) =0. Thus in the neighborhood of 
(0, 0) either p is identically zero, or p assumes all values in an interval which 
terminates at zero. The former is impossible since it implies that 


1 10 
(8) p(b, bi) =|1 

1 a, by 
for all 6, b; near zero. And the vanishing of the determinant in (8) is a suffi- 
cient condition that the lines y=x, y=ax+b, y=a:x+5, concur. Thus family 
h is a pencil in the neighborhood of M, which is absurd. Therefore (5, b:) 
is not identically zero in any neighborhood of (0, 0), and assumes all values 


on an interval terminating at zero, in such a neighborhood. 
Hence, if we substitute v for p(b, b:) in (7) we may assert that 


(9) o(u + v) = o(u) + o(v) 


holds for all «, v on the respective intervals (—6, 5), (0, 6), where 6 is a real 
number sufficiently close to zero. Letting »= —u in (9) we have 


o(— u) = — o(u) 


for u on the interval (0, —4). Then if u and »v are on (—6/2, 6/2) and 
(0, —5/2) respectively, we have 


o[u + 0+ (— »)] = o(u + »)— o(2), 
and 


o(u + v) = o(u) + 


Thus (9) holds for a// u and » sufficiently close to zero. 
From (1) we easily derive 


(10) [a(b)% + b] = c(b)o(x) + 4(6). 
From (9) and (10) we get 
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(11) ¢[a(b)x] = c(b)o(x). 


The function a(d) is continuous, is not constant in the neighborhood of zero, 
and a(0) =1. Thus, if we substitute ¢ for a(b) in (11), we may assert that 


(12) o(tx) = 


holds for all x and / on the respective intervals (—7, n) and (1, 1+). Substi- 

tuting 1+<2 for ¢in (12), we have 

(13) o(x + xz) = o(x)¥(1 + 2) 

for x and z on (—1, 7) and (0, n) respectively. Substituting z for x in (13) and 

eliminating ¥(1+2), we have 

$(x)o(z + 27) 
+ xz) = ——————__» 


and hence, by (9), we have 
(x) 


(14) o(xz) = 


Interchanging x and z in (14) and eliminating ¢(xz), we have 
$7(x) 


¢°(2) 
and 


(15) o(x*) = kp?(x) 


for x on (0, 7). 

By an argument similar to that of the corollary to Theorem I, we can 
show from relations (9) and (15) that ¢(x) =x/k in the neighborhood of zero. 
Thus T is projective in the neighborhood of (0, 0) and the proof is complete. 


BROOKLYN COLLEGE, 
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CORRECTIONS TO THE PAPER “INTEGRATION IN 
GENERAL ANALYSIS”* 


BY 
NELSON DUNFORD 


There are two tacit assumptions in this paper which need clarification. 
The author is indebted to Professor M. H. Stone for the observation of the 
first of these. 

In the definition of the integral {zf(P)da of a summable function f(P) it 
is necessary to show that any two Cauchy sequences {f,} and {g,} of func- 
tions in S»(Z) which define f(P) have the property that 


lim f fa(P)da = Tim 


This follows from Lemma 5, for we may assume that f,(P) —g,(P)—0 almost 
uniformly with respect to a on E so that 


tim — ga(P))da = im (fa(P) ga(P))de, 


where A(e) is arbitrarily small. Since the limit on the right of this equation 
exists uniformly with respect to e in A(E), it follows from Lemma 5 that 


lim lim | (f,(P) — ga(P))da = 0. 
Ble)=0 e 

This gives the desired result. It might be pointed out that Theorem 4 shows 

that ||f. —gal|0. 

In §4 it is tacitly assumed that the measurable set E can be partitioned 
into measurable sets E,. This is always the case in separable spaces. To pro- 
ceed without this assumption it will not be necessary to assume that J is 
metric. The class So(Z) is defined as the class of functions finitely valued on 
E. Such a function is one for which there is a decomposition of £ into a finite 
number of disjoint measurable subsets on each of which it is constant. This 
basis necessitates only a slight rewording in a few places. In Lemma 1 the 
set E should be taken as a set in A. In Theorem 2 the words “functions 
uniformly continuous” should be replaced by “functions finitely valued.” In 
the proof of Theorem 11 the sentence “Fix . . . continuous on e” should be 
worded “Fix e with 8(Z—e) <6 and so that for some fy in So(E), 
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CORRECTIONS 


Ilfo(P) — f(P)|| < «/(3 sup 8, (2) 


for P in e.” Theorem 10 takes on a trivial form. Without a metric in J all 
reference to continuity is meaningless and consequently Theorem 3 drops 
out. All other theorems remain as stated. If J is metric and every set Ein A 
contains a closed set e for which B(E—e) <e then Theorem 3 holds. 
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